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Preface

[ keep six honest serving-men

(They taught me all I knew);

Their names are What and Why and When
And How and Where and Who.

R. Kipling

This book is a revised and more comprehensive re-edition of my book Dynamics of
Stochastic Systems, Elsevier, Amsterdam, 2005.

Writing this book, I sourced from the series of lectures that I gave to scientific
associates at the Institute of Calculus Mathematics, Russian Academy of Sciences. In
the book, I use the functional approach to uniformly formulate general methods of
statistical description and analysis of dynamic systems. These are described in terms
of different types of equations with fluctuating parameters, such as ordinary differen-
tial equations, partial differential equations, boundary-value problems, and integral
equations. Asymptotic methods of analyzing stochastic dynamic systems — the delta-
correlated random process (field) approximation and the diffusion approximation — are
also considered. General ideas are illustrated using examples of coherent phenomena
in stochastic dynamic systems, such as clustering of particles and passive tracer in ran-
dom velocity field, dynamic localization of plane waves in randomly layered media
and caustic structure of wavefield in random media.

Working at this edition, I tried to take into account opinions and wishes of readers
about both the style of the text and the choice of specific problems. Various mistakes
and misprints have been corrected.

The book is aimed at scientists dealing with stochastic dynamic systems in differ-
ent areas, such as acoustics, hydrodynamics, magnetohydrodynamics, radiophysics,
theoretical and mathematical physics, and applied mathematics; it may also be useful
for senior and postgraduate students.

The book consists of three parts.

The first part is, in essence, an introductory text. It raises a few typical physical
problems to discuss their solutions obtained under random perturbations of parameters
affecting system behavior. More detailed formulations of these problems and relevant
statistical analysis can be found in other parts of the book.

The second part is devoted to the general theory of statistical analysis of dynamic
systems with fluctuating parameters described by differential and integral equations.
This theory is illustrated by analyzing specific dynamic systems. In addition, this part
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considers asymptotic methods of dynamic system statistical analysis, such as the delta-
correlated random process (field) approximation and diffusion approximation.

The third part deals with the analysis of specific physical problems associated with
coherent phenomena. These are clustering and diffusion of particles and passive tracer
(density and magnetic fields) in a random velocity field, dynamic localization of plane
waves propagating in layered random media and caustic structure of wavefield in ran-
dom multidimensional media. These phenomena are described by ordinary differential
equations and partial differential equations.

The material is supplemented with sections concerning dynamical and statistical
descriptions of simplest hydrodynamic-type systems, the relationship between con-
ventional methods (based on the Lyapunov stability analysis of stochastic dynamic
systems), methods of statistical topography and statistical description of magnetic field
generation in the random velocity field (stochastic [turbulent] dynamo).

Each lecture is appended with problems for the reader to solve on his or her own,
which will be a good training for independent investigations.

V. L. Klyatskin
Moscow, Russia



Introduction

Different areas of physics pose statistical problems in ever greater numbers. Apart
from issues traditionally obtained in statistical physics, many applications call for
including fluctuation effects. While fluctuations may stem from different sources (such
as thermal noise, instability, and turbulence), methods used to treat them are very sim-
ilar. In many cases, the statistical nature of fluctuations may be deemed known (either
from physical considerations or from problem formulation) and the physical processes
may be modeled by differential, integro-differential or integral equations.

We will consider a statistical theory of dynamic and wave systems with fluctuating
parameters. These systems can be described by ordinary differential equations, partial
differential equations, integro-differential equations and integral equations. A popular
way to solve such systems is by obtaining a closed system of equations for statistical
characteristics, to study their solutions as comprehensively as possible.

We note that wave problems are often boundary-value problems. When this is the
case, one may resort to the imbedding method to reformulate the equations at hand to
initial-value problems, thus considerably simplifying the statistical analysis.

The purpose of this book is to demonstrate how different physical problems descri-
bed by stochastic equations can be solved on the basis of a general approach.

In stochastic problems with fluctuating parameters, the variables are functions. It
would be natural therefore to resort to functional methods for their analysis. We will
use a functional method devised by Novikov [1] for Gaussian fluctuations of parame-
ters in a turbulence theory and developed by the author of this book [2] for the general
case of dynamic systems and fluctuating parameters of an arbitrary nature.

However, only a few dynamic systems lend themselves to analysis yielding solu-
tions in a general form. It proved to be more efficient to use an asymptotic method
where the statistical characteristics of dynamic problem solutions are expanded in
powers of a small parameter. This is essentially a ratio of the random impact’s cor-
relation time to the time of observation or to another characteristic time scale of the
problem (in some cases, these may be spatial rather than temporal scales). This method
is essentially a generalization of the theory of Brownian motion. It is termed the delta-
correlated random process (field) approximation.

For dynamic systems described by ordinary differential stochastic equations with
Gaussian fluctuations of parameters, this method leads to a Markovian problem solv-
ing model, and the respective equation for transition probability density has the form
of the Fokker—Planck equation. In this book, we will consider in depth the methods
of analysis available for this equation and its boundary conditions. We will analyze
solutions and validity conditions by way of integral transformations. In more com-
plicated problems described by partial differential equations, this method leads to a
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generalized equation of the Fokker—Planck type in which variables are the derivatives
of the solution’s characteristic functional. For dynamic problems with non-Gaussian
fluctuations of parameters, this method also yields Markovian type solutions. Under
the circumstances, the probability density of respective dynamic stochastic equations
satisfies a closed operator equation.

In physical investigations, Fokker—Planck and similar equations are usually set up
from rule-of-thumb considerations, and dynamic equations are invoked only to cal-
culate the coefficients of these equations. This approach is inconsistent, generally
speaking. Indeed, the statistical problem is completely defined by dynamic equations
and assumptions on the statistics of random impacts. For example, the Fokker—Planck
equation must be a logical sequence of the dynamic equations and some assumptions
on the character of random impacts. It is clear that not all problems lend themselves
for reduction to a Fokker-Planck equation. The functional approach allows one to
derive a Fokker—Planck equation from the problem’s dynamic equation along with its
applicability conditions. In terms of formal mathematics, our approach corresponds to
that of R.L. Stratonovich (see, e.g., [3]).

For a certain class of Markovian random process (telegrapher’s processes, Gaussian
process and the like), the developed functional approach also yields closed equations
for the solution probability density with allowance for a finite correlation time of ran-
dom interactions.

For processes with Gaussian fluctuations of parameters, one may construct a
better physical approximation than the delta-correlated random process (field)
approximation — the diffusion approximation that allows for finiteness of correlation
time radius. In this approximation, the solution is Markovian and its applicability con-
dition has transparent physical meaning, namely, the statistical effects should be small
within the correlation time of fluctuating parameters. This book treats these issues in
depth from a general standpoint and for some specific physical applications.

Recently, the interest of both theoreticians and experimenters has been attracted to
the relation of the behavior of average statistical characteristics of a problem solution
with the behavior of the solution in certain happenings (realizations). This is espe-
cially important for geophysical problems related to the atmosphere and ocean where,
generally speaking, a respective averaging ensemble is absent and experimenters, as a
rule, deal with individual observations.

Seeking solutions to dynamic problems for these specific realizations of medium
parameters is almost hopeless due to the extreme mathematical complexity of these
problems. At the same time, researchers are interested in the main characteristics of
these phenomena without much need to know specific details. Therefore, the idea of
using a well-developed approach to random processes and fields based on ensem-
ble averages rather than separate observations proved to be very fruitful. By way of
example, almost all physical problems of the atmosphere and ocean to some extent are
treated by statistical analysis.

Randomness in medium parameters gives rise to a stochastic behavior of physical
fields. Individual samples of scalar two-dimensional fields p(R, ), R = (x,y), say,
recall a rough mountainous terrain with randomly scattered peaks, troughs, ridges and
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Figure 0.1 Realizations of the fields governed by (a) Gaussian and (b) lognormal distribution
and the corresponding topographic level lines. The bold curves in the bottom patterns show
level lines corresponding to levels O (a) and 1 (b).

saddles. Figure 0.1 shows examples of realizations of two random fields characterized
by different statistical structures.

Common methods of statistical averaging (computing mean-type averages —
(p (R, 1)), space-time correlation function — (,0 R, 1) p (R’ ,t )) etc., where (---)
implies averaging over an ensemble of random parameter samples) smooth the quali-
tative features of specific samples. Frequently, these statistical characteristics have
nothing in common with the behavior of specific samples, and at first glance may
even seem to be at variance with them. For example, the statistical averaging over
all observations makes the field of average concentration of a passive tracer in a
random velocity field ever more smooth, whereas each realization sample tends to
be more irregular in space due to the mixture of areas with substantially different
concentrations.

Thus, these types of statistical average usually characterize ‘global’ space—time
dimensions of the area with stochastic processes, but give no details about the process
behavior inside the area. For this case, details heavily depend on the velocity field
pattern, specifically, on whether it is divergent or solenoidal. Thus, the first case will
show with total probability that clusters will be formed, i.e. compact areas of enhanced
concentration of tracer surrounded by vast areas of low-concentration tracer. In the
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circumstances, all statistical moments of the distance between the particles will grow
with time exponentially; that is, on average, a statistical recession of particles will take
place [4].

In a similar way, in the case of waves propagating in random media, an exponential
spread of the rays will take place on average; but simultaneously, with total probability,
caustics will form at finite distances. One more example to illustrate this point is the
dynamic localization of plane waves in layered randomly inhomogeneous media. In
this phenomenon, the wave field intensity exponentially decays inward to the medium
with the probability equal to unity when the wave is incident on the half-space of such
a medium, while all statistical moments increase exponentially with distance from the
boundary of the medium [5].

These physical processes and phenomena occurring with the probability equal to
unity will be referred to as coherent processes and phenomena [6]. This type of sta-
tistical coherence may be viewed as some organization of the complex dynamic sys-
tem, and retrieval of its statistically stable characteristics is similar to the concept of
coherence as self-organization of multicomponent systems that evolve from the ran-
dom interactions of their elements [7]. In the general case, it is rather difficult to say
whether or not the phenomenon occurs with the probability equal to unity. However,
for a number of applications amenable to treatment with the simple models of fluctu-
ating parameters, this may be handled by analytical means. In other cases, one may
verify this by performing numerical modeling experiments or analyzing experimental
findings.

The complete statistic (say, the whole body of all n-point space-time moment func-
tions), would undoubtedly contain all the information about the investigated dynamic
system. In practice, however, one may succeed only in studying the simplest statistical
characteristics associated mainly with simultaneous and one-point probability distri-
butions. It would be reasonable to ask how with these statistics on hand one would
look into the quantitative and qualitative behavior of some system happenings?

This question is answered by methods of statistical topography [8]. These meth-
ods were highlighted by Ziman [9], who seems to have coined this term. Statistical
topography yields a different philosophy of statistical analysis of dynamic stochastic
systems, which may prove useful for experimenters planning a statistical processing
of experimental data. These issues are treated in depth in this book.

More details about the material of this book and more exhaustive references can be
found in the textbook quoted in reference [2] and recent reviews [6, 10-16].
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Lecture 1

Examples, Basic Problems, Peculiar
Features of Solutions

In this chapter, we consider several dynamic systems described by differential equa-
tions of different types and discuss the features in the behaviors of solutions to these
equations under random disturbances of parameters. Here, we content ourselves with
the problems in the simplest formulation. More complete formulations will be dis-
cussed below, in the sections dealing with statistical analysis of the corresponding
systems.

1.1 Ordinary Differential Equations: Initial-Value Problems

1.1.1 Particles Under the Random Velocity Field

In the simplest case, a particle under random velocity field is described by the system
of ordinary differential equations of the first order

%r(t) =Urn, ro) =ro, (1.1)

where U(r,t) = uo(r,t) + u(r,t), ug(r, t) is the deterministic component of the
velocity field (mean flow), and u(r, ¢) is the random component. In the general case,
field u(r, r) can have both nondivergent (solenoidal, for which divu(r,r) = 0) and
divergent (for which divu(r, r) # 0) components.

We dwell on stochastic features of the solution to problem (1.1) for a system of par-
ticles in the absence of mean flow (ug(r, t) = 0). From Eq. (1.1) formally follows that
every particle moves independently of other particles. However, if random field u(r, 1)
has a finite spatial correlation radius /.o, particles spaced by a distance shorter than
lcor appear in the common zone of infection of random field u(r, f) and the behavior
of such a system can show new collective features.

For steady velocity field u(r, t) = u(r), Eq. (1.1) reduces to

d
Er(t) =u(r), r) =rop. (1.2)

Lectures on Dynamics of Stochastic Systems. DOI: 10.1016/B978-0-12-384966-3.00001-5
Copyright © 2011 Elsevier Inc. All rights reserved.
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This equation clearly shows that steady points 7 (at which (%) = 0) remain the fixed
points. Depending on whether these points are stable or unstable, they will attract or
repel nearby particles. In view of randomness of function u(r), points 7 are random
too.

It is expected that the similar behavior will be also characteristic of the general case
of space-time random velocity field u(r,?).

If some points ¥ remain stable during sufficiently long time, then clusters of partic-
les (i.e., compact regions with elevated particle concentration, which occur merely in
rarefied zones) must arise around these points in separate realizations of random field
u(r, ). On the contrary, if the stability of these points alternates with instability suffi-
ciently rapidly and particles have no time for significant rearrangement, no clusters of
particles will occur.

Simulations [17, 18] show that the behavior of a system of particles essentially
depends on whether the random field of velocities is nondivergent or divergent. By
way of example, Fig. 1.1a shows a schematic of the evolution of the two-dimensional
system of particles uniformly distributed within the circle for a particular realization
of the nondivergent steady field u(r).

Here, we use the dimensionless time related to statistical parameters of field u(r).
In this case, the area of surface patch within the contour remains intact and partic-
les relatively uniformly fill the region within the deformed contour. The only feature
consists in the fractal-type irregularity of the deformed contour. This phenomenon —
called chaotic advection — is under active study now (see, e.g., [19]).

On the contrary, in the case of the divergent velocity field u(r), particles uniformly
distributed in the square at the initial instant will form clusters during the temporal
evolution. Results simulated for this case are shown in Fig. 1.150. We emphasize that
the formation of clusters is purely a kinematic effect. This feature of particle dynamics
disappears on averaging, over an ensemble of realizations of random velocity field.

To demonstrate the process of particle clustering, we consider the simplest prob-
lem [11], in which random velocity field u(r, ¢) has the form

u(r, 1) = v(0)f (kr), (1.3)
where v(?) is the random vector process and
fkr) = sin2(kr) (1.4)

is the deterministic function of one variable. This form of function f(kr) corresponds
to the first term of the expansion in harmonic components and is commonly used in
numerical simulations [17, 18].

In this case, Eq. (1.1) can be written in the form

%r(t) =v(t)sin2(kr), r(0) =ry.

In the context of this model, motions of a particle along vector k and in the plane
perpendicular to vector k are independent and can be separated. If we direct the x-axis
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Figure 1.1 Diffusion of a system of particles described by Egs. (1.2) numerically simulated
for (a) solenoidal and (b) nondivergent random steady velocity field u(r).
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along vector k, then the equations assume the form
d .
Ex(t) = ve(®) sin(2kx),  x(0) = xp,
d
ER([) =vr(®) sin(2kx), R(0) = Ry.
The solution of the first equation in system (1.5) is
1 T(1)
x(1) = % arctan [e tan(kxo)],

where

t

T(t) = 2k / dvy(7).

0

Taking into account the equalities following from Eq. (1.6)

. sin(2kxg)
sin(2kx) = ;
in(2x) =T cos2 (kxg) + eT® sin®(kxo)
1 — 2T(t)t 2 kx
cos(2kx) = ¢ an” (kxo)

1 4 €2T® tan? (kxg)’
we can rewrite the second equation in Egs. (1.5) in the form

sin(2kxg)vg (1)
e~ T cos2 (kxo) + T ® sin® (kxp)

dR(tI )
—_ T —
dt 0

As a result, we have

t

R(1lro) = Ro + / Jr sin(2kxo)vg (1)
0

Consequently, if the initial particle position xq is such that

T
kxg = n—,
0o=n 3
where n = 0, £1, ..., then the particle will be the fixed particle and r(¢) = ry.

T cos(kxp) + 7@ sin®(kxg)

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

Equalities (1.10) define planes in the general case and points in the one-dimensional
case. They correspond to zeros of the field of velocities. Stability of these points
depends on the sign of function v(¢), and this sign changes during the evolution pro-
cess. It can be expected that particles will gather around these points if v, () # O,

which just corresponds to clustering of particles.



Examples, Basic Problems, Peculiar Features of Solutions 7

T(t)

10

0_

—10

1.0+

0.5

13 14 15 16 17 t
(c)

Figure 1.2 (a) Segment of a realization of random process 7'(f) obtained by numerically integ-
rating Eq. (1.7) for a realization of random process v, (¢); (b), (c) x-coordinates simulated with
this segment for four particles versus time.

In the case of a nondivergent velocity field, v,(f) = 0 and, consequently, 7'(¢) = 0;
as a result, we have

t
*(tlx0) = x0.  R(tlro) = Ry + sin 2(kxo) / drve(),
0

which means that no clustering occurs.

Figure 1.2a shows a fragment of the realization of random process 7'(f) obtained by
numerical integration of Eq. (1.7) for a realization of random process v,(f); we used
this fragment for simulating the temporal evolution of coordinates of four particles

x(t), x € (0, /2) initially located at coordinates xo (i) = %é (i=1,2,3,4) (see

Fig. 1.2b). Figure 1.2b shows that particles form a cluster in the vicinity of point x = 0
at the dimensionless time ¢ &~ 4. Further, at time ¢ ~ 16 the initial cluster disappears
and new one appears in the vicinity of point x = /2. At moment ¢t =~ 40, the cluster
appears again in the vicinity of point x = 0, and so on. In this process, particles
in clusters remember their past history and significantly diverge during intermediate
temporal segments (see Fig. 1.2¢).

Thus, we see in this example that the cluster does not move from one region
to another; instead, it first collapses and then a new cluster appears. Moreover, the
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lifetime of clusters significantly exceeds the duration of intermediate segments. It
seems that this feature is characteristic of the specific model of velocity field and
follows from steadiness of points (1.10).

As regards the particle diffusion along the y-direction, no cluster occurs there.

Note that such clustering in a system of particles was found, to all appearance for
the first time, in papers [20, 21] as a result of simulating the so-called Eole experiment
with the use of the simplest equations of atmospheric dynamics.

In this global experiment, 500 constant-density balloons were launched in
Argentina in 1970-1971; these balloons traveled at a height of about 12 km and spread
along the whole of the southern hemisphere.

Figure 1.3 shows the balloon distribution over the southern hemisphere for day 105
from the beginning of this process simulation [20]; this distribution clearly shows that
balloons are concentrated in groups, which just corresponds to clustering.

1.1.2 Particles Under Random Forces

The system of equations (1.1) describes also the behavior of a particle under the field
of random external forces f(r, f). In the simplest case, the behavior of a particle in the
presence of linear friction is described by the differential equation of the second order
(Newton equation)

d? d

ﬁr(t) = —)»Er(t) +f(r, t)v
(1.11)

d
r(0) = ro, EF(O) = Vo,
or the systems of differential equation of the first order

d d

—r(@) =v(@®), —v()=-w()+fr 1),

dt dt (1.12)

r(0) =rg, v() =vyg.

Results of numerical simulations of stochastic system (1.12) can be found in Refs
[22, 23]. Stability of the system was studied in these papers by analyzing Lyapunov’s
characteristic parameters.

The behavior of a particle under the deterministic potential field in the presence of
linear friction and random forces is described by the system of equations

d d _aU(r )
Er(t)—v(t), dtv(t)— Av(1) +f(r, (1.13)

r(0) =rg, v(0) =vo.

which is the simplest example of Hamiltonian systems with linear friction. If friction
and external forces are absent and function U is independent of time, U(r, t) = U(r),
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Figure 1.3 Balloon distribution in the atmosphere for day 105 from the beginning of process
simulation.

the system has an integral of motion

4g v En=" U
o (1) = const, (1) = 7 + U(r)
expressing energy conservation.
In statistical problems, equations of type (1.12), (1.13) are widely used to describe
the Brownian motion of particles.
In the general case, Hamiltonian systems are described by the system of equations

dH(r,v, 1)

0H(r,v, 1)
8v 9 9

d
—v(t) =
dtv() or

i"(t) =
dt (1.14)

r(0) = ro, v(0) = vy,
where H(r,v,t) = H(r(t), v(t), t) is the Hamiltonian function. In the case of conser-
vative Hamiltonian systems, function H(r, v, ) has no explicit dependence on time,

H(r,v,t) = H(r,v), and the system has the integral of motion

H(r,v) = const.
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1.1.3 The Hopping Phenomenon

Now, we dwell on another stochastic aspect related to dynamic equations of type (1.1);
namely, we consider the hopping phenomenon caused by random fluctuations.
Consider the one-dimensional nonlinear equation

d—x(r) =x(1-2) +/0, 0 =x, (1.15)

where f(¢) is the random function of time. In the absence of randomness (f(f) = 0),
the solution of Eq. (1.15) has two stable steady states x = +1 and one instable state
x = 0. Depending on the initial-value, solution of Eq. (1.15) arrives at one of the stable
states. However, in the presence of small random disturbances f(¢), dynamic system
(1.15) will first approach the vicinity of one of the stable states and then, after the lapse
of certain time, it will be transferred into the vicinity of another stable state.

Note that Eq. (1.15) corresponds to limit process A — oc in the equation

2 dU(x)

X(t)+?» X0 =2 { +f()}

that is known as the Duffing equation and is the special case of the one-dimensional
Hamiltonian system (1.13)

dU (x)

d d
Ex(t) =v(), Ev(t) =—A {V(t) - —f )} (1.16)

with the potential function

¥ X

Ux) = > 1
In other words, Eq. (1.15) corresponds to great friction coefficients A.

Statistical description of this problem will be considered in Sect. 8.4.1, page 211.
Additionally, we note that, in the context of statistical description, reduction of the
Hamiltonian system (1.16) to the ‘short-cut equation’ is called the Kramers problem.

It is clear that the similar behavior can occur in more complicated situations.

Hydrodynamic-Type Nonlinear Systems

An important problem of studying large-scale processes in the atmosphere considered
as a single physical system consists in revealing the mechanism of energy exchange
between different ‘degrees of freedom’. The analysis of such nonlinear processes on
the base of simple models described by a small number of parameters (degrees of
freedom) is recently of great attention. In this connection, A.M. Obukhov (see, for
example [24]) introduced the concept of hydrodynamic-type systems (HTS). These
systems have a finite number of parameters vy, ..., vy, but the general features of the
dynamic equations governing system motions coincide with those characteristic of the
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hydrodynamic equations of perfect incompressible liquid, including quadratic nonlin-
earity, energy conservation, and regularity (phase volume invariance during system
motions). The general description of HTS is given in Sect. 8.3.3, page 200. Here, we
dwell only on the dynamic description of simplest systems.

The simplest system of this type (S3) is equivalent to the Euler equations in the
dynamics of solids; it describes the known problem on liquid motions in an ellipsoidal
cavity [24]. Any finite-dimensional approximation of hydrodynamic equations also
belongs to the class of HTS if it possesses the above features.

To model the cascade mechanism of energy transformation in a turbulent flow,
Obukhov [25] suggested a multistage HTS. Each stage of this system consists of
identical-scale triplets; at every next stage, the number of triplets is doubled and the
scale is decreased in geometrical progression with ratio Q 2 1. As a result, this model
describes interactions between the motions of different scales.

The first stage consists of a singe triplet whose unstable mode vg; is excited by an
external force fy(¢) applied to the system (Fig. 1.4a). The stable modes of this triplet
v1,1 and vy 2 are the unstable modes of two triplets of the second stage; their stable
modes v2 1, V2,2, 2,3, and v2 4 are, in turn, the unstable modes of four triplets of the
third stage; and so on (Fig. 1.4b).

It should be noted however that physical processes described in terms of macro-
scopic equations occur in actuality against the background of processes charac-
terized by shorter scales (noises). Among these processes are, for example, the
molecular noises (in the context of macroscopic hydrodynamics), microturbulence
(against the large-scale motions), and the effect of truncated (small-scale) terms in
the finite-dimensional approximation of hydrodynamic equations. The effect of these
small-scale noises should be analyzed in statistical terms. Such a consideration can be
performed in terms of macroscopic variables. With this goal, one must include exter-
nal random forces with certain statistical characteristics in the corresponding macro-
scopic equations. The models considered here require additionally the inclusion of
dissipative terms in the equations of motion to ensure energy outflow to smaller-scale
modes.

Accordingly, the simplest hydrodynamic models that allow simulating actual pro-
cesses are the HTS with random forces and linear friction.

An important problem which appeared, for example, in the theory of climate con-
sists in the determination of a possibility of significantly different circulation processes

(a)

Figure 1.4 Diagrams of (a) three- and (b) seven-mode HTS.
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which occurred under the same distribution of incoming heat, i.e., the problem of the
existence of different motion regimes of a given hydrodynamic system under the same
‘external conditions’. A quite natural phenomenon that should be considered in this
context is the ‘hopping’ phenomenon that consists in switching between such regimes
of motion. Characteristic of these regimes is the fact that the duration of switching is
small in comparison with the lifetime of the corresponding regimes.

It is expedient to study these problems using the above simple models. The corres-
ponding systems of quadratically nonlinear ordinary differential equations may gene-
rally have several stable regimes, certain parameters describing external conditions
being identical. The hopping events are caused by variations of these conditions in
time and by the effect of random noises. If the system has no stable regimes, its beha-
vior can appear extremely difficult and require statistical description as it is the case
in the Lorentz model [26]. In the case of availability of indifferent equilibrium states,
the system may allow quasisteady-state regimes of motion. Switching between such
regimes can be governed by the dynamic structure of the system, and system’s beha-
vior can appear ‘stochastic’ in this case, too.

In what follows, we study these hopping phenomena with the use of the simplest
hydrodynamic models.

Dynamics of a Triplet (Gyroscope)

Consider first the case of a single stage, i.e., the triplet in the regime of forced motion
(Fig. 1.4a). With this goal, we set force fy(f) = fo = const and assume the availabil-
ity of dissipative forces acting on the stable modes of the triplet. The corresponding
equations of motion have the form

d
Zvio@ = 1 (10 =vi,0) + 1.

d
EVI,I(I) = —uv,0®vi 1) — Avi1(p), (1.17)

d
EVIJ(Z) = uvy,o(®vi2(0) — Avy2(0).

If fo > 0, component v; 1(f) vanishes with time, so that the motion of the triplet
(1.17) is described in the dimensionless variables

[ A U
X = V1,0~ —F/7—> y= V1,2, T= Mfoh (118)
Jo A ufo fo

by the two-mode system

d _ 2 d =
7O ="y 0O+ 1L —y@) =x(0y®). (1.19)
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This system has the integral of motion H; = x(f) 4+ y>(f) — 2In y(r). The change of
variables p(t) = x(1), q(t) = Iny(¢) reduces the system to the Hamiltonian form

d . _ 9p.q9 d = 90,9
PO = I 7940 = o

. o pr 1,
with the Hamiltonian $H(p, q) = — + —e a0 _ q(0).

Thus, the behavior of a system with friction (1.17) under the action of a constant
external force is described in terms of the Hamiltonian system.

Stationary points (0, 1) and (0, —1) of system (1.19) are the centers. f H1 —1 <« 1,
the period T of motion along closed trajectories around each of these singular points
is determined by the asymptotic formula (it is assumed that the sign of y(f) remains
intact during this motion)

H —1
nz%&b+ ‘ }

12

In the opposite limiting case H; >> 1 (the trajectories are significantly distant from the
mentioned centers), we obtain

1
T\ ~ —[2H; + InH;].

VH{

Supplement now the dynamic system (1.17) with the linear friction acting on com-
ponent vy o(?):

d
2100 = 1 (10 = vi,0) = 2100 +fo

d
Evl,l(t) = —uvi,0@®vi,1(6) — Avy (1), (1.20)

d
EVl,z(t) = uv1,0®vi2() — Avi200).

Introducing again the dimensionless variables
A A A
t—t/h, vio@® = —vo(0), vip@®) = —vi(®), vii() = =),
® g w
we arrive at the system of equations

d .2 32 _
—-vo(®) = v3(t) = vi(®) —vo(t) + R,

dt
%w(t) = vo(Ovi(H) —v1 (D), (1.21)
%W(t) = —vo(®)v2(r) — v2(1),

where quantity R = /i_fzo is the analog of the Reynolds number.
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Dynamic system (1.21) has steady-state solutions that depend now on parameter R,
and R = R.; = 1 is the critical value.
For R < 1, the system has the stable steady-state solution

vi=v, =0, vo=R.

For R > 1, this solution becomes unstable with respect to small disturbances of
parameters, and the steady-state regimes

vw=1, v»=0, vi==++vR-1, (1.22)

become available. Here, we have an element of randomness because component vy
can be either positive or negative, depending on the amplitude of small disturbance.

Assume now that all components of the triplet are acted on by random forces. This
means that system (1.21) is replaced with the system of equations

d

Vo) = V3(1) — vi(t) — vo() + R + fo(0),

d

EVI(I) =voOvi(®) —vi(®) +1f1(D), (1.23)
d

ZVz(I) = —v(Ova(t) — v2 (1) + f2(0).

This system describes the motion of a triplet (gyroscope) with the linear isotropic
friction, which is driven by the force acting on the instable mode and having both
regular (R) and random (f (¢)) components. Such a situation occurs, for example, for a
liquid moving in the ellipsoidal cavity.

For R > 1, dynamic system (1.23) under the action of random disturbances will
first reach the vicinity of one of the stable states (1.22), and then, after the lapse of cer-
tain time, it will be hoppingly set into the vicinity of the other stable state. Figure 1.5

Figure 1.5 Hopping phenomenon simulated from system (1.23) for R = 6 and o = 0.1 (the
solid and dashed lines show components vy (¢) and vy (¢), respectively).
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shows the results of simulations of this phenomenon for R = 6 and different realiza-
tions of random force f(f), whose components were simulated as the Gaussian random
processes. (See Sect. 8.3.3, page 200 for the statistical description of this problem.)

Thus, within the framework of the dynamics of the first stage, hopping phenomena
can occur only due to the effect of external random forces acting on all modes.

Hopping Between Quasisteady-State Regimes

The simplest two-stage system can be represented in the form

i _ .2 2
VI,O(t) = Vl,l(t) Vl,z(t) +1,

dt

d

ZvLi(0) = =vioOvia© +Q (V10 —13,0).

d

Ew,z(t) = —v0@®vi20) + 0 (V%,3(t) - V%A(I)), (1.24)

d d
EVZI(I) = —Qv1,1(Ov2,1(D), EVz,z(t) = Ov1,1(Ov22(1),

d d
—v23() = =0vi200)v23(0),  —-v2.4(1) = OQvi2(D)v2,4(D),
dt dt

where we used the dimensionless variables similar to (1.18).

Only the components vy o(?), v1,2(f), v2,3(f) and vz 4(¢) survive for fy > O (see
Fig. 1.6). These components satisfy the system of equations

d
VLo =—vi)O+1,

d
20120 = =vi0Ovi20 + € (v 50 —13,40).

d d
—v23(0) = —0vi2(Dv2,3(0), EV“(D = Ovi2(Dv2,4(0),

dt

Figure 1.6 Diagram of the excited seven-mode HTS.
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that have the integral of motion
v2,3()v2,4(f) = I = const.

Introducing notation

X =0, ¥0 =via0. 20 = 240,
v2,3(t)
we arrive at the system of three equations
4ty =0 +1
7O =—y0O+1
dt—tt—i—ll—t 1.25
Ey()—X()y() 0 (% z()>, (1.25)

d 1) = y()z(t
220 =00,

that describes the behavior of the seven-mode model (1.24).

Inclusion of the second stage significantly changes the dynamics of the first stage.
Indeed, the initial-values of components v, 3 and vy 4 being arbitrarily small, they
nevertheless determine certain value of the integral of motion /, and, by virtue of
Eqgs. (1.25), variable y will repeatedly change the sign.

Consider the case of small values of constant / in more detail. Figure 1.7 shows the
numerical solution of Egs. (1.25) with the initial conditions x = 0.05,y = l,and z = 1
at Q = +/8 and I = 10720, As may be seen, two types of motion are characteristic
of system (1.25) for small values of constant /; namely, ‘fast’ motions occur in a
small vicinity of either closed trajectory of the Hamiltonian system (1.19) near the
plane z = 1, and relatively rare hopping events occur due to the changes of sign

of variable yatz ~ [ or z ~ ~T Every such hopping event significantly changes the

parameters of fast motion trajectories of system (1.25), so that the motion of the system
acquires the features characteristic of the dynamic systems with strange attractors (see,

e.g., [26]).
To describe ‘slow’ motions, we introduce variables X and Y by the formulas

x() = X(0x1(1),  y(@©) = YOy,
where (x1(¢), y1(2)) is a solution to Egs. (1.19). According to Egs. (1.25), X(¥), Y (?),

and z(?) satisfy the equations

X0 = —=[(R0 - P0) o +1-x0],

Lyy = X = 1) Y (r)+ﬁ<i— (r))
ar 5o \zo ~ %)

d
—alD = 20Y @y (0200,
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Figure 1.7 (a) Time-dependent behavior of components of system (1.25) (curve / for y and
curve 2 for log z) and (b) projection of the phase trajectory of system (1.25) on plane (x, y).

Averaging these equations in slow varying quantities over the period' 7| = /27,
we obtain

d d 1 d
EX(Z) =0, d—tY(t) =0l (Z( 5 Z( )) EZ(I) =20Y()Z(1), (1.26)

where Z = 7(¢). The system (1.26) has the integral of motion

1
Hy =Y*(H) +1 (m +Z(t)) (1.27)

so that we can use the corresponding variables to rewrite it in the Hamiltonian form, as
it was done for the system (1.19). The motion of system (1.26) along closed trajectories

around steady point (0, 1) is characterized by the half-period 7> (the time between
hopping events) given by the formula

/ 1 2V —1
K
e

4 Z\/Hz—l(;+z> Q\/ ”+\/—) r+rr—1

! This expression for T appears to be quite adequate for the solution shown in Fig. 1.7. On closed trajecto-
ries of system (1.19) near which this solution passes, the values of Hamiltonian do not exceed 2. Because
these trajectories are located in small vicinities of critical points (0, 1) and (0, —1) of this system, we
performed averaging assuming that y; () = 1 and 1//;1\6 =1.
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Figure 1.8 Time-dependent behavior of components of system (1.26) (curve / for Y and curve

where Z; and Z; are the roots of Eq.(1.27) at Y = 0, r = 2H,/I, and K(z) is the

complete elliptic integral of the first kind. For small 7, we have

1
T, ~

tions ¥ =

In (@)
ovH, \ I )

Figure 1.8 shows the numerical solution of Egs.(1.26) with the initial condi-

1, Z = 1 (they correspond to the initial conditions used earlier for

(1.28)

solving Egs. (1.25)), constants Q and I also being coincident with those used for

solving Egs. (1.25). The comparison of curves in Figs. 1.7 and 1.8 shows that system
(1.26) satisfactorily describes hopping events in system (1.25). The values of half-
period T determined by Eq. (1.28) and obtained from the numerical integration of

Eqgs. (1.25) are 33.54 and 33.51, respectively. We note that system (1.25) has an addi-
event.

tional characteristic time 73 ~ 1/0Q, whose meaning is the duration of the hopping

1.1.4 Systems with Blow-Up Singularities

The simplest stochastic system showing singular behavior in time is described by the
equation commonly used in the statistical theory of waves,

%x(r) = A2 +f(1), x(0)=xp, *>0,

where f(¢) is the random function o

f time.

(1.29)
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x(t)

Xo \\K
0

Figure 1.9 Typical realization of the solution to Eq. (1.29).

In the absence of randomness (f () = 0), the solution to Eq. (1.29) has the form

1 1

HN=———\ fp=——o:.
() A(t—1ty) 0 AXo

For x9 > 0, we have 7y < 0, and solution x(#) monotonically tends to zero with
increasing time. On the contrary, for x9 < 0, solution x(#) reaches —oo within a finite
time fo = —1/Axp, which means that the solution becomes singular and shows the
blow-up behavior. In this case, random force f(¢) has insignificant effect on the beha-
vior of the system. The effect becomes significant only for positive parameter xj.

Here, the solution, slightly fluctuating, decreases with time as long as it remains
positive. On reaching sufficiently small value x(¢), the impact of force f(#) can cause
the solution to hop into the region of negative values of x, where it reaches the value
of —oo within a certain finite time.

Thus, in the stochastic case, the solution to problem (1.29) shows the blow-up
behavior for arbitrary values of parameter xo and always reaches —oo within a finite
time #y. Figure 1.9 schematically shows the temporal realization of the solution x(#) to
problem (1.29) for ¢ > #; its behavior resembles a quasi-periodic structure.

1.1.5 Oscillator with Randomly Varying Frequency (Stochastic
Parametric Resonance)

In the above stochastic examples, we considered the effect of additive random impacts
(forces) on the behavior of systems. The simplest nontrivial system with multiplica-
tive (parametric) impact can be illustrated by the example of stochastic parametric
resonance. Such a system is described by the second-order equation

2
%x(t) + Rl + 2(O))x() = 0,

(1.30)

d
x(0) = xo, Zx(O) =,
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Figure 1.10 (a) Plane wave incident on the medium layer and (b) source inside the medium
layer.

where z(f) is the random function of time. This equation is characteristic of almost
all fields of physics. It is physically obvious that dynamic system (1.30) is capable of
parametric excitation, because random process z(f) has harmonic components of all
frequencies, including frequencies 2wo/n (n = 1, 2, ...) that exactly correspond to
the frequencies of parametric resonance in the system with periodic function z(?), as,
for example, in the case of the Mathieu equation.

1.2 Boundary-Value Problems for Linear Ordinary
Differential Equations (Plane Waves in Layered Media)

In the previous section, we considered several dynamic systems described by a sys-
tem of ordinary differential equations with given initial-values. Now, we consider the
simplest linear boundary-value problem, namely, the steady one-dimensional wave
problem.

Assume the layer of inhomogeneous medium occupies part of space Ly < x < L,
and let the unit-amplitude plane wave ug (x) = e~**~D) is incident on this layer from
the region x > L (Fig. 1.10a).

The wavefield satisfies the Helmholtz equation,

2
%u(x) + K (x)ulx) =0, (1.31)
where

K (x) = K1 4+ e(x)],

and function &(x) describes medium inhomogeneities. We assume that e(x) = 0, i.e.,
k(x) = k outside the layer; inside the layer, we set ¢(x) = €1(x) + iy, where the real
part €1(x) is responsible for wave scattering in the medium and the imaginary part
y < 1 describes absorption of the wave in the medium.

In region x > L, the wavefield has the structure

M(.x) — e*l‘k()C*L) + RL@ik(x*L),
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where Ry is the complex reflection coefficient. In region x < Lo, the structure of the
wavefield is

M(x) — TLeik(LU_x),

where 77, is the complex transmission coefficient. Boundary conditions for Eq. (1.31)
are the continuity conditions for the field and the field derivative at layer boundaries;
they can be written as follows

i du(x) i du(x)

L)+ - —2, Lo) — -
(L) + o o |, u(lo) — ¢ I

—=0. (1.32)

x=Lg

Thus, the wavefield in the layer of an inhomogeneous medium is described by the
boundary-value problems (1.31), (1.32). Dynamic equation (1.31) coincides in form
with Eq. (1.30). Note that the problem under consideration assumes that function &(x)
is discontinuous at layer boundaries. We will call the boundary-value problem (1.31),
(1.32) the unmatched boundary-value problem. In such problems, wave scattering is
caused not only by medium inhomogeneities, but also by discontinuities of function
&(x) at layer boundaries.

If medium parameters (function €1(x)) are specified in the statistical form, then
solving the stochastic problem (1.31), (1.32) consists in obtaining statistical characte-
ristics of the reflection and transmission coefficients, which are related to the wavefield
values at layer boundaries by the relationships

Ry =ull) -1, Tp=u(lo),
and the wavefield intensity
1) = Ju()?

inside the inhomogeneous medium. Determination of these characteristics constitutes
the subject of the statistical theory of radiative transfer.
Note that, for x < L, from (1.31) follows the equality

d
kyl(x) = ——S5(x).

where energy-flux density S(x) is determined by the relationship

Se) = 2 e ()2
() = 5 | u0) —u™ () —u" () —-u() |-

By virtue of boundary conditions, we have S(L) = 1 — IRz|% and S(Lo) = |T1|2.
For non-absorptive media (y = 0), conservation of energy-flux density is expressed
by the equality

IRL|* + T * = 1. (1.33)
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Figure 1.11 Dynamic localization phenomenon simulated for two realizations of medium
inhomogeneities.

Consider some features characteristic of solutions to the stochastic boundary-value
problem (1.31), (1.32). On the assumption that medium inhomogeneities are absent
(e1(x) = 0) and absorption y is sufficiently small, the intensity of the wavefield in the
medium slowly decays with distance according to the exponential law

1(x) = |u(x)|* = e FE, (1.34)

Figure 1.11 shows two realizations of the intensity of a wave in a sufficiently thick
layer of medium. These realizations were simulated for two realizations of medium
inhomogeneities. The difference between them consists in the fact that the correspon-
ding functions &1 (x) have different signs in the middle of the layer at a distance of the
wavelength. This offers a possibility of estimating the effect of a small medium mis-
match on the solution of the boundary problem. Omitting the detailed description of
problem parameters, we mention only that this figure clearly shows the prominent ten-
dency of a sharp exponential decay (accompanied by significant spikes toward both
higher and nearly zero-valued intensity values), which is caused by multiple reflec-
tions of the wave in the chaotically inhomogeneous random medium (the phenomenon
of dynamic localization). Recall that absorption is small (y < 1), so that it cannot sig-
nificantly affect the dynamic localization.

The imbedding method offers a possibility of reformulating boundary-value prob-
lem (1.31), (1.32) to the dynamic initial-value problem with respect to parameter L
(this parameter is the geometrical position of the layer right-hand boundary) by consid-
ering the solution to the boundary-value problem as a function of parameter L (see the
next lecture). On such reformulation, the reflection coefficient R; satisfies the Riccati
equation

d ik
T RL = 2ikR1 + %e(L) (1+R)% Ry =0, (1.35)



Examples, Basic Problems, Peculiar Features of Solutions 23

and the wavefield in the medium layer u(x) = u(x; L) satisfies the linear equation

9 — ik .
S 106 L) = iku(x; L) + Ze(L) (14 Ro) u(x; L), (1.36)

ulx; x) =1+ Ry,

The equation for the reflection coefficient squared modulus Wy = |Ry|? for absent
attenuation (i.e., at y = 0) follows from Eq. (1.35)

d ik
—WLz—Eal(L) (RL —R}) (1 —Wr), W, =0. (1.37)

Note that condition Wy, = 1 will be the initial condition to Eq. (1.37) in the case
of totally reflecting boundary at Ly. In this case, the wave incident on the layer of a
non-absorptive medium (y = 0) is totally reflected from the layer, i.e., Wy, = 1.

In the general case of arbitrarily reflecting boundary Ly, the steady-state (indepen-
dent of L) solution W;, = 1 corresponding to the total reflection of incident wave for-
mally exists for a half-space (Lo — —o0) filled with non-absorptive random medium,
too. This solution, as it will be shown later, is actually realized in the statistical prob-
lem with a probability equal to unity.

If, in contrast to the above problem, we assume that function k(x) is continuous at
boundary x = L, i.e., if we assume that the wave number in the free half-space x > L
is equal to k(L), then boundary conditions (1.32) of problem (1.31) will be replaced
with the conditions

i du(x) i du(x)

u(L) + m & |, =2, u(ly) — KLo) dr

=0. (1.38)

x=Lgy

We will call the boundary-value problem (1.31), (1.38) the matched boundary-value
problem.

The field of a point source located in the layer of random medium is descri-
bed by the similar boundary-value problem for Green’s function of the Helmholtz
equation:

d2
Z5005x0) + K11+ 20)1G; x0) = 2ik3(x — x0),
X
i dG(x; xp) i dG(x; xp)
G(L; _—— =0, G(Lo; - =0.
(L; xo0) + P (Lo xo0) T

x=Lg
Outside the layer, the solution has the form of outgoing waves (Fig. 1.10b)
Gl xg) = T1e" ™ (x=L),  Glxixg) =Toe 1 (x < Ly).

Note that, for the source located at the layer boundary xo = L, this problem coin-
cides with the boundary-value problem (1.31), (1.32) on the wave incident on the
layer, which yields

G(x; L) = u(x; L).
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1.3 Partial Differential Equations

Consider now several dynamic systems (dynamic fields) described by partial differen-
tial equations.

1.3.1 Linear First-Order Partial Differential Equations
Diffusion of Density Field Under Random Velocity Field

In the context of linear first-order partial differential equations, the simplest problems
concern the equation of continuity for the concentration of a conservative tracer and
the equation of transfer of a nonconservative passive tracer by random velocity field
Ur, t):

0 0
(a— + U, t)) pr, ) =0, p@ 0)=por), (1.39)
t or
0 0
(8_ +U(r, t)—) qr,1) =0, q@r,0)=qo@). (1.40)
t or

The conservative tracer is a tracer whose total mass remains intact
My = /dr,o(r, 1) = /drpo(r) (1.41)

We can use the method of characteristics to solve the linear first-order partial diffe-
rential equations (1.39), (1.40). Introducing characteristic curves (particles)

%r(t) =Uwrn, r0) =ro, (1.42)

we can write these equations in the form

oU(r, 1)
or

d
EIo(t) S p®, p0) = po@ro),

7 (1.43)
-0 =0, g(0) = go(ro).

This formulation of the problem corresponds to the Lagrangian description, while the
initial dynamic equations (1.39), (1.40) correspond to the Eulerian description.

Here, we introduced the characteristic vector parameter r( in the system of equa-
tions (1.42), (1.43). With this parameter, Eq. (1.42) coincides with Eq. (1.1) that des-
cribes particle dynamics under random velocity field.

The solution of system of equations (1.42), (1.43) depends on initial-value ry,

r(t) =r(tlro),  p(t) = p(tlro), (1.44)

which we will isolate in the argument list by the vertical bar.
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The first equality in Eq. (1.44) can be considered as the algebraic equation in cha-
racteristic parameter; the solution of this equation

ro=ro(, 1)

exists because divergence j(t|ro) = det ||dr;(t|ro)/drok|| is different from zero. Conse-
quently, we can write the solution of the initial equation (1.39) in the form

p(r 1) = p(tro(r, 1) = /drop(tlro)j(tlro)5 (r(tlro) —r).

Integrating this expression over r, we obtain, in view of Eq.(1.41), the relationship
between functions p (¢|rp) and j(t|rp)

_ M (ro)
Jj(tlro)

p(tro) (1.45)

and, consequently, the density field can be rewritten in the form of equality

p(r. 1) = /drop(tlro)j(tlro)5 (r(tlro) —r) = /dropo(ro)B (r(tlro) —r) (1.46)

that ascertains the relationship between the Lagrangian and Eulerian characteristics.
For the position of the Lagrangian particle, the delta-function appeared in the right-
hand side of this equality is the indicator function (see Lecture 3).

For a nondivergent velocity field (divU(r, t) = 0), both particle divergence and
particle density are conserved, i.e.,

Jjlrg) =1,  p(tlro) = po(ro), q(tlro) = qo(ro).

Consider now the stochastic features of solutions to problem (1.39). A convenient
way of analyzing dynamics of a random field consists in using topographic concepts.
Indeed, in the case of the nondivergent velocity field, temporal evolution of the con-
tour of constant concentration p = const coincides with the dynamics of particles
under this velocity field and, consequently, coincides with the dynamics shown in
Fig. 1.1a. In this case, the area within the contour remains constant and, as it is seen
from Fig. 1.1a, the pattern becomes highly indented, which is manifested in gradient
sharpening and the appearance of contour dynamics for progressively shorter scales.
In the other limiting case of a divergent velocity field, the area within the contour tends
to zero, and the concentration field condenses in clusters. One can find examples simu-
lated for this case in papers [17, 18]. These features of particle dynamics disappear on
averaging over an ensemble of realizations.

Cluster formation in the Eulerian description can be traced using the random velo-
city field of form (1.3), (1.4), page 4. If v.(t) # O, then concentration field in
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Lagrangian description p(t|rp) in the particular case of uniform (independent of r)
initial distribution po(r) = po can be described by the following equation

d
7P (D = —2kvx(D) cos2kx)p (), p(0) = po.

which can be rewritten, by virtue of Eq. (1.6), page 6, in the form

d 1 — 27O tan? (kxg)
< p(tlro) = —2kv, (1) 0

tlro), 1.47
dr 15 70 an gy 70 (1.47)

where function 7'(¢) is given by Eq. (1.7), page 6. Integrating Eq. (1.47), we obtain the
Lagrangian representation of the velocity field in the framework of the model under
consideration

ptlx0)/po = [T Ocos? (ko) + e Vsind (kxo) |
Eliminating characteristic parameter xo with the use of equalities

e TO gin (kx(r))

)
sin” (kxp) = )
K90) = o cos2hon0) £ e—T s (k1)
(1.48)
cos? (kxg) = eT® cos? (kx(1)) ’
eT® cos2 (kx(1)) 4+ e~ T® sin® (kx(1))
following from Eq. (1.6), page 6, we pass to the Eulerial description
1
p(r,n/po = (1.49)

eT® cos? (kx) + e~ T® sin?(kx)

Expression (1.49) shows that the density field is low everywhere excluding the
i
neighborhoods of points kx = n=s where p(x, 1)/po = e*T¥ and is sufficiently high

if random factor 7'(¢) has appropriate sign.
Thus, in the problem under consideration, the cluster structure of the density field
in the Eulerian description is formed in the neighborhoods of points

kx:n% (n=0,+1,42,...).

Note that Eulerian density field (1.49) averaged over spatial variables is independent
of random factor 7'(¢),

p(x,/po =1,

and the average square of the density mainly grows with time

m = % (eT(’) + e*T(’)),
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Figure 1.12 Space-time evolution of the Eulerian density field given by Eq. (1.49).

Figure 1.12 shows the Eulerian concentration field 1 4+ p(r, #)/pp and its space-
time evolution calculated by Eq. (1.49) in the dimensionless space-time variables (the
density field is added with a unity to avoid the difficulties of dealing with nearly zero-
valued concentrations in the logarithmic scale). This figure shows successive patterns
of concentration field rearrangement toward narrow neighborhoods of points x ~ 0
and x = /2, i.e., the formation of clusters, in which relative density is as high as
103 — 10*, while relative density is practically zero in the whole other space. Note that
the realization of the density field passes through the initial homogeneous state at the
instants ¢ such that 7(f) = 0. As is seen from figures, the lifetimes of such clusters
coincide on the order of magnitude with the time of cluster formation.

This model provides an insight into the difference between the diffusion processes
in divergent and nondivergent velocity fields. In nondivergent (incompressible) velo-
city fields, particles (and, consequently, density field) have no time for attracting to sta-
ble centers of attraction during the lifetime of these centers, and particles slightly fluc-
tuate relative to their initial location. On the contrary, in the divergent (compressible)
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velocity field, lifetime of stable centers of attraction is sufficient for particles to attract
to them, because the speed of attraction increases exponentially, which is clearly seen
from Eq. (1.49).

From the above description, it becomes obvious that dynamic equation (1.39) con-
sidered as a model equation describing actual physical phenomena can be used only
on finite temporal intervals. A more complete analysis assumes the consideration of
the field of tracer concentration gradient p(r, r) = V p(r, f) that satisfies the equation
(repeating indices assume summation)

AU(r, 1) 32U (r, 1)
— ),

ar; or;0ry

ad 0
(— + 5 UG, r)) pir, 1) = =pi (1, 1)
r

ot (1.50)

p(r,0) =por) = Vpo(r).
In addition, one should also include the effect of the dynamic molecular diffusion

(with the dynamic diffusion coefficient 11, ) that smooths the mentioned sharpen of the
gradient; this effect is described by the linear second-order partial differential equation

0

0
(E)_t +5,U0 t)) pr. 1) = upApr,1), p@r,0) = por). (1.51)

Diffusion of Magnetic Field in a Random Velocity Field

The diffusion of such passive fields as the scalar density (particle concentration) field
and the magnetic field is an important problem of the theory of turbulence in mag-
netohydrodynamics. Here, the basic stochastic equations are the continuity equation
(1.39) for density field p(r, t) (see previous section) and the induction equation for
nondivergent magnetic field H(r, t) (divH(r, ) = 0) [27]

a%H(r, Hy=curl[U(r,t) x H(r,t)], H(r,0) =Hyr). (1.52)

In Eq. (1.52), U(r, 1) is the hydrodynamic velocity field and pseudovector C = A x B
is the vector product of vectors A and B,

Ci = &ijxAjBr.
where ¢g;j, is the pseudotensor such that g = 0 if indices i, j, and k are not all different

and g;j = 1 or g; = —1, if indices i, j, and k are all different and form cyclic or anti-
cyclic sequence (see, e.g., [28]). The operator

0
curlC(r,t) = [V x C(r,1)], curlC(r,1)|; = 8l~jka—Ck(r, 1)
rj

is called the vortex of field C(r, 1).
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In magnetohydrodynamics, velocity field U(r, r) is generally described by the
Navier—Stokes equation complemented with the density of extraneous electromagnetic
forces

1
fr,t) = —[curlH(r,t) x H(r, 1)].
4m
Nevertheless we, as earlier, will consider velocity field U(r, f) as random field whose
statistical parameters are given.
The product of two pseudotensors is a tensor, and, in the case of pseudotensors ¢,

we have the following equality

EilmEjpg = 3,']'81p5mq + 5ip51q8mj + Siq31j8mp — Sijaqump - 8ip811'3mq — 51'(151[75{11]‘.53)

Setting j = m (repeated indices assume summation), we obtain
EilmEmpg = (d— 2)(3ip81q - Siq‘slp)s (1.54)

where d is the dimension of space, so that the above convolution becomes zero in the
two-dimensional case.
Thus, the double vector product is given by the formula

[C x [A x Bll; = €imempgCiApBy = C4AiBy — CpApB;. (1.55)
If fields C, A, and B are the conventional vector fields, Eq. (1.55) assumes the form

[Cx[AxB]]=(C-B)A—(C-A)B. (1.56)
d . .
In the case operator vector field C =V = 3 Eq. (1.55) results in the expression
a0 d
curl [A(r) x B(r)] = P -B(r) |A(r) — P <A(r) | B(r). (1.57)
. . . 0
Note that, if vector field A is an operator in Eq. (1.55),A =V = Py then we have
r

0 0
[C(r) x curl B(r)] = Cy(r) EBq(r) — (C(r) . 5) B(r)

and, in particular,

[B(r) x curl B(r)] = %%Bz(r) — <B(r) . %) B(r). (1.58)
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Using Eq. (1.57), we can rewrite Eq. (1.52) in the form

0 0 0
(— + —u(r, t)) H(r, 1) = (H(r, t) - 5) u(r,t),

ar - or (1.59)

H(r,0) = Hy(r).

Dynamic system (1.59) is a conservative system, and magnetic field flux
f dr H(r, t) remains constant during evolution.

We are interested in the evolution of magnetic field in space and time from given
smooth initial distributions and, in particular, simply homogeneous ones, Hy(r) =
Hj. Clearly, at the initial evolutionary stages of the process, the effects of dynamic
diffusion are insignificant, and Eq. (1.59) describes namely this case. Further stages of
evolution require consideration of the effects of molecular diffusion; these effects are
described by the equation

(2 + iu(r, t)) H(r,t) = <H(r, t) - i) ulr,t)+ ugAH(r, 1), (1.60)
at  or ar

where pg is the dynamic diffusion coefficient for the magnetic field.

Note that, similarly to the case of tracer density [16], velocity filed model (1.3),
(1.4), page 4, allows obtaining the magnetic field in an explicit form if molecular
diffusion can be neglected. With the use of this model, the induction equation for
homogeneous initial condition (1.59) assumes the form

Jt
= 2k cos 2(kx) [v(t)Hy(x, ) — vi(®OH (x, )], H(x,0) = Hy,

<3 + vy (?) sin 2(kx)i> H(x, 1)
ox

from which follows that the x-component of the magnetic field remains constant
(Hy(x, ) = Hyp), and the existence of this component H, causes the appearance of
an additional source of magnetic field in the transverse (y, z)-plane

0 . 0
<5 + v (2) sin Z(kx)a> H|(r, 1

= 2kcos2(kx) [vi(t)Hyxo — vi(OH 1 (x, )], H)(x,0) =H . (1.61)

Equation (1.61) is a partial differential equation, and we can solve it using the
method of characteristics (the Lagrangian description). The characteristics satisfy the
equations

%x(tlxo) = vx(1) sin 2(kx(t|x0)),

d H =2k 2(kx H (1.62)
o 1 (tlxo) = 2k cos 2(kx|xq) [v.L () Hxo — vx(OH 1 (t]x0)],

x(0lxo) = xo, H1(Olxo) = H 1o,
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where the vertical bar separates the dependence on characteristic parameter x.
The first equation in Eqgs. (1.62) describes particle diffusion, and its solution has the
form Eq. (1.6)

1
x(t|xg) = i arctan [eT(t)tan(kxo)],

where function 7'(¢) is given by Eq. (1.7), page 6. The solution of the equation in the
magnetic field has the form

H (t]xo) = [e_T(’)cosz(kxo) + T Ogin? (kxo)] H.,

+ 2k [e*T(’)cos2 (kxo) + eT(’)sinz(kxo)]

! [e_T(T)cosz(kxo) _ eT<f>sin2(kxo)]
x / dr ve(T)W L (2) Hyp.

2
[e—T(T)cosz(kxo) + T(@gin? (kxo)]

Eliminating now characteristic parameter xo with the use of Egs. (1.48), page 26, we
pass to the Eulerian description

p(x, 1)
£0

H,(x,1) = H,
1 I:eT(t)fT(r)COS2(kx) — e TOHTO G2 (ky)
+ 2kH, /dr 5 V(D)vL(7),
[e70-T®c0s2 (k) + ¢~ T O+ D sin (k) |

(1.63)

where the density of passive tracer p(x, ) is described by Eq. (1.49). Making now the
change of integration variables t — T = A in Eq. (1.63), we can rewrite it as

! TO-TO 052 (ky) — efT(t)+T(t)Sin2(kx):|

g [
H (x,t) = P )HJ_O + Zka()/d)» 7
0 [eT(t)—T(r)COSZ(kx) + e TOFT@gin2 (lcx)]
X ve(t — AL (t—A),
where

t t—t A

I'(n—T(r)= /dévx(é) = /dnvx(t— n = /dnvx(t— ).
0 0

T
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Hence, dealing with the one-time statistical characteristics of magnetic field, we
can replace vy(f — A) with v(A) in view of stationarity of the velocity field (see
Section 4.2.1, page 95) and rewrite Eq. (1.63) in a statistically equivalent form,

p(x, 1)

H,(x,1) = H,

t

+2ka0/dr [ 2
[eT(f)cosz(kx) + e_T(’)Sinz(kx)]

T cos? (kx) — e—T<f>sin2(kx)]

ve(T)v1 (7). (1.64)

The first term describes magnetic field clustering like the density field clustering if
H |y #0. The second term describes the generation of a magnetic field in the trans-
verse (y, z)-plane due to the presence of an initial field Hyo. At H ¢ = 0, this term,
proportional to the square of the random velocity field, determines the situation. Like
the density field, the structure of this field is also clustered.

Figures 1.13, 1.14 present the calculated space—time evolution of a realization of
energy of the magnetic field generated in the transverse plane, E(x, ) = Hi (x, 1),
in dimensionless variables (see Problem 8.8, page 226) at H o = 0 for the same
realization of the random process 7'(f) as that presented previously in Fig. 1.2a.

First of all, we note that the total energy of the generated magnetic field concen-
trated in the segment [0, 7 /2] increases rapidly with time (Fig.1.13a). A general
space—time structure of the magnetic energy clustering is shown in Fig. 1.13b. This
structure was calculated in the following way. The coordinates of points x; are plotted
along the x-axis and the time is plotted along the -axis (at 0.1 steps). The points are
marked as white squares (unseen) if they contain less than 1% of the energy available
in the entire layer at current ¢ and as black squares if they contain more than 1% of the
energy available in the entire layer at the time in question. There are a total of 40,000
points (100 steps in x and 400 steps in time).

20
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log E(t)

Figure 1.13 (a) Temporal evolution of the total magnetic energy in segment [0, 7/2] and
(b) cluster structure in the (x, #)-plane.
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Figure 1.14 Dynamics of disappearance of a cluster at point O and appearance of a cluster at
point /2. The circles, triangles, and squares mark the curves corresponding to time instants
t =10.4, 10.8, and 11.8, respectively.

A more detailed pattern of the evolution of clusters with time is presented in
Fig. 1.14. Figure 1.14a shows the percentage ratio of the generated magnetic energy
field contained in a cluster to the total energy in the layer at the time under conside-
ration; Fig. 1.14b shows the dynamics of the flow of magnetic energy perturbations
from one boundary of the region to the other.

1.3.2 Quasilinear and Nonlinear First-Order Partial
Differential Equations

Consider now the simplest quasilinear equation for scalar quantity g(r, ), which we
write in the form

d a
(a— + UG, 61)—) qr,) =0(t,q), q@r,0)=qo(), (1.65)
t or

where we assume for simplicity that functions U(t, g) and Q(¢, g¢) have no explicit
dependence on spatial variable r.

Supplement Eq. (1.65) with the equation for the gradient p(r, r) = Vq(r, t), which
follows from Eq. (1.65), and the equation of continuity for conserved quantity I(r, 1):

o{U(t, g)p(r, 1)} 00, 9)
= 8—qp(r, 1,

a a

(1.66)

a a
a—tl(r, 1+ > (U, ¢)I(r, )} = 0.
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From Egs. (1.66) it follows that

/dr](r, 1 = /dr]o(r). (1.67)

In terms of characteristic curves determined by the system of ordinary differential
equations, Eqgs. (1.65) and (1.66) can be written in the form

d d
S O=U0q. —q0)=00q. r@®=ro. ¢0)=qo),

d _ U 9p0} 00(t, q) _9q0(ro)
E”(t) T P p@) + o p®), p0) = org (1.68)
di](t)=_a{l](t’—q)p(t)}l(t)’ ](())=]0 ("0)~

t aq

Thus, the Lagrangian description considers the system (1.68) as the initial-value
problem. In this description, the two first equations form a closed system that deter-
mines characteristic curves.

Expressing now characteristic parameter ry in terms of # and r, one can write the
solution to Eqgs. (1.65) and (1.66) in the Eulerian description as

0t = [ drog (o) tro) 8 o) ),
(1.69)

I(r,1) = / drol (t|ro) j (t|ro) & (r (t|ro) — ).

The feature of the transition from the Lagrangian description (1.68) to the Eulerian
description (1.69) consists in the general appearance of ambiguities, which results in

discontinuous solutions. These ambiguities are related to the fact that the divergence—
Jacobian

J (tlro) = det

i (t|ro)
—
orok o

—can vanish at certain moments.

Quantities I(t|rg) and j(t|rp) are not independent. Indeed, integrating I (r, t) in
Eq. (1.69) over r and taking into account Eq. (1.67), we see that there is the evolu-
tion integral

_ Iy (ro)
I (tlro)

from which follows that zero-valued divergence j(t|rp) is accompanied by the infinite
value of conservative quantity /(t|rgp).

It is obvious that all these results can be easily extended to the case in which func-
tions U(r, t, q) and Q(r, t, g) explicitly depend on spatial variable r and Eq. (1.65)
itself is the vector equation.

J (tlro) ; (1.70)
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As a particular physical example, we consider the equation for the velocity field
V(r, t) of low-inertia particles moving in the hydrodynamic flow whose velocity field
isu(r,t) (see, e.g., [29])

(2 + V(r, t)i) Vr,t) = —A[V(r, 1) —ur,1)]. (1.71)
ot or

We will assume this equation the phenomenological equation.

In the general case, the solution to Eq. (1.71) can be non-unique, it can have discon-
tinuities, etc. However, in the case of asymptotically small inertia property of particles
(parameter A — 00), which is of our concern here, the solution will be unique dur-
ing reasonable temporal intervals. Note that, in the right-hand side of Eq. (1.71), term
F(r,t) = AV(r, t) linear in the velocity field V(r, ) is, according to the known Stokes
formula, the resistance force acting on a slowly moving particle. If we approximate
the particle by a sphere of radius a, parameter A will be A = 6w an/m,, where 7 is the
dynamic viscosity coefficient and nz, is the mass of the particle (see, e.g., [30]).

From Eq.(1.71) follows that velocity field V(r,t) is the divergent field
(divV(r,t) # 0) even if hydrodynamic flow u(r,?) is the nondivergent field
(divu(r,t) = 0). As a consequence, particle number density n(r, f) in nondivergent
hydrodynamic flows, which satisfies the linear equation of continuity

(3 + EV(r, t)) nr,t) =0, n, 0 =ny), (1.72)
at  or

similar to Eq. (1.39), shows the cluster behavior [31].
For large parameters A — oo (inertia-less particles), we have

Vi) ~u(r, 1, (1.73)

and particle number density n(r, ) in nondivergent hydrodynamic flows shows no
cluster behavior.

The first-order partial differential equation (1.71) (the Eulerian description) is equi-
valent to the system of ordinary differential characteristic equations (the Lagrangian
description)

i"(f) =V&®,n, r@0) =ro,
5” (1.74)
EV(I) ==-AV® —u@@®,n], V(O = Vi),

that describe diffusion of a particle under random external force and linear friction and
coincide with Eq. (1.12).

Conventional statistical description usually assumes that fluctuations of the hydro-
dynamic velocity field are sufficiently small. For this reason, we can linearize the
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system of equations (1.74) and rewrite it in the form (for simplicity, we assume that
the mean flow is absent and use the zero-valued initial conditions)

d d
Er(t) =), d—tv(t) ==1[p@® —f®],
r0) =0, v0) =0,

(1.75)

the stochastic solution to which has the form

1 t

v(t) = A / dre Of (D), r@) = / dr [1 —e‘“f—”] f(@.

0 0

Note that the closed linear equation of the first order in velocity v(¢) is called the
Langevin equation.
Now, we turn back to Eq. (1.71). Setting A = 0, we arrive at the equation

(3 +V(r, t)i> Vir,)=0, V&, 0 = Vo), (1.76)
ot or

called the Riemann equation. It describes free propagation of the nonlinear Riemann
wave. The solution to this equation obviously satisfies the transcendental equation

Vi, t)=Vo@r—tV(r,1)).

In the special case of the one-dimensional equation

a a
<8_ + q(xv t)_> q(xv t) = O? Q(-xs 0) = CIO(X)v (]77)
t 0x

the solution can be drawn in both implicit and explicit form. This equation coincides

with Eq. (1.65) at G(t, q) = 0, U(t, q¢) = q(x, 1).
The method of characteristics applied to Eq. (1.77) gives

q(tlxo) = qo(xo), x(tlxp) = x0 + tqo(x0), (1.78)

so that the solution of Eq. (1.77) can be written in the form of the transcendental equa-
tion

q(x, 1) = qo (x — 1q(x, 1)),
from which follows an expression for spatial derivative

q0(x0)

— L, (1.79)
1 + 1q,(x0)

d
px.1) = 3—61(16, )
X



Examples, Basic Problems, Peculiar Features of Solutions 37

where

d
xo=x—1q(x,1) and g)(x0) = 2o 90 (x0)-

The function p(x, f) by itself satisfies here the equation

0 ]
(8_ +q(x, t)—)P(x, n=-px10, p0)=pox)=qgyX). (1.80)
t 0x

For completeness, we give the equation of continuity for the density field p(x, f)

] 0
(8_ +q(x, t)—) px, ) = —px,Hpx, 1), plx, 0)= po(x), (1.81)
t 0x

and its logarithm x (x, ) = In p(x, 1)

] ]
(8_ +q(x, t)—) X, 0 =—px1, xx0) =)o), (1.82)
t 0x

which are related to the Riemann equation (1.77). The solution to Eq. (1.77) has the

form

00(x0) _ po(x — 1q(x, 1))
14+1tpo(xo) 1 4+tpolx —tq(x, 1)

olx, 1) = (1.83)

0
If q6 (x0) < 0, then derivative a—q(x, 1) and solution of Eq. (1.77) becomes discon-
x

tinuous. For times prior to 7y, the solution is unique and representable in the form of
a quadrature. To show this fact, we calculate the variational derivative (for variational
derivative definitions and the corresponding operation rules, see Lecture 2)

8q (x,1)
8qo (x0) 14 1g5 (x0)

S (x—1tg(x,t) —xp).

Because g(x, 1) = qo(xo) and x — tqo(xp) = xo, the argument of delta function van-
ishes at x = F(xp, t) = xo + tqo(x0). Consequently, we have

o0
1 ) ,
=68(x—F(xp, 1)) = . f dk &*x—x0)—ikiqo(x0)

—00

3q (x, 1)
3q0 (xo0)

We can consider this equality as the functional equation in variable go(xp). Then,
integrating this equation with the initial value

q (-xv t)|q0(x0):0 = Oa
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in the functional space, we obtain the solution of the Riemann equation in the form of
the quadrature (see e.g., [32])

2t

—00 —00

. 0 o0
g(x, 1) = - dk / d #Fx—0) [e—ikzqo(g) _ 1]
9 k .

The mentioned ambiguity can be eliminated by considering the Burgers equation

9 9 92
a—tq(x, n+q(x, t)aq(x, n= M@CI(X, D, qx, 0 =qgokx),

(it includes the molecular viscosity and also can be solved in quadratures) followed
by the limit process u — 0.

In the general case, a nonlinear scalar first-order partial differential equation can be
written in the form

a
54D+ H1.q.p) =0, q(r0)=qo), (1.84)

where p(r,t) = Vq(r, 1).
In terms of the Lagrangian description, this equation can be rewritten in the form
of the system of characteristic equations:

d 0
d_tr(tlr()) = %H (r,t,q,p), rQlrg) =rg;

d RN
“pllre) =—— +p— |H .1 Olro) = - ,
dtP( Iro) (ar +Paq) (r,t,q,p), pQOlro) =py(ro); (1.85)

d 0
—q(tlro) = |p— —1)H(r t,q,p), Olrp) = .
74 Iro) (P op ) (r.1,q9,p), q(Olro) = qo(ro)

Now, we supplement Eq. (1.84) with the equation for the conservative quantity
I(r,1)

0

a dH (r,t, q,
_,(,,,H_{M
or

op

o I(r, z)} =0, 1@, 0) =I@). (1.86)

From Eq. (1.86) follows that

/dr[(r, 1 = /dr]o(r). (1.87)

Then, in the Lagrangian description, the corresponding quantity satisfies the
equation

d 92H (r, t, q,p)
—I(tlrg) = ———————I1(r, 1), 1(0lry) =1y (ro) ,
dt ordp
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so that the solution to Eq. (1.86) has the form
I(r,0) =1(ro (1,r)) = / drol (tlro) j (tlro) 8 (r (t|ro) — 1), (1.88)

where j (t|rg) = det Hari (tlro) /0rq; H is the divergence (Jacobian).
Quantities I(¢|ro) and j(t|rg) are related to each other. Indeed, substituting Eq. (1.88)
for I(r, t) in Eq. (1.87), we see that there is the evolution integral

Iy (ro)
I (tlro)’

J(tlro) =
and Eq. (1.88) assumes the form

1) = f drolo (r) 8 (r (t]re) — ).

1.3.3 Parabolic Equation of Quasioptics (Waves in Randomly
Inhomogeneous Media)

We will describe propagation of a monochromatic wave U(t, x, R) = e~ “'u(x, R) in
the media with large-scale three-dimensional inhomogeneities responsible for small-
angle scattering on the base of the complex parabolic equation of quasioptics,

iu(x, R) = LARu(x, R) + %s(x, R)u(x,R), u(0,R)=up(R), (1.89)
ox 2k 2

where k = w/c is the wave number, c is the velocity of wave propagation, x-axis is
directed along the initial direction of wave propagation, vecor R denotes the coordi-
nates in the transverse plane, Ag = 92 / 9R?, and function &(x, R) is the deviation of
the refractive index (or dielectric permittivity) from unity. This equation was success-
fully used in many problems on wave propagation in Earth’s atmosphere and oceans
[33, 34].

Introducing the amplitude—phase representation of the wavefield in Eq. (1.89) by
the formula

u(x, R) = A(x, R)e’S®®,
we can write the equation for the wavefield intensity

I(x,R) = u(x, RM)u*(x, R) = |u(x, R)|2
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in the form
d 1
a—l(x, R) + EVR {VRSC, )I(x, R)} =0, I(0,R) =IH(R). (1.90)
X

From this equation follows that the power of a wave in plane x = const is conserved
in the general case of arbitrary incident wave beam:

Ey = /I(x, R)dR = /IO(R)dR.

Equation (1.90) coincides in form with Eq. (1.39). Consequently, we can treat it as
the transport equation for conservative tracer in the potential velocity field. However,
this tracer can be considered the passive tracer only in the geometrical optics appro-
ximation, in which case the phase of the wave S(x, R), the transverse gradient of the
phase

1
p(xs R) = %VRS(-X’ R)v

and the matrix of the phase second derivatives

192
L}

characterizing the curvature of the phase front S(x, R) = const satisfy the closed
system of equations

S R + 52 B = Ko m)
-— y = , = <&, s
o P 28

9 1

(5 +p(x, R)VR)p(x, R) = EVRE(X» R). (1.91)
P 2

(5 +p(x, R)VR> uij(x, R) + uix (x, R)uyj(x, R) = 3 aRiaRje(x, R).

In the general case, i.e., with the inclusion of diffraction effects, this tracer is the
active tracer.

According to the material of Sect. 1.3.1, realizations of intensity must show the
cluster behavior, which manifests itself in the appearance of caustic structures.

An example demonstrating the appearance of the wavefield caustic structures is
given in Fig. 1.15, which is a fragment of the photo on the back of the cover — the
flyleaf — of book [33] that shows the transverse section of a laser beam in turbulent
medium (laboratory measurements).

A photo of the pool in Fig. 1.16 also shows the prominent caustic structure of the
wavefield on the pool bottom. Such structures appear due to light refraction and reflec-
tion by rough water surface, which corresponds to scattering by the so-called phase
screen.
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Figure 1.16 Caustics in a pool.

Note that Eq. (1.89) with parameter x concidered as time coincides in form with the
Schrodinger equation. In a similar way, the nonlinear parabolic equation describing
self-action of a harmonic wave field in multidimensional random media,

3 ' ik
LU R) = — Agu(x, R) + —&(x, R: I(x, R))u(x, R),  u(0,R) = uo(R),
ox 2% 2

coincides in form with the nonlinear Schrodinger equation. Consequently, clustering
of wave field energy must occur in this case too, because Eq. (1.90) is formally inde-
pendent of the shape of function (x, R; I(x, R)).
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Consider now geometrical optics approximation (1.91) for parabolic equation
(1.89). In this approximation, the equation for the wave phase is the Hamilton—Jacobi
equation and the equation for the transverse gradient of the phase (1.91) is the closed
quasilinear first-order partial differential equation, and we can solve it by the method
of characteristics. Equations for the characteristic curves (rays) have the form

iR()— (x) i()—lV (x,R) (1.92)
o x) =px), dxpx_2 re(x, R), .

and the wavefield intensity and matrix of the phase second derivatives along the cha-
racteristic curves will satisfy the equations

i](x) = —I(X)uii(x)r
dx

. (1.93)
e(x,R).

d
Euij(x) + ik () ug(x) = 23R 3

Equations (1.92) coincide in appearance with the equations for a particle under
random external forces in the absence of friction (1.12) and form the system of the
Hamilton equations.

In the two-dimensional case (R = y), Egs. (1.92), (1.93) become significantly sim-
pler and assume the form

i()_() i()_li( )
de ) TP P _28y8x’y’

) (1.94)

i,<)__,() €3) 4 (x) + 2()—18—( )
dxx_ xX)u(x), dxux ux—zayzex,y.

The last equation for u(x) in (1.94) is similar to Eq. (1.29) whose solution shows the
singular behavior. The only difference between these equations consists in the random
term that has now a more complicated structure. Nevertheless, it is quite clear that
solutions to stochastic problem (1.94) will show the blow-up behavior; namely, func-
tion u(x) will reach minus infinity and intensity will reach plus infinity at a finite dis-
tance. Such a behavior of a wavefield in randomly inhomogeneous media corresponds
to random focusing, i.e., to the formation of caustics, which means the appearance of
points of multivaluedness (and discontinuity) in the solutions of quasilinear equation
(1.91) for the transverse gradient of the wavefield phase.

1.3.4 Navier-Stokes Equation: Random Forces in
Hydrodynamic Theory of Turbulence

Consider now the turbulent motion model that assumes the presence of external forces
f(r, t) acting on the liquid. Such a model is evidently only imaginary, because there
are no actual analogues for these forces. However, assuming that forces f(r, f) on
average ensure an appreciable energy income only to large-scale velocity components,
we can expect that, within the concepts of the theory of local isotropic turbulence, the
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imaginary nature of field f(r, t) will only slightly affect statistical properties of small-
scale turbulent components [35]. Consequently, this model is quite appropriate for
describing small-scale properties of turbulence.

Motion of an incompressible liquid under external forces is governed by the
Navier-Stokes equation

(i +u(r, t)i> u(r,t) = —iip(r, 1+ vAu(r,t) +f(r, 1),
or po Or

ot (1.95)

divu(r,t) =0, divf(r,1) =0.

Here, pg is the density of the liquid, v is the kinematic viscosity, and pressure
field p(x, ) is expressed in terms of the velocity field at the same instant by the
relationship

_ 9% (wi(r', (', 1)
pr, 1) = —pO/A 1(r, r') (1 ar’ar’] )dr’, (1.96)
i

where A~!(r,7) is the integral operator inverse to the Laplace operator (repeated
indices assume summation).
Note that the linearized equation (1.95)

%u(r, 1) =vAu(r,t) +f(r, 1), u(@ 0) =0, (1.97)

describes the problem on turbulence degeneration for t — oo. The solution to this
problem can be drawn in an explicit form:

t t
ur, 1) = /dr "IN T) = /dr e”’A/dr’S(r—r’)f(r’,t—r)

0 0
1 t
= Gy f dt "™ f dr’ / dg TG - 1)
T
0
1 t
= W/dt/dr’/dq e*”Tquiq’/f(r—r’,t—r)
T
0
t
, dt r? ,
= dr m eXp —H f(r—r,t—'l:). (198)
0

The linear equation (1.97) is an extension of the Langevin equation in velocity (1.75),
page 36 to random fields.
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Neglecting the effect of viscosity and external random forces in Eq. (1.95), we
arrive at the equation

a%u(r, N+ @) -Vyur,t) = —%Vp(r, 1) (1.99)

that describes dynamics of perfect liquid and is called the Euler equation. Using
Eq. (1.58), page 29, this equation can be rewritten in terms of the velocity field vortex
w = curlu(r, 1) as

a%w(r, H) =curllu(r,t) xw(r, 1], o 0) =wy)), (1.100)

or

(3 + iu(r, t)) o(r, 1) = (w(r, t) - i) o, 1), o 0 =wo). (1.101)
Jat  dr or

These equations coincide with Egs. (1.52) and (1.59), pages 28 and 30, and appeared
in the problem on the diffusion of magnetic field.

However, this coincidence is only formal, because different boundary conditions to
these problems results in drastically different behaviors of fields @(r, #) and H(r, 1) as
functions of the velocity field u(r, 7).

If we substitute Eq. (1.96) in Eq. (1.95) to exclude the pressure field, then we obtain
in the three-dimensional case that the Fourier transform of the velocity field with res-
pect to spatial coordinates

Ttk 1) = / drui(r, e, (e, 1) = / diéiy e, e,

@m)3
(uf (k, 1) = u;(—k, 1)) satisfies the nonlinear integro-differential equation
] i ~ ~
G+ 5 [ ko [ dkanl? ok d G0 (.0
— vk (k, ) =1, (k, D), (1.102)

where

1
AP (ky Ky, k) = (

27y {ka Aig (k) + kg Ao (k) } Skt + k2 — k),

kik;
Ai,»(k)=<sl-j—# G,a,p=1,23),

and f(k, 1) is the spatial Fourier harmonics of external forces,

fk, ) = / drfr,0e ™ for 1) = / dkf(k, He™.

(2m)3

A specific feature of the three-dimensional hydrodynamic motions consists in the
fact that the absence of external forces and viscosity-driven effects is sufficient for
energy conservation.
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It appears convenient to describe the stationary turbulence in terms of the space-
time Fourier harmonics of the velocity field

o0
W(K) = / dx / dtu; (x, e dxton,
—0Q

)
1 .
ui(x,t) = W/dk / dwﬁi(K)e[(kx+wt),
—o0

where K is the four-dimensional wave vector {k,} and field u(K) = u;(—K)
because field u;(r, ) is real. In this case, we obtain the equation for component u; (K)
by performing the Fourier transformation of Eq. (1.102) with respect to time:

(i + VRO (K) + % / &K, / KA Ky, Ko, K) Ty (K1) g (K) =, (K) |
(1.103)

where

1
AT (K1 Ky K) = oA (et . B (01 + a2 — o),
and ﬁ(K) are the space-time Fourier harmonics of external forces. The obtained
Eq. (1.103) is now the integral (and not integro-differential) nonlinear equation.

Plane Motion Under the Action of a Periodic Force

Consider now the two-dimensional motion of an incompressible viscous liquid
Ur,t) = {ur,t), v(r, )} in plane r = {x, y} under the action of a spatially peri-
odic force directed along the x-axis fi(r, f) = y sinpy (y > 0). Such a flow is usually
called the Kolmogorov flow (stream). The corresponding motion is described by the
system of equations

8u+8u2+8uv 18P+ Aut v si
— 4 — 4+ —=———+VvAu sin py,
ot " ox oy | pox ySmpy

v duv N2 19P

w0 LA, (1.104)
o T ax Ty T oy VA

ou Bv_

ax 3y

where P(r, 1) is the pressure, p is the density, and v is the kinematic viscosity.

The system of the Navier—Stokes and continuity equations (1.104) has the steady-
state solution that corresponds to the laminar flow at constant pressure along the x-axis
and has the following form

uss(r) = vy? sinpy, vss(r) =0, Pss(r)= const. (1.105)
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Introducing scales of length p~!, velocity p~>v ™!y, and time pvy ~!

sionless variables, we reduce system (1.104) to the form

and using dimen-

8u+8u2+8uv op 1 1
—+ — 4+ — =——+ —Au+ —siny,
or " ax oy ox ROCTRTY
2
dv w7 9P 1. (1.106)
ot ox dy dy R
ou n v 0
ax 9y
where R = ;/ 5 is the Reynolds number. In these variables, the steady-state solution
vep

has the form
uss(r) =siny, vss(r) =0, Pys(r) = const.
Introducing flow function v (r, f) by the relationship
a d
ur, ) = —y@rn, veH=—-——yrro,
ay ox
we obtain that it satisfies the equation
a A Y 0A Y 0A 1
<___)M__¢ v vaay
ax dy

— —cosy, 1.107
o R oy ox R Y (1.107)

and
Yss(r) = —cosy.

It was shown [43, 44] that, in the linear problem formulation, the steady-state solu-
tion (1.105) corresponding to the laminar flow is unstable with respect to small dis-
turbances for certain values of parameter R. These disturbances rapidly increase in
time getting the energy from the flow (1.105); this causes the Reynolds stresses des-
cribed by the nonlinear terms in Eq. (1.107) to increase, which results in decreasing
the amplitude of laminar flow until certain new steady-state flow (called usually the
secondary flow) is formed.

We represent the hydrodynamic fields in the form

ur,t) =UQ, 0 +u@r, 0, vt =vr,1),
P(r, 1) =Po+ P, 0, Y@, 0=¥y0n+yr0.
Here, U(y, ¢) is the new profile of the steady-state flow to be determined together with

the Reynolds stresses and the tilde denotes the corresponding ultimate disturbances.
Abiding by the cited works, we will consider disturbances harmonic in variable x with
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wavelength 27/« (e > 0). The new flow profile U(y, t) is the result of averaging with
respect to x over distances of about a wavelength.

One can easily see that, for « > 1, the laminar flow (1.105) is unique and stable for
all R [44] and instability can appear only for disturbances with o < 1.

According to the linear stability theory, we will consider first the nonlinear inter-
action only between the first harmonic of disturbances and the mean flow and neglect
the generation of higher harmonics and their mutual interactions and interaction with
the mean flow.

We represent all disturbances in the form

gr.0) = (. 0™ + ¢V, ne,
@@, 0 =T, 1), 5. 1), P@r,0), ¥ 0),
where quantity ¢~ (y, r) is the complex conjugated of wg) (v, £). Then, using this rep-

resentation in system (1.106) and eliminating quantities P(r, r) and u(r, r), we obtain
the system of equations in mean flow U(y, f) and disturbances v (v, 1) [24, 25]:

0y o) ahDY 197y L1
— — (Vv = ——— + —siny,
ot o 9y? 0y? R3y> R Y
. (1.108)
3 A 02U
——— ) A pia|uav®d -y _—— | =o.
ot R 9y2

The second equation in system (1.108) is the known Orr—Sommerfeld equation.
A similar system can be derived for the flow function.
To examine the stability of the laminar regime (1.105), we set

U(y) =siny

in the second equation of system (1.108) to obtain

8 A (1) . . (])
=% AV (v, 1) +iasiny[1 + AV (v, 1) = 0. (1.109)

Representing disturbances v(" (y, 7) in the form

o0
vD(y, 1) = Z (D gottiny (1.110)

n=—o0

and substituting this representation in Eq. (1.109), we arrive at the recurrent system in
quantities vﬁ,l)

205, 2 o +nt] M [ 2 2
2 (o) o+ S P ll [ <1 1]

—vf}j] [012—1+(n+1)2]20, n=-—0o,...,4oo. (1.111)
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The analysis of system (1.111) showed [43, 44] that, under certain restrictions on
wave number « and Reynolds number R, positive values of parameter o can exist, i.e.,
the solutions are unstable. The corresponding dispersion equation in o has the form
of an infinite continued fraction, and the critical Reynolds number is R, = /2 for
a — 0. In other words, long-wave disturbances along the applied force appear to be
most unstable. For this reason, we can consider parameter « as a small parameter of
the problem at hand and integrate the Orr—Sommerfeld equation asymptotically. We
will not dwell on details of this solution. Note only that the components of eigenvec-

tor {vfll) } of problem (1.111) have different orders of magnitude in parameter «. For

example, all components of vector {v,gl)} with n = +2, £3, ... will have an order
of a* at least. As a result, we can confine ourselves to the most significant harmonics
with n = 0, £1, which, in essence, is equivalent to the Galerkin method with the
trigonometric coordinate functions. In this case,

U(y,t) = U(t) siny,

and the equation in v(!) assumes the form

3 A
(8_t - E) AV (y, 1) + iaU@) siny[1 + AV (y, 1) = 0.

Substituting the expansion

1
W= viPme™,

n=—1

in Egs. (1.108), we obtain that functions

U@, 200=2"@0, z0=2»""o+"0,

My (D
P At 1) 2“(”,

satisfy the system of equations [24, 45]

d 1 UG — 1 4 y y
(E + I_?> @® = R ;ZO( )z (),
d 2
(E + %) z0(t) = aU()z— (1), (1.112)

d 1 a d 1
(E T E) ()= EU(t)zo(t), <E + 1_3) z4+() = 0.
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Equation in quantity z (¢) is independent of other equations; as a consequence, the
corresponding disturbances can only decay with time. Three remaining equations form
the simplest three-component hydrodynamic-type system (see Sect. 1.1.3, page 10).
As was mentioned earlier, this system is equivalent to the dynamic system describing
the motion of a gyroscope with anisotropic friction under the action of an external
moment of force relative to the unstable axis. An analysis of system (1.112) shows
that, for R < Ry = ﬁ, it yields the laminar regime with U = 1,z; = 0. For R > ﬁ,
this regime becomes unstable, and new regime (the secondary flow) is formed that
corresponds to the mean flow profile and steady-state Reynolds stresses

a1, R>2.

= LoV = —v 7,
2V2R? =2

Turning back to the dimensional quantities, we obtain

YR— 2
U(y) = V2upsinpy, @@V =—— V2
p

U
[v(l)]z_R—ﬁ W _ %
0

cos py. (1.113)

Note that the amplitude of the steady-state mean flow is independent of the ampli-
tude of exciting force. Moreover, quantity vél) can be both positive and negative,
depending on the signs of the amplitudes of small initial disturbances.

Flow function of the steady-state flow has the form

2 2
Yi(x,y) = —\/7_ cosy — —v(()l) [x/ia siny cos ax + sinax].
o

Figure 1.17 shows the current lines
o cosy + V2a siny cosax + sinax = C

of flow (1.113) at R = 2Ry = 2¢/2 (v} > 0).

In addition, Fig. 1.17 shows schematically the profile of the mean flow. As distinct
from the laminar solution, systems of spatially periodic vortices appear here, and the
tilt of longer axes of these vortices is determined by the sign of the derivative of the
mean flow profile with respect to y.

Flow (1.113) was derived under the assumption that the nonlinear interactions bet-
ween different harmonics of the disturbance are insignificant in comparison with their
interactions with the mean flow. This assumption will hold if flow (1.113) is, in turn,
stable with respect to small disturbances. The corresponding stability analysis can be
carried out by the standard procedure, i.e., by linearizing the equation for flow func-
tion (1.107) relative to flow (1.113) [45]. The analysis shows that flow (1.113) is stable
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Figure 1.17 Mean velocity and current lines of the secondary flow at R = 2R, = 2+/2
(1)
vy’ > 0).

if we restrict ourselves to the harmonics of the types same as in solution (1.113). How-
ever, the solution appears to be unstable with respect to small-scale disturbances. In
this case, the nonlinear interaction of infinitely small disturbances governs the motion
along with the interaction of the disturbances with the mean flow. Moreover, we can-
not here content ourselves with a finite number of harmonics in x-coordinate and need
to consider the infinite series. As regards the harmonics in y-coordinate, we, as earlier,
can limit the consideration to the harmonics with n = 0, *1.

Problem

Problem 1.1

Derive the system of equations which takes into account the whole infinite series
of harmonics in x-coordinate and extends the system of gyroscopic-type equa-
tions (1.112) to the infinite-dimensional case.

Solution Represent the flow function in the form

Yy, D) = Yo1(x e + Yolx, ) + ¥ (x, H)e”

« (1.114)
Wi, 0 =Y-_1(x, 1)),

where ¥;(x, t) are the periodic functions in x-coordinate with a period 27 /«.
Substituting Eq. (1.114) in Eq.(1.107), neglecting the terms of order o3 in




Examples, Basic Problems, Peculiar Features of Solutions

interactions of harmonics and the terms of order ” in the dissipative terms of
harmonics 141, and introducing new functions

¢—1+W1’ von) = Wl—wl

Yir(x, 1) = 7 Y

we obtain the system of equations

i o _ 1
(8t >W+—1/f—— 2R’

3 o
(2 D)vrwtca

9 192 oY+ Y
(a—t‘z‘m)% (‘”‘_“”+_)=°'

Its characteristic feature consists in the absence of steady-state solutions periodic
in x-coordinate (except the solution corresponding to the laminar flow).
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Lecture 2

Solution Dependence on Problem Type,
Medium Parameters, and Initial Data

Below, we consider a number of dynamic systems described by both ordinary and
partial differential equations. Many applications concerning research of statistical
characteristics of the solutions to these equations require the knowledge of solution
dependence (generally, in the functional form) on the medium parameters appearing
in the equation as coefficients and initial values. Some properties appear common to
all such dependencies, and two of them are of special interest in the context of sta-
tistical descriptions. We illustrate these dependencies by the example of the simplest
problem, namely, the system of ordinary differential equations (1.1) that describes par-
ticle dynamics under random velocity field and which we reformulate in the form of
the nonlinear integral equation

t
1%0) =ro+/drU(r(r), 7). 2.1)

To

The solution to Eq. (2.1) functionally depends on vector field U/, T) and initial
values rg, fo.

2.1 Functional Representation of Problem Solution

2.1.1 Variational (Functional) Derivatives

Recall first the general definition of a functional. One says that a functional is given
if a rule is fixed that associates a number to every function from a certain function
family. Below, we give some examples of functionals:

19}

(@) Flo()] = / dra(v)e (o),

n

Lectures on Dynamics of Stochastic Systems. DOI: 10.1016/B978-0-12-384966-3.00002-7
Copyright © 2011 Elsevier Inc. All rights reserved.
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Figure 2.1 To definition of variational derivative.

where a(r) is the given (fixed) function and limits #; and #; can be both finite and
infinite. This is the linear functional.

n

® Flom)] = f / dridnB(, 1)e(m)e(),

non

where B(t1, t2) is the given (fixed) function. This is the quadratic functional.

(©) Flp(@]=f(Plp(r)]),
where f(x) is the given function and quantity ®[¢(7)] is the functional.
Estimate the difference between the values 02 a functional calculated for functions
0(7) and @(t) + 8¢ (7) for t — TI <T<i+ TI (see Fig. 2.1).

The variation of a functional is defined as the linear (in d¢(t)) portion of the
difference

SFlp(t)] = {Fle(r) + ()] — Flep(D)]}.
The limit

SFlp(m) _ | SFlp(r)]

= lim ———,
Se(t)dt At—0 fdr(Sgo(t)
At

(2.2)

is called the variational (or functional) derivative (see, e.g., [35]).

8F §F
For short, we will use notation M instead of M
So(t Se(t)dt

Note that, if we use function §¢(t) = ad(t), where §(7) is the Dirac delta function,
then Eq. (2.2) can be represented in the form of the ordinary derivative

SFlp@)] _ d B
W —0}1_1;1}) daF[gO(T)+Ol8(T [)]
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The variational derivative of functional F[¢(t)] is again the functional of ¢(7),
which depends additionally on point ¢ as a parameter. As a result, this variational
derivative will have two types of derivatives; one can differentiate it in the ordinary
sense with respect to parameter ¢ and in the functional sense with respect to ¢(7) at
point T = ¢/, thus obtaining the second variational derivative of the initial functional

8> Fle(o)] 8 [SF[w(f)]}

Sp(t)3p(t)  Sp(t) | Se(0)

The second variational derivative will now be the functional of ¢ (7) dependent on two
points ¢ and ', and so forth.

Determine the variational derivatives of functionals (a), (b), and (c).

In case (a), we have

i

5Flp(v)] = Flo(t) + 5¢(0)] — Flo(t)] = / dra(v)se(z).

At
=%

If function a(7) is continuous on segment At, then, by the average theorem,

8Flp(t)] = a(t/)/df3¢(T),

At

A A
where point ¢’ belongs to segment |:t - Tt, t+ Tti| Consequently,

SFle(m] "N
W = Alrlrgoa(t) = a(?). 2.3)

In case (b), we obtain similarly

15}
Mle@] _ /dr [BG.H+B(t, DIg(®) (1 <t <n).
(1)

131
Note that function B(ty, 12) can always be assumed a symmetric function of its argu-

ments here.
In case (c), we have

af (D
Flp(t) + 8p()] = f (®l(0)]) + %mwn ...
of (D
= Fpe+ LE W s 4.
and, consequently,
1) of (D )
2 (olpy) = LELOD 040, Q2.4)

So(t) 90 Se(n)
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Consider now functional ®[¢(7)] = F1[e(7)]F2[¢(T)]. We have

8Ple()] = File(t) +d0(D)]F2le(7) 4 dp(T)]=File()]F2le(1)]

= File()16F2[e(t)] + Fale(t)]6F1le(T)]

and, consequently,

h)
——File(@)]F2[e(r)] = File(t)] Folo(m)] + F2le(t)]

F .
0] 50(1) sp 1P

2.5)

We can define the expression for the variational derivative of functional ¢ (79) with
respect to function ¢(f) by the formal relationship

3¢ (7o)
3o(1)

=8(t9 — 1). (2.6)

Formula (2.6) can be proved, for example, by considering the linear functional of the
form

_ 1 [ (t — 10)?
F[<P(f)]—ma dto(t)exp g2 [ (2.7)

According to Eq. (2.3), the variational derivative of this functional has the form

S _ 2
2 Pl = _—w) } . 238)

1
ex
Sp(0) V2ro p{ 202

Performing now formal limit process o — 0 in Eq. (2.7)) and (2.8), we obtain the
desired formula (2.6). Moreover,

SFep(7)] _ 0F[p(T)] d¢(T) _ OF[p(1)]
dp(n) dp(t) de(n) dp(7)

8(t —1).



Solution Dependence on Problem Type, Medium Parameters, and Initial Data 57

Formula (2.6) is very convenient for functional differentiation of functionals
explicitly dependent on ¢ (7). Indeed, for the quadratic functional (b), we have

th 1
)
S (1) ,/ ,/ dndnB(n, m)e(me(z)
[ f Sp(t1) 8¢(12)
= LAY (2
= dt1dtB(t1, 12) [ 0 o(1) + ¢(t1) 500 }

non

19}

(zé’)/dr [B(t, )+B(z, D] 9(x) (11 <1 < 1)

3|

Consider the functional

19}

d
Fly(0)] = / drL (r,q)(r), ‘Z(:))
3|
as another example. In this case,
LF[ (0]
se( ¥
B do(t) do(t) ]
(zé)/fzdr 3L(‘L’,(p(l’), = >+8L(r,cp(t),—dt )i 50(1)
p dg(7) (1) dr | S0
1
_ d d _
o 13 8L<r,go(1:), Z(:)> BL(r,go(t), (Z(:)> d
- / a 99(7) " 99:(7) a |20
1

[ d 9 9 do()
‘(‘dra¢<r>+a<o<t>>L<t""“)’ i )

d
where ¢ (1) = — () if point 7 belongs to interval (¢, 12).
I p g
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Just as a function can be expanded in the Taylor series, a functional F[¢(t) +n(7)]
can be expanded in the functional Taylor series in function n(t) for n(r) ~ 0

[ 8Flp()]
Flp(r) +n(0)] = Flp(t)] + f a2 )
S (n)
U an BFlO@1
dt S 2.9
+x ) f SSemapty 1T @2
Note that the operator expression
_f (o) 5 (t)+—_/ / dndon()n() TS +
o o0 2
)
=1 d — 4 = — 2.10
+_[O tn(t)a()Jr _[O ”(05() + (2.10)
can be written shortly as the operator
exp fdtn(t)m , (2.11)

whose action should be treated precisely in the sense of expansion (2.10). Using this
operator, we can rewrite Eq. (2.9) in the form

[ dm®) 52
Flo(t) + n(t)] = e Flo(7)], (2.12)

which enables us to interpret operator (2.11) as the functional shift operator.
Consider now functional F[¢; ¢ (7)] dependent on parameter t. We can differentiate

this functional with respect to # and determine its variational derivative with respect to

@(t'), as well. One can easily see that these operations commute, i.e., the equality

d8F[e(m] 8 9F[5e()]
at Sset)  Se) ot

(2.13)

holds. If the domain of 7 is independent of #, the validity of Eq. (2.13) is obvious.
Otherwise, for example, for functionals F[f; ¢(t)] with 0 < 7 < ¢, the validity of
Eq. (2.13) can be checked on by expanding functional F[f; ¢(t)] in the functional
Taylor series.
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2.1.2 Principle of Dynamic Causality

Vary Eq. (2.1) with respect to field U (r, f). Assuming that the initial position ry is
independent of field U, we obtain the equation linear in variational derivative (the
linear variational differential equation)

t
() o AU; (r (1), 1) 8rk (0)
S0y = =)0 (¢ )0 t)—i—/d‘l: T s

fo

(2.14)

where § (r - r’) is the Dirac delta function, and 6 (z) is the Heaviside step function.
From Eq. (2.14) follows that

_ori@) =0 fort >tort <1, (2.15)
sU; (r, 1)
which means that solution r(¢) to the dynamic problem (2.1) as a functional of field
U (r, ) depends on U (r, ') only for tp < 7 < t. Consequently, function r(r) will
remain unchanged if field U (r, ') varies outside the interval (1o, 1), i.e., for ¢’ < 1 or
t' > t. We will call condition (2.15) the dynamic causality condition.
Taking this condition into account, we can rewrite Eq. (2.14) in the form

Sri() ooy L _
—M]j(r’t,)_a,jé(r r(f)o (/' —uw)6(1—1)

t
+/d18U,~(r(t),t) org (1)

) (2.16)
arg sU; (r,?)
t/
As a consequence, limit r — ¢ + 0 yields the equality
0) ,
—_— =8;8(r—r(r)). (2.17)
an r, 1) =140 y ( ( ))

Integral equation (2.16) in variational derivative is obviously equivalent to the
linear differential equation with the initial value

3( 8ri (1) >_8Ui(r(t),t)( 8ry (1) )
at \su;(r, 1)) dry sU;i(r,1))’

81 (1)
3U; (r, 1)

(2.18)

= 8;8 (r—r (7).

=t

The dynamic causality condition is the general property of problems described by
differential equations with initial values. The boundary-value problems possess no
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such property. Indeed, in the case of problem (1.31), (1.32), page 20-21 that describes
propagation of a plane wave in a layer of inhomogeneous medium, wavefield u(x) at
point x and reflection and transmission coefficients depend functionally on function
&(x) for all x of layer (Lo, L). However, using the imbedding method, we can convert
this problem into the initial-value problem with respect to an auxiliary parameter L and
make use the causality property in terms of the equations of the imbedding method.

2.2 Solution Dependence on Problem’s Parameters

2.2.1 Solution Dependence on Initial Data

Here, we will use the vertical bar symbol to isolate the dependence of solution r(f) to
Eq. (2.1) on the initial parameters rq and fo:

r(t) =r(t|ro, to) , ro =r (tolro, to) .

Let us differentiate Eq. (2.1) with respect to parameters rox and fy. As a result, we

. . . . .0
obtain linear equations for Jacobi’s matrix a—r,- (t|ro, to) and quantity gr,- (t|ro, to)
ok 0

t
dri (tlro, to) _5'k+/dT3Ui (r(z), ) drj (zlro, 1)
— Y1 )

arok orj orok
fo
; ot o) o
i (E|ro, 1 ] s i , I
ri (tlro, to) =—Ui(ro(l()),l0)+/dl' i (r(v), ) drj(tlro o).

fo
Multiplying now the first of these equations by Uy (rg () , t), summing over index

k, adding the result to the second equation, and introducing the vector function

d 0
Fi(tlro, o) = (8_t0 + U (ro, to) B_ro> ri (tlro, to) ,

we obtain that this function satisfies the linear homogeneous equation

t
Fi (tlro, o) = /d Fr (tlro, to) . (2.20)

fo

aU; (r(r), 1)
’ ory

Differentiating this equation with respect to time, we arrive at the ordinary differential
equation

9 au;(r(»,1
—F; (tlro, to) = ——————=Fy (t|ro, to)
ot ary
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with the initial condition F; (ty|rg, fo) = 0 at t = ty, which follows from Eq. (2.20); as
a consequence, we have F; (t|rg, t9) = 0. Therefore, we obtain the equality

0 0
— + U (ro, to) — ) ri (tro, t0) = 0, 22D
ato ary

which can be considered as the linear partial differential equation with the derivatives
with respect to variables rg, fo and the initial value at fg = ¢

r(tlro, 1) = ro. (2.22)

The variable ¢ appears now in problem (2.21), (2.22) as a parameter.
Equation (2.21) is solved using the time direction inverse to that used in solving
problem (1.1), pages 50-51; for this reason, we will call it the backward equation.
Equation (2.21) with the initial condition (2.22) can be rewritten as the integral
equation

t
r(t|ro, to) =ro + / dt (U (ro, 7) 8%) r(t|ro, 7). (2.23)
0

4]

Varying now Eq. (2.23) with respect to function U;(r', ¢'), we obtain the integral
equation

ori(tlro, 1o) N , Ori(tlro, t)
———— =8(rg—r)o0({ — 1)t —t)——
U 1) (ro —r)o( 0)0( ) o0
t
0 6r,~(t|r0, ‘L’)
dt \U(@rg, 7)) — | ——, 2.24
+/ r< (ro, ) 8r0> U 7) (2.24)

4]
from which follows that
or; (t 1

ori (tlro, o) Iro, fo) =0, iff >t or t <ty
sU; (', 1)

which means that function r(t|rg, #p) also possesses the property of dynamic causality
with respect to parameter o (2.15) — which is quite natural — and Eq. (2.24) can be
rewritten in the form (fortp < ¢ < )

/

t
Sri(tlro, t ari(tlro, ¥ d '\ éritlro,
ri(tlro, o) — 8(ro — 1) ritlro )—i-/dr Uro.7) - ritlro, 7).
sU;(r', 1) arjo ory) SU;r, 1)
fo
(2.25)
Setting now ¢ — o + 0, we obtain the equality
Sri (tlro, t ar (t|ro, t
i (tlro /0) —S(ro—p) ri (tro. t0) (2.26)
U, 1) 1y_i40 drj
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2.2.2 Imbedding Method for Boundary-Value Problems

Consider first boundary-value problems formulated in terms of ordinary differential
equations. The imbedding method (or invariant imbedding method, as it is usually
called in mathematical literature) offers a possibility of reducing boundary-value prob-
lems at hand to the evolution-type initial-value problems possessing the property of
dynamic causality with respect to an auxiliary parameter.

The idea of this method was first suggested by V.A. Ambartsumyan (the so-called
Ambartsumyan invariance principle) [36-38] for solving the equations of linear theory
of radiative transfer. Further, mathematicians grasped this idea and used it to convert
boundary-value (nonlinear, in the general case) problems into evolution-type initial-
value problems that are more convenient for simulations. Several monographs (see,
e.g., [39—-41]) deal with this method and consider both physical and computational
aspects.

Consider the dynamic system described in terms of the system of ordinary diffe-
rential equations

d
dt
defined on segment ¢ € [0, T] with the boundary conditions

gx(0) + hx(T) =, (2.28)

where g and & are the constant matrixes.

Dynamic problem (2.27), (2.28) possesses no dynamic causality property, which
means that the solution x(#) to this problem at instant ¢ functionally depends on exter-
nal forces F (7,x(7)) for all 0 < 7 < T. Moreover, even boundary values x(0) and
x(T) are functionals of field F (z, x(t)). The absence of dynamic causality in problem
(2.27), (2.28) prevents us from using the known statistical methods of analyzing sta-
tistical characteristics of the solution to Eq. (2.27) if external force functional F (z, x)
is the random space- and time-domain field. Introducing the one-time probability den-
sity P(t; x) of the solution to Eq. (2.27), we can easily see that condition (2.28) is
insufficient for determining the value of this probability at any point. The boundary
condition imposes only certain functional restriction.

Note that the solution to problem (2.27), (2.28) parametrically depends on T and v,
ie., x(t) = x(t; T, v). Abiding by paper [42], we introduce functions

R(T,v) =x(T;T,v), S(T,v)=x(0;T,v)

that describe the boundary values of the solution to Eq. (2.27).
Differentiate Eq. (2.27) with respect to 7" and v. We obtain two linear equations in
the corresponding derivatives
d oxi(t; T,v)  0Fi(t,x) dx;(t; T, v)
d T  dx aT
d oxi(t;T,v)  0Fi(t,x) dx;(t; T, )
d  dw  dx v

(2.29)
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These equations are identical in form; consequently, we can expect that their solutions
are related by the linear expression

ox;(t; T,v) — (T v) ox;(t; T, v)’

2.30
aT vk (2.30)

if vector quantity A(7, v) is such that boundary conditions (2.28) are satisfied and the
solution is unique. To determine vector quantity A(7', v), we first set = 0 in Eq. (2.30)
and multiply the result by matrix g; then, we set ¢t = T and multiply the result by matrix
h; and, finally, we combine the obtained expressions. Taking into account Eq. (2.28),
we obtain

ox(0; T,v) ox(t; T,v)
h
S " Tt

= MT, v).
=T

In view of the fact that

ox(t; T,v)
aT

_ ox(T;T,v) ox(t; T,v)
w—r 0T dt

_ OR(T,v)

—F(T,R(T,v))

(with allowance for Eq. (2.27)), we obtain the desired expression for quantity A(7, v),
AMT,v) = —hF (T,R(T,v)). (2.31)
Expression (2.30) with parameter A (7', v) defined by Eq. (2.31), i.e., the expression

ox;(t; T, ox;i(t; T,
M = —hyF; (T, R(T, v)) u

2.32
oT vk 2.32)

can be considered as the linear differential equation; one needs only to supplement it
with the corresponding initial condition

x(t; T,v)|l7= = R(t,v)

assuming that function R(7', v) is known.
The equation for this function can be obtained from the equality

OR(T.v) _ ox(wT.v)| 9t T.v)
T g T  |—p

(2.33)

The right-hand side of Eq. (2.33) is the sum of the right-hand sides of Eq. (2.27) and
(2.30) at t = T. As a result, we obtain the closed nonlinear (quasilinear) equation

w = —huF; (T,R(T,v)) M +F(T,R(T,v)). (2.34)
oT vk
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The initial condition for Eq. (2.34) follows from Eq. (2.28) for T — 0
R(T,v)r=0 = (g+h)"'v. (2.35)

Setting now ¢t = 0 in Eq. (2.29), we obtain for the secondary boundary quantity
S(T,v) =x(0; T, v) the equation
aS(T,v) aS(T,v)

= —hF;(T,R(T,
3T «wF1 (T, R(T, v)) e

with the initial condition
S(T.v)|r=0 = (g+ )~

following from Eq. (2.35).

Thus, the problem reduces to the closed quasilinear equation (2.34) with initial
value (2.35) and linear equation (2.30) whose coefficients and initial value are deter-
mined by the solution of Eq. (2.34).

In the problem under consideration, input 0 and output 7 are symmetric. For this
reason, one can solve it not only from 7 to 0, but also from 0 to 7. In the latter case,
functions R(T, v) and S(T, v) switch the places.

An important point consists in the fact that, despite the initial problem (2.27) is
nonlinear, Eq. (2.30) is the linear equation, because it is essentially the equation in
variations. It is Eq. (2.34) that is responsible for nonlinearity.

Note that the above technique of deriving imbedding equations for Eq. (2.27) can
be easily extended to the boundary condition of the form [42]

(2.36)

T

g (x(0)) +  (x(T)) + / K (7, x(1)) = v,
0

where g (x), h (x) and K (T, x) are arbitrary given vector functions.
If function F (¢, x) is linear in x, F; (¢, x) = A;;(t)x;(?), then boundary-value prob-
lem (2.27), (2.28) assumes the simpler form

d
Ex(t) =A@0x@), gxO0)+hx(T)=v,
and the solution of Eq. (2.30), (2.34) and (2.36) will be the function linear in v
x(t; T,v) =X(t; T)v. (2.37)
As a result, we arrive at the closed matrix Riccati equation for matrix R(T) = X(T; T)
d
ﬁR(T) = A(D)R(T) — R(DA(DR(T), RO0) = (g+ )" (2.38)

As regards matrix X(¢, T), it satisfies the linear matrix equation with the initial
condition

%X(l; T)=—-X(t; YhA(T)R(T), X(; T)r= = R(?). (2.39)
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Problems

Problem 2.1
Helmholtz equation with unmatched boundary. Derive the imbedding equations
for the stationary wave boundary-value problem

d2
(— + k%x)) u(x) =0,

dx?
d
=0, <— — iko) u(x)
)C=L0 dx

d
<— + ik1> u(x) = —2iko.
dx
Instruction Reformulate this boundary-value problem as the initial-value in

x=L

terms of functions u(x) = u(x; L) and v(x; L) = 8—u(x; L)
X

iu(x; L) = v(x; L), iv(x; L) = —k*(®)u(x; L),
dx dx

v(Lo; L) + ikyu(Lo; L) = 0,  v(L; L) — ikou(L; L) = —2iko.

Solution

O ey =ik + - [ - B]ut: ) e L
GE D) = ik + 3 [0 — Ktk Dt 1,

u(x; L)|p=x = u(x; x),

d ) I [ 2 )
D =2kl ) = 1+ 5 [k (L) kO] u(L: L)?,
(Lo Loy = 20
u(Ly; = .
0> =0 ko + ki

Problem 2.2
Helmholtz equation with matched boundary. Derive the imbedding equations for
the stationary wave boundary-value problem

d2
(— + kz(x)> u(x; L) = 0,

dx?

(i + ik1> u(x: L) — —2ik(D).
dx

x=L

=0, <i — ik(L)> u(x; L)
x=Lo dx
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Solution

NP PO § {15
S )‘{’(”Ek@)

(2 —u(L; L)]} u(x; L),

u(x; L) =x = u(x; x),

4 ny = i ez D - 11+ 259 0 s e

dLu ; =1 u(L; 2k(L) u(L; u(L; s
2k

u(Lo; Lo) = o)+ k-

Problem 2.3
Derive the imbedding equations for the boundary-value problem

a2 pwd _
(ﬁ T +p°(1 +8(x)]> u(x) =0,
<Li+i )u(x) =0 (Li—i )u(x) = —2i
pdx w0 \pwax 7 P
dp(x)

where p’(x) = y
x

Solution The imbedding equations with respect to parameter L have the form

d
ﬁu(x; L) = {ipp(L) + (L)u(L; L)} u(x; L),
u(x; L)[p=x = u(x; x);
;iLu@; L) = 2ipp(L) [u(L; L) — 11+ (L)u*(L; L),

u(L; L)| =1, = 1,

where

_ip 2
px) = —2p(x) [1 +e(x)—p (x)] .

Remark The above boundary-value problem describes many physical processes,
such as acoustic waves in a medium with variable density and some types of
electromagnetic waves. In these cases, function &(x) describes inhomogeneities
of the velocity of wave propagation (refractive index or dielectric permittivity)
and function p(x) appears only in the case of acoustic waves and characterize
medium density.
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Problem 2.4
Derive the imbedding equations for the matrix Helmholtz equation

d? d
d?-i-)/(x)a +K(x) ) U(x) =0,
d d
— +B )UK =D, —+C ) Ux)
dx =L dx
where y (x), K(x), and U(x) are the variable matrixes, while B, C, and D are the
constant matrixes.

=0,
x=0

Solution The imbedding equations with respect to parameter L have the form

%U(x; L)y=U DAWL), U@ L)li=x=Ux;x),
[;iLU(L; Ly=D— {BU(L; L) + U(L; L)D*‘BD} +UL; LD 'y @)D

+ UL L)D™! {K(L) —y(L)B + BZ} U(L; L),

U(;0) = (B—C)"'D,
where matrix A (L) is given by the formula

A(L)=D"'[y(L)—BID+D"! [K(L) +B - y(L)B] UL: L),
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Lecture 3

Indicator Function and
Liouville Equation

Modern apparatus of the theory of random processes is able of constructing closed
descriptions of dynamic systems if these systems meet the condition of dynamic
causality and are formulated in terms of linear partial differential equations or certain
types of integral equations. One can use indicator functions to perform the transition
from the initial, generally nonlinear system to the equivalent description in terms of
the linear partial differential equations. However, this approach results in increasing
the dimension of the space of variables. Consider such a transition in the dynamic
systems described in the Lecture 1 as examples.

3.1 Ordinary Differential Equations

Let a stochastic problem is described by the system of equations (1.1), which we’ll
rewrite in the form

d
SO =000,.n, ri)=ro. (3.1

We introduce the scalar function
(/)(rs t) :8(r(t) _r)v (32)

which is concentrated on the section of the random process r(¢) by a given plane
r(t) = r and is usually called the indicator function.
Differentiating Eq. (3.2) with respect to time ¢, we obtain, using Eq. (3.1), the
equality
dr(t) 0

0 0
5,0 D =—— =2 80(@) =) = U @), ) -5@(t) = 1)

0
= U (r(®), ) é@r(®) —r)].

or
Using then the probing property of the delta-function

Uir@®.0é@®) —r =000 —r),

Lectures on Dynamics of Stochastic Systems. DOI: 10.1016/B978-0-12-384966-3.00003-9
Copyright © 2011 Elsevier Inc. All rights reserved.
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we obtain the linear partial differential equation

| 0
(— + U, t)) o, ) =0, @ f) =258 —r), (3.3)
Jat  Jr

equivalent to the initial system. This equation is called the Liouville equation. In terms
of phase points moving in phase space {r}, this equation corresponds to the equation
of continuity.

The above derivation procedure of the Liouville equation clearly shows the neces-
sity of distinguishing the function r(f) and the parameter r. In this connection, cor-
rect working with the delta-function assumes that the argument of function r(¢) was
explicitly written in all intermediate calculations (cf. the forms of Eqs. (3.1) and (1.1),
page 3). Neglecting this rule usually results in errors.

The transition from system (3.1) to Liouville equation (3.3) entails enlargement
of the phase space (r, t), which, however, has a finite dimension. Note that Eq. (3.3)
coincides in form with the equation of tracer transfer by the velocity field U(r, 1)
(1.39); the only difference consists in the initial values.

Equation (3.3) can be rewritten in the form of the linear integral equation

t

0
o, t)=8(r—rg) — /drg {U(r, v)p(r, 0)}.

fo

Varying this equation with respect to function U;(r’, t') with the use of Eq. (2.6),
page 56, we obtain the integral equation

! !
—5(/)("’ ) = —-/dti {—SUi(r’ 12) (r, 1:)} —/d'ci {U(r, l_)—Sgo(r, 2 }

suny ) o [su ¢ ) ar SUF . 1)
0 0
3
=—0@—1)0({ —1ty)— {8 (r - r’) 1) (r, t’)}
arj
t
3 So(r.
- /dr— U 2200 | (3.4)
or sU;(r', 1)

fo
where 6(7) is, as earlier, the Heaviside step function. As a result, we have

Sor, 1) o
—— ~ 0@ —=1)0({ — 1),
U, 1) (=10 —to)

and the variational derivative satisfies the condition

Seo(r, 1)

—— =0, if ! <ty or t >t
SU . 1)
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which expresses the condition of dynamic causality for the Liouville equation (3.3).
Forty < < t, Eq. (3.4) can be written in the form

t
Sp(r,) 9 o , 0 So(r, 1)
U0 = o {8(r=r)o@7)} - /dr {U(r )—suj(r/,r/)}’ 3.5)

t/
from which follows that

Se(r, 1) 9
SO0 |,y = am )@ O (3.6)

Note that equality (3.6) can be derived immediately from Eq. (2.17), page 59.
Indeed, by definition of function ¢(r, r), variational derivative 8¢ (r, t)/8U;(r, t') has
the form

Sp(r,n) ) __0 INR0)
sUr, 1) - an(r/’t/)(S(r(f) —r) S(r(t) )3U( 0 3.7

As a consequence, for t = ' + 0, we have the equality

M = _ig(,-(/) —r M
sU;(r', ) or; SU;(r', )

t=t'+0 t=t'+0

9 , , _ 9 NV
= _Z)_rj (@) —ns (¥ —r)} = o le@r, 1) (r —r)}.

The solution to Eq. (3.1) and, consequently, function (3.2) depends on the initial
values tg, ro. Indeed, function r(¢) = r(t|rg, fo) as a function of variables rg and ¢ satis-
fies the linear first-order partial differential equation (1.105). The equations of such
type also allow the transition to the equations in the indicator function ¢(r, t|rg, fo)
(see the next section); in the case under consideration, this equation is again the linear
first-order partial differential equation including the derivatives with respect to vari-
ables rq and f¢

0 0
— + Uro, to)— | (. tlro, 0) = 0, @(r, tlro, 1) = 3(ro — ). (3.3)
dty arp

Equation (3.8) can be called the backward Liouville equation. At the same time, as
a consequence of the dynamic causality, the variational derivative of indicator function

@(r, tlro, o),

Se(r, tlro, to) ) ad 3ri(tlro, to)
—— = ——8(r(tlro, to) —r) = — —8(r(tlro. t0) — P —————,
sUi(r', 1) sU;(r', 1) ar; sU;(r', 1)
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can be expressed in view of Eq. (2.26), page 61, as follows

So(r, t|ro, o) 0 Sri(tlro, to)
SU ) =—8—5("(t|"0,f0)—") Sll]—”
i) 40 ti i) 40
ar;(t|ro, tg) 0 , Lo, t
— S(ro—1") ri(tlro, o) dg(r, tlro 0)' (3.9)
arg; or;
On the other hand,
dp(r, tlro, to) _ _ 3riltlro, 10) d¢(r, tlro, 10)
arg; arg; ar; ’
and Eq. (3.9) assumes the final closed form
S (r, tlro, t dop(r, tlro, 1
@(r, tro, fo) — 50— F') ¢, tro. o) (3.10)

SUr, 1) |40 droj

3.2 First-Order Partial Differential Equations

If the initial-value problem is formulated in terms of partial differential equations, we
always can convert it to the equivalent formulation in terms of the linear variational
differential equation in the infinite-dimensional space (the Hopf equation). For some
particular types of problems, this approach is simplified. Indeed, if the initial dynamic
system satisfies the first-order partial differential equation (either linear as Eq. (1.39),
page 24, or quasilinear as Eq. (1.65), page 33, or in the general case nonlinear as
Eq. (1.84), page 38), then the phase space of the corresponding indicator function
will be the finite-dimension space, which follows from the fact that first-order partial
differential equations are equivalent to systems of ordinary (characteristic) differential
equations. Consider these cases in more detail.

3.2.1 Linear Equations

Backward Liouville Equation

First of all, we consider the derivation of the backward Liouville equation in indicator
function

@(r, tlro, 10) = & (r (t|ro, 10) — 1)

considered as a function of parameters (rg, f9). Differentiating function ¢(r, t|rg, to)
with respect to #p and rg; and taking into account Eq. (2.21), page 61, we obtain the
expressions

dp(r, tlro, 10) _ dp(r, t|ro, 10) dr; (tlro, 10)
= Uro, 10) ——,
dto or; arg 3.11)
dp(r, tlro, t0) _ d¢(r, tlro, t0) dri(tlro, 7o) '

oro or; ary
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Taking scalar product of the second equation in Eq. (3.11) with U (ry, #p) and summing
the result with the first one, we arrive at the closed equation

0 a
_+U(r0’t0)_ (p(rv t|r07t0):()7 ¢(r, t|r09t):8(r_r0)3 (312)
dto ary

which is just the backward Liouville equation given earlier without derivation.
Rewrite Eq. (3.12) as the linear integral equation

t

a
@(r, tro, 10) = 8(r —ro) +/dTU(ro, 1) 5 ¢ tro, 7). (3.13)
0

]

. . . . et ¢ . .
According to this equation, variational derivative % satisfies the linear
i(r
J ’

integral equation

So(r, tlro, to) o , dp(r, tlro, ')
S = S(rg— )0 —1)0(t — ) —~
SU 1) (ro —r)0(r —10)0(r —1) o1y
t

d So(r, tro, T)
dtU(rg, 1) — ————,
+/ e s U 1)

fo
from which follows that

So(r, tlro, to)

~ 0 —1)0(—1),
SU, 1) ( 0)0( )

i.e., the condition of dynamic causality holds. For ty < ¢ < ¢, this equation is simpli-
fied to the form

/

+/drU(r0, T)

]

8()0("7 ter’ tO) / a(p(rv t|r07 t/)
WL §(rg — ) 0
SU(r, 1) droj

d So(r, tlro, )
org SU;(r, 1)

and we arrive, in the limit ¥ = 9 + 0, at Eq. (3.10) derived earlier in a different
way.

Density Field of Passive Tracer Under Random Velocity Field

Consider the problem on tracer transfer by random velocity field in more details. The
problem is formulated in terms of Eq. (1.39), page 24, that we rewrite in the form

] 0 aU(r, 1)
(8— + U, t)—) p@r 1)+ pr,0) =0, o, 0) = po@). (3.14)
t ar or
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To describe the density field in the Eulerian description, we introduce the indicator
function

pr.1;p) =58(p@,r) — p), (3.15)
which is similar to function (3.2) and is localized on surface
p(r,t) = p = const,

in the three-dimensional case or on a contour in the two-dimensional case. An equation
for this function can be easily obtained either immediately from Eq. (3.14), or from
the Liouville equation in the Lagrangian description. Indeed, differentiating Eq. (3.15)
with respect to time ¢ and using dynamic equation (3.14) and probing property of the
delta-function, we obtain the equation

au(r, 1) 9 op(r, 1)

— 1 Ur,t
or 8pp<p(r o)+ U, 1) o

d d
Yyl ) t; = - . t, . 3.]6
8tqa(r 0) 8pst)(r Q) (3.16)

However, this equation is unclosed because the right-hand side includes term
ap (r, t)/0r that cannot be explicitly expressed through p(r, t).

On the other hand, differentiating function (3.15) with respect to r, we obtain the
equality

ap(r,t) 9
DL ot ). 3.17)
ar 0p

9
9 t; =
arw(r 0)

Eliminating now the last term in Eq. (3.16) with the use of (3.17), we obtain the closed
Liouville equation in the Eulerian description

D2 fpir. )
ar  ap ORI (3.18)

@(r,0; p) = 8(po(r) — p).

a U 8 . J—
(&"‘F (r,t)g)@(r,t,p)—

Note that the Liouville equation (3.18) becomes the one-dimensional equation
in the case of velocity field described by the simplest model Eq. (1.15), page 10,
U(x, ) = v(1)f (x) (x is the dimensionless variable),

) @ i) =0 LD etz ]
(& VX( )f(@a) (p(x7 7,0)—")6()?% p(p(-xv 710) ) (319)

@(x, 0; p) = 8(po(x) — p).

To obtain more complete description, we consider the extended indicator function
including both density field p(r, f) and its spatial gradient p(r, 1) = Vp(r, 1)

o(r.t;p,p) =6 (o(r.0) — p)d(p(r.1) —p). (3.20)
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Differentiating Eq. (3.20) with respect to time, we obtain the equality

d 9p(r,1) " d dpi(r,1)
ap Ot ap; ot

9
afﬂ(i‘, L, p,p)=— [ }(p(r, Lp,p). (3.2D)

Using now dynamic equation (3.14) for density and Eq. (1.50), page 28 for the density
spatial gradient, we can rewrite Eq. (3.21) as the equation

d [8U(r, 1)

9
—or tp,p) = — o+ U p| et p,p)
at ap or

1

opi(r, 1) + oU(r, 1)
or or p
AU(r, 1) 2U(r, 1)

+ P or; te ar;or

d
+ 5 |:U(r, 1)

1

] ot p,p), (3.22)

which is unclosed because of the term dp;(r, t)/dr in the right-hand side.
Differentiating function (3.20) with respect to r, we obtain the equality

GURE

- 5 0, p). 3.23
o o api]w(r 0.p) (3.23)

9
—or, 6 p,p) = — [p
ar

Now, multiplying Eq. (3.23) by U(r, t) and adding the result to Eq. (3.22), we obtain
the closed Liouville equation for the extended indicator function

9 9
—_ t)— t;
<8t+U(r, )8r> o, t; p,p)

Wirn) 8 UG (89N 92U o)
— S _— —_— T ~ X ra ; ’
o, opi T T ar \ap” TP ) T oror ap?| PP

(3.24)

with the initial value

@(r,0; p,p) =8 (po(r) — p) 8 (po(r) — p).

In the case of nondivergent velocity field (divU(r, t) = 0), the Liouville equa-
tion (3.24) is simplified to the form

(8 UG t)8> .1 )_BUk(r,t) d o1 )
3t 9 ar (P 9 1p1p - a}"l’ aplpk§0 ) 7,07P ) (325)

o(r,0; p,p) =8 (po(r) — p) 8 (po(r) — p).
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Magnetic Field Diffusion Under Random Velocity Field

Let us introduce the indicator function of magnetic field H(r, 1),

or,t; H)y =5H(r,t) — H).

Differentiating this function with respect to time with the use of dynamic
equation (1.59), page 30, and probing property of the delta function, we arrive at the

equation
0 .1 H) oH;(r,1) 0 1. H)
—or,t H) = ——————o(r, 1
TAS o oH;”
_ He t)au,-(r, 1) Hir t)au(r, | o .1 H)
- Ty A FE A
0H;(r,t) 0
) —— o H
+u(r, or 8H,-¢(r )
z_i Hau,-(r, 1) _Hiau(r, 1) o1 H)
0H; ar or

AH(r.1) 0
+u(r, 1 o7 ﬁ@(",l;H),
l

which is unclosed because of the last term. However, since

9 vy =20 O pe sy —m
A P PR TR

and, hence,
r, 0 9 r,t; H) =u(r,t) OHi(r, 1 —8 S(H(r,t) — H)
—ulr, - , 0 = 3 3 - 3
or? or  oH

we obtain the desired closed Liouville equation [16]
ad ou;(r, t ou(r,t
[H b _p, ";’ )] o(r. t; H)
r

9 3
a. ) ) — ) t; H)=——
(E)t tulr )8r> ol == or
(3.26)

with the initial condition

@(r,0; H) = §(Ho(r) — H).
Note that, in the case of velocity field described by the simplest model (1.15),
page 10, u(x, r) = v(t)f (x) (x is the dimensionless variable), the Liouville equation

(3.26) with homogeneous initial conditions becomes the equation

9 9 ) 9 .
a—tcﬁ(x, tH) = [_ﬁf(x) +f(x) <1 + E{Hﬂ ve(®e(x, t; H)
— f ()Hyovi(t) %w(x, t; H) (3.27)

i
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with the initial condition

¢(x,0: H) = §(Ho — H).

3.2.2 Quasilinear Equations

Consider now the simplest quasilinear equation for scalar quantity g(r, ) (1.65),
page 33,

9 9
(a_ + U, q)—) qr,) =0(,q), q@, 0)=qo). (3.28)
t or

In this case, an attempt of deriving a closed equation for the indicator function
o(r, t; q) = 6(q(r, t) —q) on the analogy of the linear problem will fail. Here, we must
supplement Eq. (3.28) with (1.66), page 33, for the gradient field p(r, t) = Vq(r, 1)

G] 9 0{U@, g)p(r, 0} _00(, q)
(E + U, q)a—r>p(r, n+ Tp(r, = 9q

p(r,t)  (3.29)
and consider the extended indicator function

o(r.t;q.p) =8(qr,1) —q)d(p(r. 1) —p). (3.30)

Differentiating Eq. (3.30) with respect to time and using Eqgs. (3.28) and (3.29), we
obtain the equation

9 dgq(r,n) 3 Opx(r, 1)
dq Ot apr Ot

} o, t;q,p)
opr(r, 1)
or

a
a. , 15 g, = -
atw(r q9.p) [

9 9
= {— (pU, q) — O, 1+ — U, @) o(r,t;q,p)
dq Opx

hi) aU(t, a0(t,
+—[pk(p ;I 9 _ 00 Q))]w(nt;q,p), (3.31)
q dq

which is unclosed, however, because of the term dpy (r, £)/9r in the right-hand side.
Differentiating function (3.30) with respect to r, we obtain the equality

d apx(r,t) o

0
S , — - — — | @(r, [; s s 332
or (r. 54, p) |:p8q ar apk] (r£:9.p) ( )

from which follows that

9 Opy(r, 1)
o —

9 9
rtq,p)=—|—+p—|eC5qp).
apx  or

ar aq
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Consequently, Eq. (3.31) can be rewritten in the closed form

aU(t, 0
;t D _ 2 o, q)} 0. 1 q.p)
q dq

ad aU(t, 00(1,
+ |:Pk (P (h.g) Q¢ q)ﬂ o, t;q,p),
Pk dq dq
(3.33)

9 9
<E + U, q);) o, t;,4,p) = [p

which is just the desired Liouville equation for the quasilinear equation (3.28) in the
extended phase space {q, p} with the initial value

o, 0; q,p) = 8(qo(r) — q)8(py(r) —p).

Note that the equation of continuity for conserved quantity I(r, f)

El(r, 1+ i (Ui, pI(r,0)} =0, I(r,0) =Iy(r)
ot ar

can be combined with Egs. (3.28), (3.29). In this case, the indicator function has the
form

o, t.q.p, 1) =5(qr, 1) = )d(p(r. 1) = p)é(r,1) = )

and derivation of the closed equation for this function appears possible in space
{g, p, I}, which follows from the fact that, in the Lagrangian description, quantity
inverse to I(r, t) coincides with the divergence.

Note that the Liouville equation in indicator function

et g, p. x) =8 (q(x. 1) —uw) 8 (p(x, 1) = p) & (x (x, 1) — x)

in the case of the one-dimensional Riemann equation (1.77), page 36, in function

aq(x,t
q(x, t) complemented with the equations for the gradient field p(x, ) = q(x )—

X
(1.80) and the logarithm of the density field x (x, r) = In p(x, £)— (1.82) assumes the
form of the equation

0 0 0 0
—+q— ot tig.p. 0= P+ —p"+p— ) e t;q.p. x) (3.34)
at ax ap ax

with the initial condition

©(x,0;q,p, x) = 3(qo(x) — q@)8(po(x) — p)d (xo(x) — Xx).

The solution to Eq. (3.34) can be represented in the form

9 9 -
o, g, p, x) =exp1—t\g— —p— ) ¢ 4, p, X),
dax ax
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where function ¢(x, t; g, p) satisfies the equation

0 J\ ~
——p*— )8, 69, p, x) = 3p@(x, £, p, x) (3.35)
ot ap

with the initial condition
o (x, 05 q,p, x) = 8(qgo(x) — @)d(po(x) — p)S (x0(x) — x).

Solving now Eq. (3.35) by the method of characteristics, we obtain the expression

~ _ _ R
w(x,t,q,p,x)—(1_pt)38(qo(x) q)S(po(x) l—pt)

x 8 (xo(x) = In(1 4+ 1po(x)) — x),

that can be rewritten in the form

_ B s (P
o, 1, p, x) = [1 +1po(x)]18(qo(x) ‘1)8<1+;p0(x) P>

x 8 (xo(x) — In (1 4 1po(x)) — x). (3.36)

Thus, we obtain the solution to Eq. (3.34) in the final form

. B il _ pox)
o, 1,9, p, x) = exp{ qtax} [1 4 po(x)]13(go(x) — q)8 (—1 T o) p)

x 8 (xo(x) —In (1 +1po(x)) — x), (3.37)

in agreement with solutions (1.78), (1.79) and (1.83), pages 36 and 37.

3.2.3 General-Form Nonlinear Equations

Consider now the scalar nonlinear first-order partial differential equation in the general
form (1.84), page 38,

ad
Eq(rs t)+H(r’ t’qu):O9 C]("vo)ZQO(")v (338)

where p(r,t) = 9q(r,t)/or. In order to derive the closed Liouville equation in this
case, we must supplement Eq. (3.38) with equations for vector p(r, f) and second
derivative matrix Uy (r, t) = 82q(r, t)/0riory.

Introduce now the extended indicator function

o, t.q,p, U, D) =8(qr, 1) —q)dpr. 0 —p)dU, 0 —U)sUwr 1) —1D),
(3.39)
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where we included for generality an additional conserved variable I(r, ?) satisfying the
equation of continuity (1.86)

L+ 2 {Mm, t)} =0, I(r.0) =1 ®. (3.40)

at ar ap

Equations (3.38), (3.40) describe, for example, wave propagation in inhomo-

geneous media within the frames of the geometrical optics approximation of the
parabolic equation of quasi-optics. Differentiating function (3.39) with respect to time
and using dynamic equations for functions ¢(r, 1), p(r, t), U(r, t) and I(r, 1), we gene-
rally obtain an unclosed equation containing third-order derivatives of function g(r, 1)
with respect to spatial variable r. However, the combination

d  0H(r.t,q,p) 9
. - 4~ < 1t; bl 1U7I
<8t+ op Br) @r.t;q,p )

will not include the third-order derivatives; as a result, we obtain the closed Liouville
equation in space {gq, r, U, I}.

3.3 Higher-Order Partial Differential Equations

If the initial dynamic system includes higher-order derivatives (e.g., Laplace opera-
tor), derivation of a closed equation for the corresponding indicator function becomes
impossible. In this case, only the variational differential equation (the Hopf equation)
can be derived in the closed form for the functional whose average over an ensemble
of realizations coincides with the characteristic functional of the solution to the cor-
responding dynamic equation. Consider such a transition using the partial differential
equations considered in Lecture 1 as examples.

3.3.1 Parabolic Equation of Quasi-Optics

The first example concerns wave propagation in random medium within the frames of
linear parabolic equation (1.89), page 39,

iu(x, R) = LARu(x, R) + %8()6, R)u(x,R), u(0,R) = uy(R). (3.41)
ox 2k 2

Equation (3.41) as the initial-value problem possesses the property of dynamic
causality with respect to parameter x. Indeed, rewrite this equation in the integral form

X X

u(x, R) = up(R) + %{/déARu(S, R) + % / dés(&, Ru&, R). (3.42)

0 0
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Function u(x, R) is a functional of field (x, R), i.e.
u(x,R) =u [x,R; € (35, ﬁ)]

Varying Eq. (3.42) with respect to function &(x’, R’), we obtain the integral equation

. .. .. Su(x,R)
in variational derivative ————
Se(x', R
Su(x, R) ik
m = —9( —X)Q(.X )8(R R/)M(.X R)
X
Su(é i / Su(§, R)
— | d — | dEAR——————. 3.43
/5@ e o AR 64
0
From this equation follows that
Su(x, R) . , ,
——F—=0 if x<x or x <0, (3.44)
se(x’, R")

which just expresses the dynamic causality property. As a consequence of this fact, we
can rewrite Eq. (3.43) in the form (for 0 < x’ < x)

Su(x,R) iké R — RYu(X.R)
Sed . R) - 2 ( Ju(x’,

8u(§ R) Su(§, R)
_/dg TN D) Zk/ oGy O
from which follows the equality

Su(x, R)

ik )

Consider now the functional
olx; vIR), v¥(R)] = exp {i / dR' [u(x, R)v(R') + u*(x, R )v*(R)] }, (3.47)

where wavefield u(x, R) satisfies Eq. (3.41) and u*(x, R) is the complex conjugated
function. Differentiating (3.47) with respect to x and using dynamic equation (3.41)
and its complex conjugate, we obtain the equality

1
PMAEE VR, v (R")] = —ﬁ/dR [v(R) Agu(x, R)

—v* (R) Agu*(x, R) ] o[x; vR), vV (R)]

— g / dRe(x, R) [v(R)u(x, R) — v (R)u* (x, )] ¢lx; v(R'), v (R")],
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which can be written as the variational differential equation

a ik ~
Pdas VR, V' (R)] = %deS(x, RMR)¢lx; v(R"), v*(R")]

. 5
R R )

+ 2 ar |:v(R)AR

o :| x @lx; vIR), V*(R)], (3.48)

with the initial value
9[0; v(R'), v*(R)] = exp {i / dR' [uo(R)v(R') + uz;(R’>v*<R’>]},
and with the Hermitian operator

~ 8 .
ME) =B 5 sy

Equation (3.48) is equivalent to the input equation (3.41).
Rewrite problem (3.48) with the initial condition in the integral form

olx; v(R), v (R)] = ¢[0; v(R), v*(R)]

k X R - -
+ %/dé/dRS(S,R)M(R)w[E;V(R),V*(R)]

x gl&; v(R), v (R)),

0
i xd dR | v(R)A o *(R)A —8
+5</ s/ [v( VARG V) RSV*(R)]
0

and vary the resulting equation with respect to function &(x’, R’). Then we obtain that
Splx; v(R), v' (R)]
Se(x,R')

variational derivative satisfies the integral equation

Sl vB). v (R)] _

- L
0 (x — x’)@(x/)%M(R’)w[x/; v®), v (B)]

Se(x', R
ik [ _ - SlE; v®), v (R)]
v / s / aRe &, RIFI(R) L=
0
i T . 5 Sol€:; v(B), v* (B)]
+ ﬂ d’g‘/dR [V(R)AR&/(R) -V (R)ARSV*(R)] X 5. R .

0
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In view of the dynamic causality property, we can rewrite it in the form of the equation
(for0 < ¥ < x)

Sl v®), v B ik
et Ry 2 MUl v viR)]

Sol&; vR), v:(R)]
de(x',R")

+ % / dg / dRe (&, RYM(R)

i 5, 5 sgle; v(R), v (®)]
+ ﬁ/dgde [V(R)AR R (R)ARSV*(R)] TS R)

from which follows the equality

—3 R VR = %A (R (D
58(X_O,R)¢[x, VR, V(B = S MR)glx; v(R), v*(R)]. (3.49)

3.3.2 Random Forces in Hydrodynamic Theory of Turbulence

Consider now integro-differential equation (1.102), page 44, for the Fourier harmonics
u(k, 1) of the solution to the Navier—Stokes equation (1.95)

0 ] @ ~ ~
ST+ / dk, / dley A% (e o, K) Ty (et 1) T (s )
— k% (k, 1) = (k, 1), (3.50)

where

o 1
AP (ky, Ky, k) = G {ka Dig () + kg Ao (k) } 81 + ko — k),

kikj
Ajj (k) = 8;j — 2 (a,p=1,2,3),
andf(k, 1) is the spatial Fourier harmonics of external forces.

Function u; (k, 1) satisfies the principle of dynamic causality, which means that the
variational derivative of function

Wk, 1) = [k, 1. fo (K,T)]
(considered as a functional of ﬁeldf(k, 1)) with respect to ﬁeld?(k', 4 ) vanishes for
¢ >tand 7 <O,

Su; (k
M:O, if />t or <0,
8 (K, 1)
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and, moreover,
Su; (k, t
A”’/# = 85;8(k — k). (3.51)
of; (k Lt — O)

Consider the functional
olt; z]1 = plt; z(k')] = exp {i/a’k’ﬁ(k’, t)z(k’)}. (3.52)
Differentiating this functional with respect to time ¢ and using dynamic equa-
tion (3.50), we obtain the equality
a%(p[t; 2l =—i / dizih) [T (k. 1) =, ()| gl 2

1 . .
+§/dkz,-(k) /dkl fdsz‘;‘ﬁ (k1, ko, k) Tiy (ky, 1) T (ka, 1) olt; 2],

which can be rewritten in the functional space as the linear Hopf equation containing
variational derivatives

9 1 82¢[t; z]
Zolt;zl = —= [ dkzitk) | dki | dka AP ey, Ky, ) ———
3t(p[ z] > / Zi( )/ 1/ 27 (ki ko, k) 8zq (k1) 825 (k2)

. 2 8 =2 .
_ / dkz; (k) {vk s t)}go[t, z, (3.53)

with the given initial condition at ¢ = 0.
This means that Eq. (3.53) satisfies the condition of dynamic causality; a conse-
quence of this condition is the equality

)
—[t; 7] = iz(k :z]. 3.54
Sf(k,t—O)(p[t z] = iz(k)olr; z] (3.54)

In a similar way, considering the space-time harmonics of the velocity field u; (K),
where K is the four-dimensional wave vector {k, w} and ’zZl* (K) = u;(—K) because
field u;(r, 1) is real, we obtain the nonlinear integral equation (1.103), page 45,

—~ [ —~ —~ -~
(iw + vE>T; (K) + E/d“Kl fd4K2A?B (K1, K>, K)o (K1) g (K) = f; (K),
(3.55)

where

1
AP (K, Ky, K) = ZA‘;‘ﬂ (k1. k2. k) (w1 + w2 — o),

andﬁ(K) are the space-time Fourier harmonics of external forces. In this case, dealing
with the functional

olz] = plz(K)] = exp {i/d“K/iI(K/)z(K/)}, (3.56)
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we derive the linear variational integro-differential equation of the form

dolz]

55 (K) ifi (K) ¢[z]

(iw + vk?)

Solz]
824 (K1) 828 (K2)
(3.57)

1
- E/d“Kl/d“KzA;?"s (K1, K>, K)

Problems

Problem 3.1
Derive the Liouville equation for the Hamiltonian system of equations (1.14),
page 9.

Solution Indicator function ¢(r, v, 1) = §(r(t) — r)§(v(¢) — v) satisfies the Liou-
ville equation (equation of continuity in the {r, v} space)

dp(r,v, 1) d 0H(r,v,t) 0 0H(r,v,1t)
- L, = __—+_— (/)(r7v7t)
ot Irg vk ove Oy
that can be rewritten in the form
dp(r, v, t
% = (H(r,v, 1), 9(r, v, D), (3.58)
where

o0H 0¢p  0H 0d¢
N e
ory 0vy  O0vg Org

is the Poisson bracket of functions H(r, v, t) and ¢(r, v, t).

Problem 3.2

Determine the relationship between the Eulerian and Lagrangian indicator func-
tions for linear problem (3.14), page 73.

Solution

o
(r.t; p) = /drO/de'(PLag(r,p,j, t|ro).
0

Problem 3.3

Derive Eq. (3.18), page 74, from the dynamic system (1.42), (1.43), page 24, in
the Lagrangian description.
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Part 11

Statistical Description of Stochastic
Systems
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Lecture 4

Random Quantities, Processes, and
Fields

Prior to consider statistical descriptions of the problems mentioned in Lecture 1, we
discuss basic concepts of the theory of random quantities, processes, and fields.

4.1 Random Quantities and their Characteristics

The probability for a random quantity & to fall in interval —oo < & < zis the mono-
tonic function

F(@)=P(—00<§ <2)=(0(z—8))e, F(o0)=1, 4.1)
where
1, ifz>0,
6@ = {0, ifz <0,

is the Heaviside step function and (- - - )z denotes averaging over an ensemble of real-

izations of random quantity £. This function is called the probability distribution
function or the integral distribution function. Definition (4.1) reflects the real-world
procedure of finding the probability according to the rule

P(—0o <& <2)=

lim —,
N—oo N
where 7 is the integer equal to the number of realizations of event £ < zin N indepen-

dent trials. Consequently, the probability for a random quantity & to fall into interval
z < & < 7+ dz, where dz is the infinitesimal increment, can be written in the form

P(z <& < z+dz) = P(2)dz,

where function P(z) called the probability density is represented by the formula

d
P(z) = d—ZP(—oo <& <2)=(8z— &), 4.2)

Lectures on Dynamics of Stochastic Systems. DOI: 10.1016/B978-0-12-384966-3.00004-0
Copyright © 2011 Elsevier Inc. All rights reserved.
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where §(z) is the Dirac delta function. In terms of probability density p(z), the integral
distribution function is expressed by the formula

Z

F@ =P(-0 <& <z) = / dEP(§), 4.3)
so that
P(2) > 0, / dzP(z) = 1.

Multiplying Eq. (4.2) by arbitrary function f(z) and integrating over the whole
domain of variable z, we express the mean value of the arbitrary function of random
quantity in the following form

[ee]

FE)) = / &P Q). (4.4)

—00

The characteristic function defined by the equality
o0
q)(v) — <eiV§>$ — / dZéiVZP(Z)
—0o0

is a very important quantity that exhaustively describes all characteristics of random
quantity &. The characteristic function being known, we can obtain the probability
density (via the Fourier transform)

[e¢]

P(x):% / dvd (v)e ™,

—00

moments

)

v=0

n i n d "
M, = (") = / dzp(2)7" = <%) D)

—00

cumulants (or semi-invariants)

K, = d n@
n = (%) Q)

’

v=0
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where ®(v) = In ®(v), and other statistical characteristics. In terms of moments and
cumulants of random quantity &, functions ® (v) and @ (v) are the Taylor series

© X
_ o n _ o n
D) = Z M, Ow) = Z K", 4.5)
n=0 n=1
In the case of multidimensional random quantity § = {z, ..., z,}, the exhaustive

statistical description assumes the multidimensional characteristic function
D) = (ei"?)E, y={vi,....v). (4.6)

The corresponding joined probability density for quantities &1, ..., &, is the Fourier
transform of characteristic function ®(v), i.e.,

P(x) =

(2n)n/dv<I>(V)e*’ ,ox={xg, ..., X 4.7

Substituting function @ (v) defined by Eq. (4.6) in Eq. (4.7) and integrating the result
over v, we obtain the obvious equality

P(x) = (8(§ —x))g = (8(&1 —x1) ... 8(5n — xp)) (4.8)

that can serve the definition of the probability density of random vector quantity &.
In this case, the moments and cumulants of random quantity & are defined by the
expressions

a" a"
M. i, = 72w , Ky .= 77060 .,
i"ov;, ... 0V, y—0 "ov;, ... 0V, y—0
where ®(v) = In®(v), and functions ®(v) and P (v) are expressed in terms of
moments M;, . ; and cumulants K;, . ; via the Taylor series
X n 0 in
HOESY —Miy_igViy vy O0) = > —Kiy Vi Vi 4.9)
n=0 n=1
Note that, for quantities £ assuming only discrete values &;(i = 1, 2, ...) with

probabilities p;, formula (4.8) is replaced with its discrete analog

P, = (3Z55k>,

where §; j is the Kronecker delta (§; x = 1 for i = k and O otherwise).

Consider now statistical average (§/(§))g, where f(z) is arbitrary deterministic
function such that the above average exists. We calculate this average using the pro-
cedure that will be widely used in what follows. Instead of f (&), we consider function
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f(& + 1), where 7 is arbitrary deterministic quantity. Expand function f(& + ) in the
Taylor series in powers of £, i.e., represent it in the form

o0
1 d
fE+m = =P E" =expi&—1f(),
n! dn
n=0
where we introduced the shift operator with respect to 5. Then we can write the

equality

d
EfGE+m)e = <E exp {5%” )
£

ool

=—d$<eXp{Edi}> f(n>=sz<§> E + ),
eoleg,)), e

(4.10)

where function

<%-ei§v>g d
Q) = o, =) =

and ®(v) is the characteristic function of random quantity &£. Using now the Taylor
series (4.5) for function ® (v), we obtain function €2 (v) in the form of the series

O®W)
D),
idv

00 g
l

Qw =) KV, 4.11)
n=0 "

Because variable i appears in the right-hand side of Eq. (4.10) only as the term of sum
& +n, we can replace differentiation with respect to n with differentiation with respect
to £ (in so doing, operator $2(d/id&) should be introduced into averaging brackets)
and set n = 0. As a result, we obtain the equality

d
(EfE))e = <Q <%)f(é)>é,

which can be rewritten, using expansion (4.11) for €2 (v), as the series in cumulants K,

4.12)

=1 d"
Ef @) = > :;K,,H( s &) >E.
n=0

dgn



Random Quantities, Processes, and Fields 93

Note that, setting f(§) = é”_l in Eq. (4.12), we obtain the recurrence formula that
relates moments and cumulants of random quantity £ in the form

(n—1! B B
M Z(k—l)’(n k),Kan—k Mo=1, n=12,..)). (4.13)

In a similar way, we can obtain the following operator expression for statistical
d d
(& +m)f(E+m))e=exp1O| —+——

average (g(§)f(§))¢
< ; > < ; )}
—0|l—)-06—
idny  idn idn) idn

x (g +n1))g (f(E+m))e - (4.14)

In the particular case g(z) = ¢“%, where parameter w assumes complex values too, we
obtain the expression

(€5 (& + ), = exp {@ (% <w+ %)) e (lj )} (FE 4 @15)

To illustrate practicability of the above formulas, we consider two types of random
quantities & as examples.

1. Let & be the Gaussian random quantity with the probability density

PE) = — =
Z_manp w7

Then, we have

v-o

D (v) =exp {—

so that

Mi=Ki=()=0 My=Ky=0"=(?). Kp2=0.
In this case, the recurrence formula (4.13) assumes the form

M,=@0n—1D)o*My_n, n=2,..., (4.16)
from which follows that

Mopi1 =0, My, = (2n— D"

For averages (4.12) and (4.15), we obtain the expressions

2 df (&) wE _ 0)202 2
(€ ) =0 <d‘§>é (e f(S))E—eXP{ S Hrerood). @
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Additional useful formulas can be derived from Eqgs. (4.17); for example,

2 2 2 .2

(ewf)é =exp{w; }, (ge“”i)g :a)ozexp{w; },

and so on.
If random quantity £ has a nonzero mean value, (§) # 0, the probability density is given
by the expression

P(z) =

. 2
(& — (£) } “18)

1
exp | —
V22 P { 202
In this case, the characteristic function assumes the form

2.2

<I><v>=exp{iv<s>—vg’}, OW) = iv (£) —

Va2

5

and, consequently, moments and cumulants are given by the expressions
— K = — (52 2 _ 2 _
My =Ky =(§), Ma=(§)"+0", Kr =07, Ky>2=0.

The corresponding integral distribution function (4.3) assumes the form

p en2
. /dg exp{_(& (5))}

V2mo? 202

2=
> _
dy exp {—yz} - 1>r<Z U@), (4.19)

=

)

\a

1
V2

—0Q

where function

1 7 x?
Pr(z) = E / dx exp -5 (4.20)

o0

is known as the probability integral. It is clear that
1
Pr(co) =1 and Pr(0) = 5 4.21)

For negative z (z < 0), this function satisfies the relationship

x2

] o0
Pr(—z|]) = E/dx exp {—2} =1-—Pr(z]). 4.22)
lz|
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Asymptotic behavior of probability integral for z — =00 can be easily derived from
Egs. (4.20) and (4.22); namely,

(4.23)

If we deal with the random Gaussian vector whose components are &;((&;) £ = 0,i =
1, ..., n), then the characteristic function is given by the equality

1 1
o (v) =exp {_EBUWV/}’ W) = —EBUV,‘VJ‘,

where matrix Bj; = (S,Ej) and repeated indices assume summation. In this case, Eq. (4.17) is
replaced with the equality

df(E)>
d§

2. Let & = n be the integer random quantity governed by Poisson distribution

Ef @) = B< 4.24)

ﬁ" _

P,=—e™",
n!

where 7 is the average value of quantity n. In this case, we have

() = exp {ﬁ (e”’ - 1)} . W =hq <eiv—1).
The recurrence formula (4.13) and Eq. (4.12) assume for this random quantity the forms

Z (-1 M=ﬁ((n+1) >(nf(n))=ﬁ(f(n+l) (4.25)
HA—1—i1 %= ’ : '

4.2 Random Processes, Fields, and their Characteristics

4.2.1 General Remarks

If we deal with random function (random process) z(f), then all statistical characteris-
tics of this function at any fixed instant ¢ are exhaustively described in terms of the
one-time probability density

P(z,t) = {6 (z(t) — 2)), (4.26)

dependent parametrically on time ¢ by the following relationship

0]

(fz(0)) = f dzf (2)P(z, 1).

—00
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The integral distribution function for this process, i.e., the probability of the event
that process z(f) < Z at instant ¢, is calculated by the formula

z
Ft,2) =Pzt <Z) = / dzP(z, 1),

from which follows that
Ft,2)=(0(Z—-z1)), Ft o00)=1, 4.27)

where 6(z) is the Heaviside step function equal to zero for z < 0 and unity for z > 0.
Note that the singular Dirac delta function

oz, 1) =68 (z(t) — 2)

appeared in Eq. (4.26) in angle brackets of averaging is called the indicator function.
Similar definitions hold for the two-time probability density

P(z1, 115 22, 1) = (@(z1, t1; 22, 12)),

and for the general case of the n-time probability density
Pi ts o5 2ns 1) = (@1 115 -2 25 20y T)),

where
©@1, 15 . zn ) = 8(z2(t1) — 21) .. 8(2(tn) — zn)-

is the n-time indicator function.
Process z(?) is called stationary if all its statistical characteristics are invariant with
respect to arbitrary temporal shift, i.e., if

Pi, 415 520t +T7) = P21, H5 025 Zns te)-

In particular, the one-time probability density of stationary process is at all indepen-
dent of time, and the correlation function depends only on the absolute value of dif-
ference of times,

B (t1, 1) = (z(t1)z(t2)) = B;(|t1 — 12]).

Temporal scale 1 characteristic of correlation function B,(¢) is called the temporal
correlation radius of process z(¢). We can determine this scale, say, by the equality

/ (2(t + 1)z()) dt = 70 <z (t)) (4.28)
0
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Note that the Fourier transform of stationary process correlation function

o0

() = f diB.(1)"",

—00

is called the remporal spectral function (or simply temporal spectrum).
For random field f(x, f), the one- and n-time probability densities are defined
similarly

P, 1. f) = (p(x. 1./)), (4.29)
P(X], tl?fl; e ;xna tnvfn) = <§0(x17 tl?fl; L ;xna ti'hfn))v (430)

where the indicator functions are defined as follows:

o, ) =06(f(x, 1) —f),
X1, L f1s X by fn) =8 (Fer, 1) — f1) . 8 (f(Xns ta) — f). (4.31)

For clarity, we use here variables x and ¢ as spatial and temporal coordinates; however,
in many physical problems, some preferred spatial coordinate can play the role of the
temporal coordinate.

Random field f(x, ) is called the spatially homogeneous field if all its statistical
characteristics are invariant relative to spatial translations by arbitrary vector a, i.e., if

Pxi +a, 11, /155 X0 @, ty, fn) = PO, 1L f15 -5 X Bns o)
In this case, the one-point probability density P(x,;f) = P(t;f) is independent
of x, and the spatial correlation function By(x1, t1; X2, t2) depends on the difference
X1 —Xx2:

Br(x1, t1; %2, 1) = (f(x1, 11)f (X2, 12)) = Br(x1 — x2; 11, 12).

If random field f (x, ¢) is additionally invariant with respect to rotation of all vectors
x; by arbitrary angle, i.e., with respect to rotations of the reference system, then field
f(x, 1) is called the homogeneous isotropic random field. In this case, the correlation
function depends on the length |x; — x3|:

Br(x1, t1; x2, ) = (f(x1, t1)f (x2, ©2)) = Br(|x1 — x2l; 11, 12).
The corresponding Fourier transform of the correlation function with respect

to the spatial variable defines the spatial spectral function (called also the
angular spectrum)

Dp(k, 1) = / dxBy (x, e,
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and the Fourier transform of the correlation function of random field f (x, 7) stationary
in time and homogeneous in space defines the space—time spectrum

o
@k, w) = / dx / diBy (x, 1)e!®x+en,
—00

In the case of isotropic random field f(x, #), the space—time spectrum appears to be
isotropic in the k-space:

®r(k, 0) = sk, w).

An exhaustive description of random function z(¢) can be given in terms of the
characteristic functional

[e¢]

d>[v(r)]=<exp i/drv(r)z(r) >,

—00

where v(f) is arbitrary (but sufficiently smooth) function. Functional ®[v(t)] being
known, one can determine such characteristics of random function z(¢) as mean value
(z(?)), correlation function (z(#1)z(#2)), n-time moment function {(z(¢1) . .. z(%,)), etc.

Indeed, expanding functional ®[v(r)] in the functional Taylor series, we obtain
the representation of characteristic functional in terms of the moment functions of
process z(1):

CD[v(r)]:Z% / dtl.../dt,,Mn(tl,...,t,,)v(tl)...v(t,,),
n=0 _ —o0
M, (1 tn) = (z(f1) (t)>—lL¢’[()]
nlfl e Il = R = s vy

Consequently, the moment functions of random process z(f) are expressed in terms of
variational derivatives of the characteristic functional.
Represent functional ®[v(7)] in the form ®[v(r)] = exp{®[v(r)]}. Functional
®[v(7)] also can be expanded in the functional Taylor series
o0 p 00 0
Ov(r)] = Z — / dr ... f dt, K, (t1, ..., t)v(t1) ... v(t), (4.32)

n!

=1 —00

where function

n

|
K,(t,....t)) = ————
n(t "= Sv(ty) ... ov(1,)

Ov(1)]

v=0

is called the n-th order cumulant function of random process z(?).
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The characteristic functional and the n-th order cumulant functions of scalar ran-
dom field f (x, ¢) are defined similarly

P, )] = <exp i/dx/dtv(x,t)f(x, f) > = exp {0, 1)1},

8’1

i 8v(xy, 1) - .. 8V(Xy, 1)
57!

8V, 1) ... 0v(x,, ty)

Qvx', 7)]

Mn(xlvtlv ~--:xnvtn) =

’

v=0

Kp(x1,t1, ..., X5, 1) = OME’, 7)]

v=0

In the case of vector random field f(x, £), we must assume that v(x,?) is the vector
function.

As we noted earlier, characteristic functionals ensure the exhaustive description of
random processes and fields. However, even one-time probability densities provide
certain information about temporal behavior and spatial structure of random processes
for arbitrary long temporal intervals. The ideas of statistical topography of random
processes and fields can assist in obtaining this information.

4.2.2 Statistical Topography of Random Processes and Fields
Random Processes

We discuss first the concept of typical realization curve of random process z(¢). This
concept concerns the fundamental features of the behavior of a separate process real-
ization as a whole for temporal intervals of arbitrary duration.

Random Process Typical Realization Curve We will call the typical realization curve
of random process z(¢) the deterministic curve z*(¢), which is the median of the integral
distribution function (4.27) and is determined as the solution to the algebraic equation

()
F(t,2°0) = f dzP(z,1) = % (4.33)

—00

The reason for this definition rests on the median property consisting in the fact that,
for any temporal interval (¢, t2), random process z(¢) entwines about curve z*(¢) in
a way to force the identity of average times during which the inequalities z(t) > z*(¢)
and z(¢) < z*(¢) hold (Fig. 4.1):

1
(Tewsz0) = (T <) = 5 (2 = 10). (4.34)



100 Lectures on Dynamics of Stochastic Systems

N——

Aty Aty

t, t, t

Figure 4.1 To the definition of the typical realization curve of a random process.

Indeed, integrating Eq. (4.33) over temporal interval (¢1, f), we obtain

19}

1
/th (t.5(0) = E(tz —1). (4.35)

I

On the other hand, in view of the definition of integral distribution function (4.27), the
integral in the right-hand side of Eq. (4.35) can be represented as

5]

f diF (1,7 (1)) = (T(1, 1)), (4.36)

n

N
where T(t, 1) = ) At is the combined time during which the realization of process

1
z(¢) is above curve z*(¢) in interval (¢1, ). Combining Egs. (4.35) and (4.36), we
obtain Eq. (4.34).

Curve z*(f) can significantly differ from any particular realization of process z(z)
and cannot describe possible magnitudes of spikes. Nevertheless, the definitional
domain of typical realization curve z*(7) derived from the one-point probability den-
sity of random process z(¢) is the whole temporal axis ¢ € (0, 00).

Consideration of specific random processes allows additional information to be
obtained concerning the realization’s spikes relative to the typical realization curve.

Statistics of Random Process Cross Points with a Line The one-time probability
density (4.26) of random process z(¢) is a result of averaging the singular indicator
function over an ensemble of realizations of this process. This function is concentrated
at the points at which process z(f) crosses line z = const. Because the cross points are
determined as roots of the algebraic equation

zt) =z (mn=0,1,...,00),
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we can rewrite the indicator function in the following form

n

1
=) o -

k=1

d
where p(t) = EZ(I)'
The number of cross points by itself is obviously a random quantity described by
the formula

t

n(t,2) = / drlp(0)le(: 2). @37)

—00

As a consequence, the average number of points where process z(#) crosses line z =
const can be described in terms of the correlation between the process derivative with
respect to time and the process indicator function, or in terms of joint one-time proba-

bility density of process z(¢) and its derivative with respect to time —z(t).

In a similar way, we can determine certain elements of statistics related to some
other special points (such as points of maxima or minima) of random process z(?).

Random Fields

Similar to topography of mountain ranges, statistical topography studies the systems
of contours (level lines in the two-dimensional case and surfaces of constant values in
the three-dimensional case) specified by the equality f(r, f) = f = const.

For analyzing a system of contours (in this section, we will deal for simplicity with
the two-dimensional case and assume r = R), we introduce the singular indicator
function (4.31) concentrated on these contours.

The convenience of function (4.31) consists, in particular, in the fact that it allows
simple expressions for quantities such as the total area of regions where f(R, t) > f
(i.e., within level lines f(R,f) = f) and the total mass of the field within these
regions [4]

S f) = /Q(f(R, t)—f)dR=/df//de(t,R;f’),
r

Mt f) = / FRDOCFR, 1) — F)dR = / Fdf / dR(t, R: f').
f

As we mentioned earlier, the mean value of indicator function (4.31) over an
ensemble of realizations determines the one-time (in time) and one-point (in space)
probability density

PR, 1, f) = (pR, 1, f)) = (8 f(R, D).
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Consequently, this probability density immediately determines ensemble-averaged
values of the above expressions.
If we include into consideration the spatial gradient

PR.1) = Vf(R,1),

we can obtain additional information on details of the structure of field f(R, 7). For
example, quantity

It f) = de PR, D[S(f(R, 1) —f) = %dl, (4.38)

is the total length of contours and extends formula (4.37) to random fields.
The integrand in Eq. (4.38) is described in terms of the extended indicator function

p(R. 1. f,p) =58 (fF(R, 1) = f) 8 (p(R, 1)—p), (4.39)

so that the average value of total length (4.38) is related to the joint one-time proba-
bility density of field f(R, r) and its gradient p(R, f), which is defined as the ensemble
average of indicator function (4.39), i.e., as the function

PR.t.f,p) = (fR, D) =) (pR, 1) —p)).

Inclusion of second-order spatial derivatives into consideration allows us to esti-
mate the total number of contours f(R, ) = f = const by the approximate formula
(neglecting unclosed lines)

1
N f) = Nin(t: f) = Now(; f) = E/dRK(I,R;f) PR, )| (f(R, 1) =),

where N, (¢; f) and Noyu (7; f) are the numbers of contours for which vector p is directed
along internal and external normals, respectively, and « (R, t; f) is the curvature of the
level line.

Recall that, in the case of the spatially homogeneous field (R, t), the corresponding
probability densities P(R, t; f) and P(R, t; f, p) are independent of R. In this case, if
statistical averages of the above expressions (without integration over R) exist, they
will characterize the corresponding specific (per unit area) values of these quantities.
In this case, random field f (R, ¢) is statistically equivalent to the random process whose
statistical characteristics coincide with the spatial one-point characteristics of field
SR, D).

Consider now several examples of random processes.

4.2.3 Gaussian Random Process

We start the discussion with the continuous processes; namely, we consider the Gaus-
sian random process z(#) with zero-valued mean ((z(f)) = 0) and correlation func-
tion B(t1, t2) = (z(t1)z(t2)). The corresponding characteristic functional assumes the
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form

Pv(r)] =exp § —

N =

//dtldtzB(tl,tz)v(tl)v(tz) . (4.40)

Only one cumulant function (the correlation function)
Ky (11, 1) = B(t1, ),

is different from zero for this process, so that

! o0 00
O(r)] = ) / /dtldth(tl,tz)v(tl)v(tg). (4.41)

—00 —0O0

Consider the nth-order variational derivative of functional ®[v(7)]. It satisfies the
following line of equalities:

& et se)]
vy ove V= Sy v sy
_ 820v(n)] §n=2

N Sv(t)év(tp) dv(t3) ...8v(t,) Dlv(7)]

N §n=2 $OM(1)] §P[v(7)]
Sv(t3)...0v(ty) Sv(t)  Sv(t)

Setting now v = 0, we obtain that moment functions of the Gaussian process z()
satisfy the recurrence formula

n
Mn(tlv AIR ] tn) = ZB(tl’ IZ)Mn72(t2, AR ] tk*ls tk+19 AR ] tl’l) (442)
k=2

From this formula it follows that, for the Gaussian process with zero-valued mean, all
moment functions of odd orders are identically equal to zero and the moment functions
of even orders are represented as sums of terms which are the products of averages of
all possible pairs z(#;)z(tx).

If we assume that function v(7) in Eq. (4.41) is different from zero only in interval
0 < t < t, the characteristic functional

t

1 v(T)] = <exp i/drz(t)v(r) >
0
t T]

= exp —/dn/drzB(n, )v(t)v() ¢, (4.43)

0 0
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becomes a function of time ¢ and satisfies the ordinary differential equation
d 1
E®[I; v(T)] = —v(1) f dnB(t, 1))@l v(r)], PO0;v(D)]=1. (444
0

To obtain the one-time characteristic function of the Gaussian random process at
instant ¢, we specify function v(t) in Eq. (4.40) in the form

v(t) =vé(t —1).

Then, we obtain

o0

DO, 1) = <er2@> - / dz P(z, e = exp {—%Uz(t)vz}, (4.45)

—00

where o2(r) = B(t,1). Using the inverse Fourier transform of (4.45), we obtain the
one-time probability density of the Gaussian random process

o
1 .
P(z,t) = 7 f dv®(v,Ne " = (4.46)

1 z2
V2702 (1) P {_202(0 }

Note that, in the case of stationary random process z(#), variance o2 () is independent
of time ¢, i.e., az(t) = o2 = const.
Density P(z, t) as a function of z is symmetric relative to point z = 0,

P(z,t) = P(—z,1).

If mean value of the Gaussian random process is different from zero, then we can
consider process z(f) — (z(¢)) to obtain instead of Eq. (4.46) the expression

L BT O
V202 P 202(t) |’

and the corresponding integral distribution function assumes the form

Z
1 @— O | _ (z— )
Fen= ,/mﬂ(z)_[o & CXP{_ 202(1) }_Pr< o (1) )

where probability integral Pr(z) is defined by Eq. (4.20), page 94.
In view of Eq. (4.21), page 94, the typical realization curve (4.33) of the Gaussian
random process z(#) in this case coincides with the mean value of process z(7)

Z(0) = (2(0) . (4.48)

P(z, 1) = (4.47)
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4.2.4 Gaussian Vector Random Field

Consider now the basic space—time statistical characteristics of the vector Gaussian
random field u(r, t) with zero-valued mean and correlation tensor

Bij(r,t: 7, 1) = (ui(r, uy(r', 1)) .

For definiteness, we will identify this vector field with the velocity field.

In the general case, random field u(r,t) is assumed to be the divergent
(divu(r,t) # 0) Gaussian field statistically homogeneous and possessing spherical
symmetry (but not possessing reflection symmetry) in space and stationary in time
with correlation and spectral tensors (7 =t — 1)

Bjj(r—ry,7) = <M,'(r, Du;(ry, [1)) = /dkE,'j(k, T)eik(r_r'),

E;k,7) = L/drB--(r T)e kr
l] ) (27-[)d l] £ £

where d is the dimension of space. In view of the assumed symmetry conditions,
correlation tensor B;j(r — ry, 7) has vector structure [28] (r —r; — r)

Bjj(r,7) = Bi;o(r, T) + C(r, T)ejjkr, (4.49)
where the isotropic portion of the correlation tensor is expressed as follows
Bi°(r. 1) = A(r. T)rirj + B(r, 7).

Here, ¢ is the pseudotensor described in Sect. 1.3.1, page 24. This pseudotensor is
used, for example, to determine the velocity vortex field

o(r,t) =curlu(r,t) = [V xu(r, 1], (4.50)
whose components have the form

dug(r, 1)
wi(r,t) = Eijk——(—-
Brj

Note that, in the two-dimensional case, vector @(r, ) has a single component
orthogonal to velocity field u(r, ¢); as a result, quantity u(r, t) - @(r, t) called velo-
city field helicity vanishes,

ulr,t) - w(r,t)=0.
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Expression (1.53), page 29, allows obtaining the following representations for the
vortex field correlation and spectral tensors [28]:

*Byr—r',t—1)
or;dr;

(wilr, Dewj (', 1)) = =8;jABur — v, 1 — 1) +
+ A,-B,:/'(r - r’, r— t/),
Qiik, t — 1) = (8k* — kikp)En(k, t — 1) — kK*Eyj(k, t — 1).

Convolving them with respect to indices i and j and setting r = r/, we obtain the
expressions for the correlation and spectral functions of the vortex field

(wir, Dwi(r, 1)) = —ABy(0,t — 1) = — (u@r, ) Asu(r, 1)),
4.51)
Qiitk, t — 1) = K*E;i(k,t — 1).

Note that the procedure similar to that used to calculate vortex field variance and
spectrum allows additionally calculating average helicity of the velocity field

xr ) =ulr o, t) =u(,t) - curlur, 1),
in the three-dimensional case in the absence of reflection symmetry. Indeed, the use
of Eq. (1.54), page 29, results in the following expression for statistically averaged

quantity (w,-(r, Du;(r, f))

duy(r, 1)

d
<wi(r’ t)up(r/» t)>r=r/ = &jjk < up(r/’ t)> = gljk;ka("s 0)r=0
J

rj r=r

. a
= lim eijk—C(r, O)Skpmrm = C(O, O)E,’jmempj = 2C(O, 0)3ip»
r—0 8Vj

and, hence, the average helicity of the Gaussian random field in the three-dimensional
case is

(x(r,n) =6C(0,0). (4.52)

The isotropic portion of correlation tensor corresponds to the spatial spectral tensor
of the form

— S P
Eyjk, 1) = Ej(k, 7) + ED(k, ),

where the spectral components of the tensor of velocity field have the following
structure

kik; kk:
E?j(k, 7) = ES(k, T) ((Sij - %) , Eg.(k, T) = EP(k, .[)];_21
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Here, E®(k, T) and EP(k, 7) are the solenoidal and potential components of the spectral
density of velocity field, respectively.

Define now function Bj;(r) as the integral of correlation function (4.49) over time,
ie.,

o
Bji(r) = / drByj(r. 7) = Bj°(r) + C(Mejuri. (4.53)
0

Then, B;;(0) = Doé;; and, hence, quantity
B;i(0) = Dod = 100, = / dk [(d—1)E*(k) + EP (k)] (4.54)

defines temporal correlation radius of the velocity field to. Here, O’uz = B;;(0,0) =
(uz(r, t)) is the variance of the velocity field, and functions E®(k) and EP (k) are defined
as follows

ES(k) = /dt ES(k,T), EP(k) :/dr EP(k, 7). (4.55)
0 0

The use of correlation function (4.53) appreciably simplifies calculations dealing
with spatial derivatives of the velocity field. Indeed, we have

3B;;(0)
—— = COeyr, (4.56)
ory
3%B;;(0) DS
- = d + 1)8ub;; — 81idyj — Sxidu;
andr,  d(d+2) [+ D3udy = Buidy — g
DP
+ ———— [8us, + 8kidy + Si5ui) (4.57)
d(d+2) Y
3By, (0)
arnarpmar/ = =20t (e¥pjm + Expmdn; + Eignn). (4.58)
and, consequently,
3B,y (0)
—5. = —20(d + ey,

3"28}7
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where

DS = /dkk2Es(k) = %/dr (@, t + Do, 1),
0

SH

1

(4.59)

o0
ou(r,t ou(r,t
Dp:/dkaEp(k):/dT< u(r,t+ 1) du(r )>7
ar ar
0

C(r) = C(0) — ar?,

and w(r, t) is the velocity field vortex.

4.2.5 Logarithmically Normal Random Process

Note that the so-called logarithmically normal (lognormal) random process y(f)
y@) =&,

whose logarithm is the Gaussian random process, is described by the one-time proba-
bility density P(y, r) of the form

1
P(y,t) = -P(z=1Iny, 1) =
y

In? [e—<Z(t)) y] }

yW2moZ(t) P {_ 20%(1)

and, consequently, the corresponding integral distribution function assumes the form

{ ln2 [e—(z(t))y/] }

— ex])

y ,
1

F(y, 1 = f dy/ P(y/, 1) = —27[ Z(t) f y/
vV o

—0oQ
m[e—(z(r»y]
1 2 In[e~0)y]
= — / dzexpi—s5~(=Pr| —— ).
V2702(t) 20%(1) o(1)
—00
where probability integral Pr(z) is defined by Eq. (4.20), page 94.
In view of Eq. (4.21), page 94, the right-hand side of this equality turns into 1/2 if

e—(z(t))y(t) =1,

which means that the typical realization curve y*(¢) of the lognormal random process
y(¢) is given by the equality

V(1) = eZ0) — p(iny(®) (4.60)
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Note that, if we know the moment functions of random process y(¢) as functions
of time, i.e., if we know functions (y"(r)) (n = 1, 2, ...), we know also the statistical
characteristics of random process z(f) = Iny(¢). Indeed,

2
(y"(z))=<e”1“y“)>=exp{ (Iny(r)) + crln)(t)}
and, consequently,
1 = li 11 1 Z (1) = li 21 n 4.61
(Iny() = lim ~ n("' @), ojpy () = lim = n(y"(1)). (4.61)

Further, analyzing statistical topography of random processes and fields, we will
use, in line with the integral distribution function, functions

(o8] (o8]

Vi, 1) = /dy/P(y/, t) and Y(y,t) = /y’dy/P(y/, 1),

y y

closely related to the probability integral Pr(z).
For function V(y, 1), we have

S PO YR
y

2n02(t) 202(1)
1 K _ Iny — (z(¢))
N / & exp{__} = <_ o (1) )
Iny—(z(1))
o(t)
1 1
=Pr {— In (—e<z<'>>) } (4.62)
o () y

For function Y (y, 7), we obtain the expression

: ]ody/ exp _—(lny’ — (Z(t)))2
V2ro2(1) J 20%(1)

oo

_ _L w0 / iz exp {_z_2 }
V2 2

Iny—(z)—02(1)
o(t)

— O+’ 0/2 py (_hly — (z(1) — 02(0)
o(t)

_ o0/ py {L n <le<z<r>>+oz<r>> } (4.63)
o (1) y

Yy, =
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Note that for random process y() = yoy(?), i.e.,

Y1) = yoer”,

instead of Egs. (4.62), (4.63) we have the expressions

% — 1 y_0<z(t>>)
V(y,t)—Pr{a(t)ln(ye ,

V(. 1) = ype 0o 02 py {—1 In (Eek(m“’z(’)) }
o \vy

(4.64)

4.2.6 Discontinuous Random Processes

Consider now some examples of discontinuous processes. The discontinuous pro-
cesses are the random functions that change their time-dependent behavior at dis-
crete instants ¢, fp, ... given statistically. The description of discontinuous processes
requires first of all either the knowledge of the statistics of these instants, or the knowl-
edge of the statistics of number n(0, r) of instants #; falling in time interval (0, ¢). In
the latter case, we have the equality

n0,5) =n0,¢)+n{, 1), 0<t <t

The quantity n(0, ¢) by itself is a random process, and Fig. 4.2 shows its possible
realization.

The set of points of discontinuity #1, #,, ... of process z(¢) is called the stream
of points. In what follows, we will consider Poisson’s stationary stream of points in
which the probability of falling » points in interval (#1, t2) is specified by Poisson’s
formula

[n(fl, tz)]n

n!

e ) (4.65)

Pn(tl,tz):n =
with the mean number of points in interval (¢1, #) given by the formula

n(ty, ) = vl — 12|,

n(0, t)

4t —_—

1

1

3+ Il—'l

1 1

2t — i

1 : :

1+ — I !

[ 1 !

[ I I

0 1 1 !
t b s 4 t

Figure 4.2 A possible realization of process n(0, 7).
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where v is the mean number of points per unit time. It is assumed here that the num-
bers of points falling in nonoverlapping intervals are statistically independent and the
instants at which points were fallen in interval (#1, #2) under the condition that their
total number was n are also statistically independent and uniformly distributed over
the interval (#1, 7). The length of the interval between adjacent points of discontinuity
satisfies the exponential distribution.

Poisson stream of points is an example of the Markovian processes.

Consider now random processes whose points of discontinuity form Poisson’s
streams of points. Currently, three types of such process — Poisson’s process, teleg-
rapher’s process, and generalized telegrapher’s process — are mainly used to model
problems in physics. Below, we focus our attention on these processes.

Poisson’s (Impulse) Random Process

Poisson’s (impulse) random process z(?) is the process described by the formula

) =) &gt — 1), (4.66)

i=1

where random quantities &; are statistically independent and distributed with probabi-
lity density p(&); random points #; are uniformly distributed on interval (0, T'), so that
their number n obeys Poisson’s law with parameter n = vT; and function g() is the
deterministic function that describes the pulse envelope (g(r) = 0 for t < 0).

The characteristic functional of Poisson’s random process z(#) assumes the form

t t
®[f; v(r)] = exp vfdt/ w /drv(r)g(t— Hl =114, (4.67)
0 4
where
wor = [ dep@e:

is the characteristic function of random quantity &. Consequently, functional ®[t; v(t)]
is given by the formula

Oft; v(t)] = In ®[£; v(1)]

t

t o0
= v/dt’ f dEp(€) { exp ié/drv(r)g(t—t/) -1},  (4.68)
0 —00

t
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and cumulant functions assume the form
min{ty,..., th}
Kn(ti, ... 1) = v (£") / digt—1)...gt, —1). (4.69)
0
We consider two types of Poisson’s processes important for applications.
1. Letg(n) =0@) = L, >0, ie.,z(t) = i &0(t — t;). In this case
. 8 = = 0, t<0’,-.,z —i=11 i)- s
Kn(t1, ..., t,) = v(§")min{ry, ... 1)
If additionally & = 1, then process z(t) = n(0, 1), and we have
Ky(t1, ..., t,) = vmin{ty, ..., 1y},
! ! 4.70)
Ol v(t)] = v/dt/ exp i/drv(r) -1
0 r
2. Letnow g(r) = §(¢). In this case, process
n
)= &d(t—1)
i=1

is usually called the shot noise process. This process is a special case of the delta-correlated
processes (see Sect. 5.5, page 130). For such a process, functional ®[#; v(t)] is

t o0
Ot v(7)] = v/dr / dEp(&) {e’*fv(f) - 1} @.71)
0 —00

and cumulant functions assume the form
Kn(t1, .o tn) = v (E")8(11 — 10)8(12 — 13) ... 8(ty—1 — 1n).

Note that Poisson’s process z(f) with arbitrary given impulse function g(¢) can be always
expressed in terms of Poisson’s delta-correlated random process z5(f) by the formula
t
(1) = /drg(t —1)z5(7). (4.72)

0

Telegrapher’s Random Process

Consider now statistical characteristics of telegrapher’s random process (Fig. 4.3)
defined by the formula

2() = a(=D)"%D  (2(0) = a, 22() = d°), 4.73)

where n(t1, 1) is the random sequence of integers equal to the number of points of
discontinuity in interval (¢1, ).
We consider two cases.
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TEr
iimin

Figure 4.3 A possible realization of telegrapher’s random process.

1. We will assume first that amplitude a is the deterministic quantity.
For the two first moment functions of process z(f), we have the expressions

(o]
@0)=a Y D"*Pyoy =ae” OV = g™,

n(0,0)=0
(2(t)2(1) = @ (= 1)" OO = @2 (1)
=ale ) = g?e ) (1 > ). (4.74)

The higher moment functions for 7; > 1, > ... > t, satisfy the recurrence relationship

My(tr, .o tn) = (2(1) - .. 2(tn))
— 2 <(_1)n(0,t|)+n(0,lz)+n((),t3)+~~»+n(0,z,,))

] <(_1)n(tz,t|)> ((_ 1)"(0,t3)+~--+n(0,fn)>

= (z(t)z(2)) My 2(t3, .. ., ty). 4.75)

This relationship is very similar to Eq. (4.42) for the Gaussian process with correlation
function B(t1, t2). The only difference is that the right-hand side of Eq. (4.75) coincides
with only one term of the sum in Eq. (4.42), namely, with the term that corresponds to the
above order of times.

Consider now the characteristic functional of this process

t

Ot v(T)] = <exp i/dtz(t)v(r) >

0

where index a means that amplitude a is the deterministic quantity. Expanding the charac-
teristic functional in the functional Taylor series and using recurrence formula (4.75), we
obtain the integral equation

'
D v(D)] =1+ ia/dtle_z‘”‘v(tl)
0

t n
—d f dn / dtye™ Ry (1) (1) Dolta; v(T)]. (4.76)
0 0
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Differentiating Eq. (4.76) with respect to #, we obtain the integro-differential equation

t
%%[r; W1)] = iae~2"v(t) — a?v(?) / dte= 2=y (1) Dy [t v(T)]. 4.7
0

2. Assume now amplitude a is the random quantity with probability density p(a). To obtain
the characteristic functional of process z(#) in this case, we should average Eq. (4.77) with
respect to random amplitude a. In the general case, such averaging cannot be performed
analytically. Analytical averaging of Eq. (4.77) appears to be possible only if probability
density of random amplitude a has the form

1
pla) = 3 [6(a—ag)+ 6 (a+ap)l, 4.78)

with (@) = 0 and <a2> = a(z) (in fact, this very case is what is called usually telegrapher’s
process). As a result, we obtain the integro-differential equation

t
%d>[t; v(1)] = —adv(p) / dtye= 2 U=y (1) [t v(7)]. 4.79)
0

Now, we dwell on an important limiting theorem concerning telegrapher’s random pro-
cesses.
Consider the random process

ENO =@+ -+ (@),

where all z;(¢) are statistically independent telegrapher’s processes with zero-valued means
and correlation functions

<dm0+t»=fifﬂﬂ
: S .

In the limit N — oo, we obtain that process £(f) = limy_, 0 En(?) is the Gaussian random
process with the exponential correlation function

(EMET+ 1)) = o2

i.e., the Gaussian Markovian process. Thus, process &y () for finite N is the finite-number-
of-states process approximating the Gaussian Markovian process.

Generalized Telegrapher’'s Random Process

Consider now generalized telegrapher’s process defined by the formula
z() = an(,1)- (4.80)

Here, n(0, 1) is the sequence of integers described above and quantities ay are assumed
statistically independent with distribution function p(a). Figure 4.4 shows a possible
realization of such a process.
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z(t) a, a;

as

ay —

Figure 4.4 A possible realization of generalized telegrapher’s random process.

For process z(t), we have

WK

() = Y |axdkn,n) = (@),
k=0
(z(t)z(n)) = Z Z (akar) (8k,n0,1)81n(0,1))

o~
Il

=}
~

M8°

oo
(8%.n0.01)) (80.n012.11)) Z 8k,n(0.12)) (80,1, m)}
k=0

N

_{)emrr o >(1_e—v<ﬂ—f2>) (0 > 1),

Il
=}

and so on. In addition, the probability of absence of points of discontinuity in interval
(2, 1) is given by the formula

Pn(lz,tl):() = (50,,1(12’“)> — e_Vltl_l‘Zl'

Earlier, we mentioned that Poisson’s stream of points and processes based on these
streams are the Markovian processes. Below, we consider this important class of ran-
dom processes in detail.

4.3 Markovian Processes

4.3.1 General Properties

In the foregoing section, we considered the characteristic functional that describes all
statistical characteristics of random process z(#). Specification of the argument of the
functional in the form

v(t) =Y wb(t— 1)

k=1
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transforms the characteristic functional into the joint characteristic function of random
quantities zx = z(#)

Q(v1s ... V) = <exp {iZsz(tk)}>,

k=1

whose Fourier transform is the joint probability density of process z(¢) at discrete
instants

Pu(zitrs oo zn 1) = (8(2(t1) — 21) - .. 8(2(tn) — zn)) - (4.81)
Assume that the above instants are ordered according to the line of inequalities
hhzthz- =

Then, by definition of the conditional probability, we have

Pp(zi, 15 .52 ty) = pu(zis tlzas 02 o5 Zns ) Pr—1(22, 125 -2 25 2o 1),
(4.82)

where p, is the conditional probability density of the value of process z(¢) at instant
t1 under the condition that function z(f) was equal to z; at instants 7y fork =2, ..., n
(z(tr) =zk, k=2, ..., n). If process z(t) is such that the conditional probability density
for all #; > #, is unambiguously determined by the value z; of the process at instant #;
and is independent of the previous history, i.e., if

Pu(21, tlz2, 15 .. 25 2, 1) = P21, t 22, 1), (4.83)

then this process is called the Markovian process, or the memoryless process. In this
case, function

p(z, tlz0, 10) = (8(2(r) — 2)|z(10) = z0) (t > to), (4.84)

is called the transition probability density. Setting t = ty in Eq. (4.84), we obtain the
equality

p(z, tolz0, t9) = 8(z — 20).

Substituting expression (4.82) in Eq. (4.81), we obtain the recurrence formula for
the n-time probability density of process z(#). Iterating this formula, we find the
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expression of probability density P, in terms of the one-time probability density
=0z =t)

Pu(zi,t1s oo o5 2o, te) = 21, 122, 12) - - pZa—1s ta—1 |20y 1) P(tns 20) - (4.85)

Substituting expression (4.82) in Eq. (4.81), we obtain the recurrence formula for
the n-time probability density of process z(7). Iterating this formula, we find the
relationship of probability density P, with the one-time probability density (f; >
hhz: = tn)

Pu(zi,ts oo o5 2n, te) = 21, 122, 12) - - PZa—1s ta—1 20y 1) P(tns 20) - (4.86)

Nevertheless, statistical analysis of stochastic equations often requires the knowl-
edge of the characteristic functional of random process z(?).

4.3.2 Characteristic Functional of the Markovian Process

For the Markovian process z(f), no closed equation can be derived in the general case
for the characteristic functional ®[¢; v(t)] = (¢[t; v(t)]), where

t

o[t; v(T)] = exp ifdrz(r)v(r)

0

Instead, we can derive the closed equation for the functional

Yz, 1 v(7)] = (§(z(1) — Dol1; v(T)]), (4.87)

describing correlations of process z(¢) with its prehistory. The characteristic functional
®[#; v(1)] can be obtained from functional W[z, t; v(t)] by the formula

o0

Ol v(n)] = / dzV¥[z, t; v(T)]. (4.88)
—00
To derive the equation in functional W[z, #; v(7)], we note that the following
equality

t
oltsv() = 1+ [ dnzvetn vo) (4.89)
0
holds. Substituting Eq. (4.89) in Eq. (4.87), we obtain the expression

t

Yz, ;v(r)] =Pz, 1) + i/dtlvm) (8(z(t) = D)z(t)elt: v(D)]), (4.90)
0
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where P(z,t) = (6(z(¢) — z)) is the one-time probability density of random quantity

2(1).
We rewrite Eq. (4.90) in the form

Wlz, 1 v(D)] = P(z 1)
t o0
e / dv(t)) | daz (30 — 28 — 2)eln: v@)D).

0 —00

4.91)

Taking into account the fact that process z(¢) is the Markovian process, we can perform
averaging in Eq. (4.91) to obtain the closed integral equation

t

o
Wz, 5; v(T)] = P(z, 1) +ifdt1v(t1) dziz1p(z, tzi, )Wz, t; v(T)],
0 —oQ

(4.92)

where p(z, t; 20, tp) is the transition probability density.

Integrating Eq. (4.92) with respect to z, we obtain an additional relationship bet-
ween the characteristic functional ®[¢; v(t)] and functional W[z, ¢; v(t)]. This rela-
tionship has the form

ﬁ%@[ﬂ v(T)] = f dziziV[z, t v(t)] = Y[t v(T)]. (4.93)

Multiplying Eq. (4.92) by z and integrating the result over z, we obtain the relation-
ship between functionals W[z; v(t)] and W[z, t; v(7)]

t

Yz v()] = (z(0) + i/dllv(ll) dzi (z()|z1, 11) Wlz1, t1; v(D)]. (4.94)

0 —00

Equation (4.92) is generally a complicated integral equation whose explicit form
depends on functions P(z, t) and p(z, t; 2o, t), i.e., on parameters of the Markovian
process.

In some specific cases, the situation is simplified. For example, for telegrapher’s
process, we have from Eq. (4.74)

(zOlz1, 1) = z1e” 2 (z2(0) = 0,

and we obtain Eq. (4.24), page 95.
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Problems

Problem 4.1

Derive expression for the characteristic functional of Poisson’s random process
(4.67).

Solution The characteristic functional of Poisson’s random process has the form

t

Ol v(r)] = <exp i/dt v(1)z(7) > (4.95)

0

We will average Eq. (4.95) in two stages. At first, we perform averaging over
random quantity & and positions of random points #:

! n
@[t;v(r>]=<<exp i / dvv(t) ) &g(t — 1) > >

0 k=1

Stk n
B T [ t "
= < %/dt/ / d& exp ié/dt v(t)g(t — 1) >
L 0 —00 0 n
— T t n
= < %/dt/ 1% /dr v(t)g(t — 1) > , (4.96)
L O t n

where W(v) = f fooo dé p(& )e'€” is the characteristic function of random quantity
&.Lett < T. Then Eq. (4.96) can be rewritten in the form

t t n
D[1; v(1)] :< %/dt/W /dr v(t)gt — 1) | + ? > 4.97)

0 4 n

—n
(m)" of random

Average now Eq. (4.97) over Poisson’s distribution p, = '
n!

t t n
|:;/dt’W (/dr v(t)g(t —t/)) + TT_[:| >

0 v

t t
|:/dt/W(/dtv(r)g(t—t/)) +T—t}].
0 t

quantity n:

(o)

olvol =Y S @

n!
0

—_—

]

:exp[—n—i—
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As a result, we obtain the expression (4.67) for the characteristic functional of
Poisson’s random process.

Problem 4.2
Show that random process

EN@) =z1() + -+ v (1),

where all zi(t) are statistically independent telegrapher’s processes with zero-
valued means and correlation functions

2zt + 1)) = o el
N
in the limit N — o0 is the Gaussian Markovian random process
£ = Jim &)
with the exponential correlation function

EDEEL+ 1)) = o2e I,

Remark Consider the differential equation for the characteristic functional of
random process En(t)

t

Oyt v(T)] = <exp i/drEN(r)v(r) >

0

Solution The characteristic functional of process zx(7) satisfies Eq. (4.79)
t
icb[r v(1)] = —U—zv(t) / dne My [t v(T)]
dt 9 N 9 9
0

from which follows that ®[#; v(r)] — 1 for N — oo.
For the characteristic functional of random process &y(f), we have the
expression

t

Ol v(z)] = <exp i / drén(T)v(r) > — (ol v,

0
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Consequently, it satisfies the equation
d 1
D1 v(T
d_tln Oyl v(T)] = —azv(t)/dtle_“(t_”)v(tl) LERIC)
0
In the limit N — oo, we obtain the equation

t
d
d—tln Dot v(T)] = —02v(2) / dne T Mmy(y),
0

which means that process & () is the Gaussian random process.

o[ v(1)]
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Lecture 5

Correlation Splitting

5.1 General Remarks

For simplicity, we content ourselves here with the one-dimensional random processes
(extensions to multidimensional cases are obvious). We need the ability of calculating
correlation (z(#)]R[z(7)]), where R[z(7)] is the functional that can depend on process
z(#) both explicitly and implicitly.

To calculate this average, we consider auxiliary functional R[z(t) + n(t)], where
n(¢) is arbitrary deterministic function, and calculate the correlation

(z®R[z(T) + n(D)]). (5.1

The correlation of interest will be obtained by setting 7(t) = 0 in the final result.
We can expand the above auxiliary functional R[z(7) + n(t)] in the functional
Taylor series with respect to z(t). The result can be represented in the form

e ¢]

R[z(7) + n(7)] = exp fde(f)

—0o0

5700 Rn(v)],

where we introduced the functional shift operator. With this representation, we can
obtain the following expression for correlation (5.1)

(Z(OR[z(t) + n(v)]) = @ [t; —} (Rlz(7) + n(D)]), (5.2)
ién ()
where functional
<z(t) exp i/drz(r)v(t) >
Qs v(r)] = = = i8v(t)®[v(f)]' (5.3)
<exp i[dtz(r)v(t) >

—00

Lectures on Dynamics of Stochastic Systems. DOI: 10.1016/B978-0-12-384966-3.00005-2
Copyright © 2011 Elsevier Inc. All rights reserved.
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Here ®[v(t)] = In®[v(r)] and ®[v(7)] is the characteristic functional of random
process z(?).

Replacing differentiation with respect to n(t) by differentiation with respect to z(t)
and setting n(t) = 0, we obtain the expression

)
<z(r>R[z<f)>=< [ — )}R[z(r)]> 5.4)

If we expand functional ®[v(t)] in the functional Taylor series (4.32), page 98,
and differentiate the result with respect to v(f), we obtain

00 ” 00 00
Qlt; v(r)]:Z—'/dtl... / dtnKps1 (1,11, .., V(1)) - .. V(tn)
n=0"" 00 —00

and expression (5.4) will assume the form

(z@)RIz(D)])

&L i , §"R[z(1)]
_Zn! /dtl.../dtnKn+1(t,t1,...,zn)<—8Z(tl)m8Z(tn)>. (5.5)

n=0

In physical problems satisfying the condition of dynamical causality in time, statis-
tical characteristics of the solution at instant ¢ depend on the statistical characteristics
of process z(t) for 0 < t < ¢, which are completely described by the characteristic
functional

t

D[1; v(7)] = exp{O[r; v(7)]} = <exp i/drz(r)v(t) >

0

In this case, the obtained formulas hold also for calculating statistical averages
(z(R[t; z2(v)]) for ¢ <1, T <t,i.e., we have the equality

(2RI 2(D)]) = <sz [/,t 58( )} R[t; z(r)]> 0<? <1, (5.6)
where

s
QI t;v(r)] = m@)[n v(7)]

X

1
= v/dtl fd,, Kot 1, o t)v(t) .. v(ty). 5.7
=" 0
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For ¢ =t — 0, formula (5.6) holds as before, i.e.,

(z(OR[t; z(v)]) = <Q [ ]R[t; z(r)]>. (5.8)

tt; ——
i6z(t)

However, expansion (5.7) not always gives the correct result in the limit £ — 7 — 0
(which means that the limiting process and the procedure of expansion in the func-
tional Taylor series can be non-commutable). In this case,

t

<Z(t) exp i/drz(r)v(r) >

d
Qt, 1; v(1)] = > = Ol Vol (5.9)

<exp i/dtz(r)v(t) >

0

and statistical averages in Egs. (5.6) and (5.8) can be discontinuous at ¥ = ¢ — 0.
Consider several examples of random processes.

5.2 Gaussian Process

In the case of the Gaussian random process z(¢), all formulas obtained in the previ-
ous section become significantly simpler. In this case, the logarithm of characteristic
functional ®[v(7)] is given by Eq. (4.41), page 103, (we assume that the mean value
of process z(t) is zero), and functional ®[¢, v(7)] assumes the form

1 o0 o0
ol V(o)) = 3 f / dridraB(r, Tv(Ev(T).

—00 =
As a consequence, functional [#; v(7)] (5.3) is the linear functional

oo

QLv(n)] =i / dnB(t, T1)v(t1), (5.10)

—00
and Eq. (5.2) assumes the form

oo

(zOR[z(r) + n(D)]) = / driB(t, T1)

—00

8
e (R[z(7) + n()]). (5.11)
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Replacing differentiation with respect to n(t) by differentiation with respect to z(t)
and setting n(t) = 0, we obtain the equality

(Z(R[z(D)]) = f du B, ”)<az(n)

—00

R[z(r)]> (5.12)

commonly known in physics as the Furutsu—Novikov formula [1, 46].
One can easily obtain the multi-dimensional extension of Eq. (5.12); it can be writ-
ten in the form

SR[z]
0 iR = | @z i Oz O —m—), 5.13
(zi.....0, (MRIZ]) / v (z... z,,(r)z“,.‘.,,,,(r>>< &jl’_._an(r,)> (5.13)
where r stands for all continuous arguments of random vector field z(r) and iy, ..., iy,

are the discrete (index) arguments. Repeated index arguments in the right-hand side
of Eq. (5.13) assume summation.

Formulas (5.12) and (5.13) extend formulas (4.17), (4.24) to the Gaussian random
processes.

If random process z(t) is defined only on time interval [0, 7], then functional
Olt, v(t)] assumes the form

r ot
1
O, v(r)] = _EffdndeB(rl’ )v(t)v(12), (5.14)
0 0

and functionals Q[7, #; v(t)] and Q[¢, #; v(t)] are the linear functionals

t

ot v(r)] = i/drB(z’, (1),

QY t;v(r)] =

isv(t)
0 (5.15)
Qt, tv(T)] = iv(f)dt(a[t’ v(t)] = i/dtB(t, )v(T).
0

As a consequence, Egs. (5.6), (5.8) assume the form

t
SR
(eRlt 2] = [ desit, r>< [Z(t)]> < (5.16)
52(7)
0
that coincides with Eq. (5.12) if the condition
RIEZOT _ o por v 20, 151 (5.17)
8z(t)

holds.
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5.3 Poisson’s Process

The Poisson process is defined by Eq. (4.66), page 111, and its characteristic functional
is given by Eq. (4.67), page 111. In this case, formulas (5.7) and (5.9) for functionals
Q[7, t; v(r)] and Q[t, £; v(t)] assume the forms

QI t;v(r)] = B[z, v()]

isv(t')

4 t

= —i/drg(ﬂ —)W /drlv(rl)g(tl -0,

0 T
Qlt, 1;v(7)] = iv(f)éﬁ@[t, v(7)]
t t
= —i/dtg(t— W /dm(n)g(n -0, (5.18)
0 T
where W(v) = dVZ(V) =i / dEEP(E)e®”.

Changing the integration order, we can rewrite equalities (5.18) in the form

Q[ 1; v(0)]

00 4 t
= f dEEP(E) f drg(t — 1)exp] i f duv(rgn — o)t (¢ <. (5.19)
—00 0 T

As a result, we obtain that correlations of Poisson’s random process z(#) with func-
tionals of this process are described by the expression

(2RIt 2(D))
00 4
=v / d&gp(§) / dt'g(t — ) (Rt 2(v) + Eg(r — T)]) (7 <. (5.20)
—00 0
As we mentioned earlier, random process n(0, f) describing the number of jumps

during temporal interval (0, 7) is the special case of Poisson’s process. In this case,
p€) =658 — 1) and g(r) = 0(1), so that Eq. (5.20) assumes the extra-simple form

¢

(n(0, HRI; n(0, 7)]) = v/dr (Rt n(0, 1) + 6 — D)) (¢ <. (521
0

Equality (5.21) extends formula (4.25) for Poisson’s random quantities to Poisson’s
random processes.
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5.4 Telegrapher's Random Process

Now, we dwell on telegrapher’s random process defined by formula (4.73), page 112,
—z(H) = a(—=1)™OD where a is the deterministic quantity.

As we mentioned earlier, calculation of correlator (z(f)R[t; z(t)]) for T < t assumes
the knowledge of the characteristic functional of process z(¢); unfortunately, the cha-
racteristic functional is unavailable in this case. We know only Eqs. (4.77) and (4.79),
page 114, that describe the relationship between the functional

t

1 d
Uit v(t)] = md_tq)[t; v(t)] = <z(t) exp i/drz(r)v(r) >
0

and the characteristic functional ®[#; v(t)] in the form

t

<Z(t)exp ifdrz(t)v(r) >

0

t n
:ae2”’+ia2/dt1ezv(tt‘)v(t1)<exp i/dtz(r)v(t) >

0 0

This relationship is sufficient to split correlator (z(1)R[t; z(T)]), i.e., to express it
immediately in terms of the average functional (R[f; z(7)]).
Indeed, the equality

t
(zORI[t; z(v) + n(D)]) = <z(t) exp /dtz(f)
0
= aR[t; n(v)]e” >

)
on(t)

>R[t; n(7)]

t

+d* / dtle‘z”(f‘“)L (Rlt; 2(1)0(t1 — ©) + n(D)]),
/ an(ty)
(5.22)

where 7n(f) is arbitrary deterministic function, holds for any functional R[#; z(t)] for
T < t. The final result is obtained by the limit process n — 0:

(z(OR[1; (1)) = aR[t; 0]e~2""
t
+d? / dzle—2“<’—“><L1?[t, tl;z(t)]>, (5.23)

8z(11)
0
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where functional I~€[t, t1; z(t)] is defined by the formula
Rlt, 11; 2(v)] = RI[t; 2()0(11 — T + 0)]. (5.24)

In the case of random quantity a distributed according to probability density distri-
bution (4.78), page 114, additional averaging (5.23) over a results in the equality

t
(ORIt 2(0)]) = 0/ i) <8Zf—mfe[u " z(t)]>- (5.25)

Formula (5.25) is very similar to the formula for splitting the correlator of the
Gaussian process z(#) characterized by the exponential correlation function (i.e., the
Gaussian Markovian process) with functional R[t; z(t)]. The difference consists in
the fact that the right-hand side of Eq. (5.25) depends on the functional that is cut by
the process z(7) rather than on functional R[¢; z(t)] itself.

Let us differentiate Eq. (5.23) with respect to time ¢. Taking into account the fact
that there is no need in differentiating with respect to the upper limit of the integral in
the right-hand side of Eq. (5.23), we obtain the expression [47]

(% + 2v> (ORIt 2(D)]) = <z(t)%R[t; z(f)]> (5.26)

usually called the differentiation formula.

One essential point should be noticed. Functional R[#; z(7)] in differentiation for-
mula (5.26) is an arbitrary functional and can simply coincide with process z(t — 0).
In the general case, the realization of telegrapher’s process is the generalized func-
tion. The derivative of this process is also the generalized function (the sequence of
delta-functions), so that

d 1d
20 22(0) # EEZZ(I) =0

in the general case. These generalized functions, as any generalized functions, are
defined only in terms of functionals constructed on them. In the case of our inter-
est, such functionals are the average quantities denoted by angle brackets (- - - ), and
the above differentiation formula describes the differential constraint between dif-
ferent functionals related to random process z(f) and its one-sided derivatives for
t — t —0,suchas dz/dt, d*z/dt*. For example, formula (5.26) allows derivation of
equalities, such as

2
<z(t)%z(r)> =2v <z2>, <z(t)dd?z(r)>

It is clear that these formulas can be obtained immediately by differentiating the corre-
lation function (z(1)z(7")) with respect to ' (' < 1) followed by limit process /' — 1—0.

= 42 <z2>.

=t—0 t=t—0
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Now, we dwell on some extensions of the above formulas for the vector Markovian
process z(t) = {z1(?), ..., zy(¢)}. For example, all above Markovian processes having
the exponential correlation function

(zOz(t + 1)) = <22> eIl (5.27)

satisfy the equality

9 9
(8_t + ak) (z1(®) ... zk(OR[t; z(D)]) = <Z1 @... Zk(t)a_tR[t§ z(r)]>. (5.28)

Formula (5.28) defines the rule of factoring the operation of differentiating with res-
pect to time out of angle brackets of averaging; in particular, we have

a" 0 "
<z1 .. .zk(t)ﬁR[t; z(r)]> = (8_t + cxk) (z1(®) ...z (OR[L; z(D)]), (5.29)

wherek=1,..., N.

5.5 Delta-Correlated Random Processes

Random processes z(#) that can be treated as delta-correlated processes are of special
interest in physics. The importance of this approximation follows first of all from
the fact that it is physically obvious in the context of many physical problems and
the corresponding dynamic systems allow obtaining closed equations for probability
densities of the solutions to these systems.

For the Gaussian delta-correlated (in time) process, correlation function has the
form

B(t1, 1) = (z(t)z(r2)) = B(1)d (1 — 12),  ({z(0) = 0).

In this case, functionals O[z; v(t)], Q[7, £; v(r)] and Qz, 1; v(t)] introduced by
Egs. (5.14), (5.15) are

t

Olt: v(v)] = —% / drBV (0),
0

QI v(t)] =B )W), QI v(r)] = éB(t)v(t),

and Egs. (5.16) assume significantly simpler forms

(z@)RIE v(D)]) = B(r)< 520 NI v(r)]> O<7 <,

(5.30)

1 8
z(OR[z; v(D)]) = EB(I) <F(I)R[t; V(f)]>~
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Formulas (5.30) show that statistical averages of the Gaussian delta-correlated pro-
cess considered here are discontinuous at # = ¢. This discontinuity is dictated entirely
by the fact that this process is delta-correlated; if the process at hand is not delta-
correlated, no discontinuity occurs (see Eq. (5.16)).

Poisson’s delta-correlated random process corresponds to the limit process

g() = 8(n).

In this case, the logarithm of the characteristic functional has the simple form (see
Eq. (4.71)); as a consequence, Egs. (5.19) for functionals Q[7, t; v(t)] and Q[z, ; v(T)]
assume the forms

QY tv(v)] = fdggp(g)el&(l) t <1,
Qt, nv(D)] = / dEEP(E) |e ’E”(’)—l] =v / dgp(&) / dne ™™,

and we obtain the following expression for the correlation of Poisson random process
z(t) with a functional of this process

o0

(z@RIE z(D)]) = v / dégp€) (Rl 2(v) + E8(r — T)]) (' <),
_f; (5.31)
(Z(OR[E; 2(D)]) = v / dép(&) / dn (RIt; z(v) + nd(t — )1).

These expressions also show that statistical averages are discontinuous at ¢ = t. As in
the case of the Gaussian process, this discontinuity is dictated entirely by the fact that
this process is delta-correlated.

In the general case of delta-correlated process z(f), we can expand the logarithm of
characteristic functional in the functional Taylor series

00 g L
elvnl =Y %/drKn(r)v”(t), (5.32)
n=1""

where cumulant functions assume the form

Ky, ..., tn) = Ky(t1)8(t) — 12) ... 8(ty—1 — ).
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As can be seen from Eq. (5.32), a characteristic feature of these processes consists in
the validity of the equality

. ) . d
Ol v(1)] = O v(n)] (®[t; v(1)] :EG)[t; V(f)]), (5.33)

which is of fundamental significance. This equality shows that, in the case of arbitrary
delta-correlated process, quantity ®[t; v(t)] appears not a functional, but simply a
function of time ¢. In this case, functionals Q[¢’, t; v(t)] and [z, t; v(t)] are

0 4

Qv = Y =K () (1 <),
n=0 "

00 7

l n
Qt, 1 v(1)] = Z;) mKnH(t)v o,

and formulas for correlation splitting assume the forms

. w " o [8"RIE: z2(7)] /
(z(RIE; 2(0)]) = Z:O n!Km(r ) <—3Zn 7 > (" <1),
= (5.34)
_ B i" 8"RI[t; 2(7)]
(z(OR[t; z(D)]) = go CES 1)!Kn+l(t) <—5Zn(t) >

These formulas describe the discontinuity of statistical averages at ¢’ = ¢ in the general
case of delta-correlated processes.
Note that, for ' > ¢, delta-correlated processes satisfy the obvious equality

(2RIt 2(D)]) = (2() (RIE; 2(0)]). (5.35)

Now, we dwell on the concept of random fields delta-correlated in time.

We will deal with vector field f(x, t), where x describes the spatial coordinates and
t is the temporal coordinate. In this case, the logarithm of characteristic functional
can be expanded in the Taylor series with coefficients expressed in terms of cumulant
functions of random field f(x, 7) (see Secttion 4.2). In the special case of cumulant
functions

=Ko, X 1)8( — 1) 81 — 1), (5.36)
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we will call field f(x, ) the random field delta-correlated in time ¢. In this case,
functional O[r; ¥ (x’, T)] assumes the form

X Yy X1, T) - i (X, T, (5.37)

An important feature of this functional is the fact that it satisfies the equality similar
to Eq. (5.33):

Ol ¥ (', 1)l = Bl Yy (&', D). (5.38)

5.5.1 Asymptotic Meaning of Delta-Correlated Processes and Fields

The nature knows no delta-correlated processes. All actual processes and fields are
characterized by a finite temporal correlation radius, and delta-correlated processes
and fields result from asymptotic expansions in terms of their temporal correlation
radii.

We illustrate the appearance of delta-correlated processes using the stationary
Gaussian process with correlation radius tp as an example. In this case, the logarithm
of the characteristic functional is described by the expression

\ h 1 — 12
Ol v(t)] = —/drlv(rl)/drzB< - >V(‘L’2). (5.39)
0
0 0

Setting 71 — 12 = £ 19, we transform Eq. (5.39) to the form

t 71/70
Olt: v(v)] = —10 f driv(e) / dEB (€) v(r1 — ET0).
0 0

Assume now that tp — 0. In this case, the leading term of the asymptotic expansion
in parameter 1o is given by the formula

o t
Ol v(r)] = —10 f diB (£) / duivi (1))
0 0

that can be represented in the form

t
o[ v(r)] = —B°'" / drivi (1)), (5.40)
0
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where

Beff = ]OdrB< ) I]Odr3<l) (5.41)
: =) .
0

—00

Certainly, asymptotic expression (5.40) holds only for the functions v(¢) that vary
during times about 7o only slightly, rather than for arbitrary functions v(¢). Indeed, if
we specify this function as v(f) = vé(t — fg), asymptotic expression (5.40) appears
invalid; in this case, we must replace Eq. (5.39) with the expression

Ol v(r)] = —%B(owz (t > o)

corresponding to the characteristic function of process z(¢) at a fixed time ¢ = .
Consider now correlation (z(#)R[t; z(t)]) given, according to the Furutsu—Novikov
formula (5.16), page 126, by the expression

t
) . r—h ) .
(z(OR[t; z(D)]) = /dtlB< - ><5Z(I1)R[t’ Z('C)]>.
0

The change of integration variable t —f; — &t transforms this expression to the form

t/to

(zOR[t; 2(D)]) = 70 / déB(§)< R[t; z(r)]>, (5.42)
0

_
82(t — €0)

which grades for 79 — 0 into the equality obtained earlier for the Gaussian delta-
correlated process

@(ORI[E; 2(D)]) = Beff< 520 Rl z(r)]>

provided that the variational derivative in Eq. (5.42) varies only slightly during times
of about 1.

Thus, the approximation of process z(f) by the delta-correlated one is conditioned
by small variations of functionals of this process during times approximating the pro-
cess temporal correlation radius.

Consider now telegrapher’s and generalized telegrapher’s processes. In the case of
telegrapher’s process, the characteristic functional satisfies Eq. (4.79), page 114. The
correlation radius of this process is tgp = 1/2v, and, for v — oo (19 — 0), this
equation grades for sufficiently smooth functions v() into the equation

L ot v ]——a(z’ 20Dt v(1)] 5.43)
E v(T)] = EV() ;v(T)], (5.
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which corresponds to the Gaussian delta-correlated process. If we additionally assume
that a(z) — oo and

vll>n<}o a(z)/zv = 02’

then Eq. (5.43) appears independent of parameter v. Of course, this fact does not mean
that telegrapher’s process loses its telegrapher’s properties for v — oo. Indeed, for
v — 00, the one-time probability distribution of process z(f) will as before correspond
to telegrapher’s process, i.e., to the process with two possible states. As regards the
correlation function and higher-order moment functions, they will possess for v — 0o
all properties of delta-functions in view of the fact that

lim {2ue—2“|fl}— 0, if 7#£0,
vV—00 - oo, if 7=0.

Such functions should be considered the generalized functions; their delta-functional
behavior will manifest itself in the integrals of them. As Eq. (5.43) shows, limit pro-
cess v — oo is equivalent for these quantities to the replacement of process z(f)
by the Gaussian delta-correlated process. This situation is completely similar to the
approximation of the Gaussian random process with a finite correlation radius 7y by
the delta-correlated process for 7p — 0.

Problems

Problem 5.1
Split the correlator (g(§)f (§))g, where & is the random quantiry.

Solution

(8§ +m)f (6§ +m2))e

N N R A N AN
—CXP{ (%-’_%)_ <ﬂ>_ (@)}(g($+m))(f($+nz)>-

Problem 5.2
Split the correlator (e“’g f(& )) & where parameter w can assume complex values.

Solution

1 d d
(ewff(é + n))S = exp{@ <7 (a)—l— d_n)) -0 <E)} (FE+me.
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Problem 5.3
Split the correlator <e“’g )5 and (E et )S assuming that & is the Gaussian random
quantity with zero-valued mean.

Solution

w?o?

2 2
(e“’g)g:exp{ 5 }, (Ee’”s)§=wozexp{w20 }

Problem 5.4
Split the correlator <e“"§ f(& )>S assuming that & is the Gaussian random quantity
with zero-valued mean.

Solution

20,2

(e &), = exp{ “’2 } (f(z + woz)).

Problem 5.5
Split the correlator (F[z(t)]R[z(T)]).

Solution

(Flz(t) + m(D)IR[z(7) + n2(7)])

1/ 6 5 1 38 L9
B <exp{® [7 (m(r) ! 5772(T)>} ~° [7 3n1(t)] -° [7 5nz<f>“>

x (Flz(t) + n1(0)]) (R[z(T) + n2(D)]),

where 11 (7) and () are arbitrary deterministic functions.

Problem 5.6

Split the correlator (F[z(t)]R[z(t)]) assuming that z(t) is the Gaussian
random process.

Solution

(Flz(m) + m(@®IR[z(r) + n2(D)])

= exp / /dndrzB(n,tz)ii (Flz(t) + nm(0)]) (Rlz(t) + n2()]),
dn1(t1) dm2(r2)

—00 —00
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or
T 8
(Flz(DIR[z(7) + n(0)]) = F | () + fdle(T, fl)an(—T) (Rlz(7) + n(7)]).
1

Problem 5.7
Split the correlator <eiff°<> drm)v(r)R[z(t)]) assuming that z(t) is the Gaussian
random process.

Solution
(affied”(f)v(”ie[z(r)])=d>[v(r>] <R () +i / dtB(z, 11)v(t1) >

Problem 5.8
Split the correlator <ei Jodrz@v) R[z; z(r)]) assuming that z(t) is the Gaussian
random process.
Solution
!
<ei Jodzz@v@) gig, z(t)]> = ®[1; v(v)] <R t2(t) +i / dt1B(t, 1)v(t1) >

0

where @[f; v(t)] is the characteristic functional of the Gaussian random
process z(1).

Problem 5.9

Calculate the characteristic functional of process z(t) = £2(t), where £ (1) is the
Gaussian random process with the parameters

(M) =0, (511)é2)) =B(t1 —1).

Instruction The characteristic functional

t
Ol v(r)] = (¢lr; §(v)]),  where o[t; §(T)] = exp i/dfv(f)éz(f)
0
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satisfies the stochastic equation

9 ot v(0) = i) (2001 £01)
dr ’ '
One needs to obtain the integral equation for quantity

(11, 1) = (sl E(T)]),

t
W (t,t) = B(t; — ) @[t; v(7)] ~|—2i/drB(t1 —Tv()¥(T, 1),
0

and represent function V(t1, t) in the form

Wt 1) =S, D[ v(r)].

Solution The characteristic functional ®[¢; v(t)] has the form
t
O[1; v(t)] = exp i/drv(r)S(r, )¢,
0

where

St 1) = Z St 1),

n=0
t 1

SO, 1 = 2i)" / dr ... / dt, v(z1) .. . v(t)B(t — 11)B(t1 — 1) ... B(t, — 1).
0 0

Consequently, the n-th cumulant of process z(f) = Ez(t) is expressed in terms of
quantity S®~D(z, 1).

Problem 5.10

Calculate the characteristic functional of process z(t) = £2(t), where £(t) is the
Gaussian Markovian process with the parameters

(EM) =0, (E(EM)) =B — ) = o’ exp{—al — nl}.

Solution The characteristic functional ®[¢; v(t)] has the form

t

D[1; v(t)] = exp i/drv(t)S(t, )¢,
0
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where function S(¢, f) can be described in terms of the initial-value problem

%S(z, N =—2a [S(t, ) — 02] +2iv()S%(t, 1), St D)]eg = 0.

Problem 5.11
Show that the expression

(z(t)z(2)R[z(D)]) = (z(t1)z(12)) (R[z(D)]),

holds for arbitrary functional R[z(t)] and T < t» < t| under the condition that
z(¢) is telegrapher’s process [48].

Instruction Expand functional R[z(t)] in the Taylor series in z(t) and use
formulas Eq. (4.75).

Problem 5.12
Show that the expression [48]

(Flz(zD)]z(t1)z(12)R[z(m2)])
= (Flz(r)]) (z(t1)z2(12)) (Rz(m2)]) + (Flz(t1)]2(11)) (2(22)R[z(T2)]),

holds for any 11 < t1 < tp < 12 and arbitrary functionals F[z(t1)] and R[z(12)]
under the condition that z(t) is telegrapher’s process with random parameter a
distributed according to the probability density

1
pla) = > [8(a —ap) + 8(a + ao)].

Instruction In terms of the Taylor expansion in z(t), functional R[z(12)] can be
represented in the form

Riz(m)l=)_+)_,

2k 2k+1

where the first sum consists of terms with the even number of co-factors z(t) and
the second sum consists of terms with the odd number of such co-factors. The
desired result immediately follows from the fact that

(Rlz(12)]) = <Z> (2(t2)Rlz(r)]) = <Z(lz) Z>.

2k 2k+1
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Problem 5.13
Show that the equality

(e IRIr: 2(D)]) = e (ORI 2(D)]) (¢ > 1)
holds for telegrapher’s process z(t).

Instruction Rewrite the correlator (z(t’ )R[t; z(r)]) (f > t,t <t)in the form

1
(z(RIE 2(0)]) = - (z)z(Dz(ORIE; 2(D)]).
0




Lecture 6

General Approaches to Analyzing
Stochastic Systems

In this Lecture, we will consider basic methods of determining statistical characteris-
tics of solutions to the stochastic equations.

Consider a linear (differential, integro-differential, or integral) stochastic equation.
Averaging of such an equation over an ensemble of realizations of fluctuating para-
meters will not result generally in a closed equation for the corresponding average
value. To obtain a closed equation, we must deal with an additional extended space
whose dimension appears to be infinite in most cases. This approach makes it possible
to derive the linear equation for average quantity of interest, but this equation will
contain variational derivatives.

Consider some special types of dynamic systems.

6.1 Ordinary Differential Equations

Assume dynamics of vector function x(¢) is described by the ordinary differential
equation

%x(t) =v(x,t)+f(x, 1), x(tn) = x0. (6.1)

Here, function v(x, ¢) is the deterministic function and f(x, ¢) is the random function.
The solution to Eq. (6.1) is a functional of f(y, ) 4+ v(y, t) with t € (f, 1), i.e.,

x(t) =x[t; f(y, ©) +v(y, )]

From this fact follows the equality

8 . 8 _OF (1) 8xi(r)
g V500 YT T oo
valid for arbitrary function F(x). In addition, we have
1) 8
mxi@) = mxi(ﬂ = §;j6 (x(1)—y).

Lectures on Dynamics of Stochastic Systems. DOI: 10.1016/B978-0-12-384966-3.00006-1
Copyright © 2011 Elsevier Inc. All rights reserved.
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The corresponding Liouville equation for the indicator function

ex, 1) =8x(@) —x)

follows from Eq. (6.1) and has the form

0 bl
5, P00 =—= {v(x, 0 +f(x, D]ex, D}, ¢x, 10) = 8(x — xo), (6.2)

from which follows the equality

0
p(x, 1) 0 =—- {8(x —y)p@x,n}. (6.3)

5
(3. 1—0) (-0

Using this equality, we can rewrite Eq. (6.2) in the form, which may look at first sight
more complicated

ad ad
<_ + —V(x, t)) (p(xv t) = /d)’f(y, t) Qﬂ(x, t)' (64)

8
Jar  ox Sv(y, 1)

Consider now the one-time probability density for solution x(f) of Eq. (6.1)
P(x, 1) = (px, ) = (§(x () —x)).

Here, x(#) is the solution of Eq. (6.1) corresponding to a particular realization of ran-
dom field f(x, t), and angle brackets (- - - ) denote averaging over an ensemble of reali-
zations of field f(x, 7).

Averaging Eq. (6.4) over an ensemble of realizations of field f(x, ), we obtain the
expression

d 0 8
(a‘; v, t)) P(x, 1) = / W5,y L0 09 0). 6.5)

Quantity (f(y, H)¢(x, 1)) in the right-hand side of Eq. (6.5) is the correlator of random
field f(y, t) with function ¢(x, ¢), which is a functional of random field f(y, t) and is
given either by Eq. (6.2), or by Eq. (6.4).

The characteristic functional

t
D1, to; u(y, v)] = <eXp i/df/dyf(y, Du(y, ) >
0]

= exp {O[t, to; u(y, 7)1}

exhaustively describes all statistical characteristics of random field f(y, ) for t €
(t0, ).
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We split correlator (f(y, H)@(x, t)) using the technique of functionals. Introduc-
ing functional shift operator with respect to field v(y, ), we represent functional
olx, t; f(y, ) + v(y, t)] in the operator form

olx, t; f(y, 7)) +v(y, 1)l

t
F)
= exp /df/dyf(y,t)(S plx, t;v(y, D1
v(y, 1)
10

With this representation, the term in the right-hand side of Eq. (6.5) assumes the form

t

8
<J§-(y,t)eXp /df fay'f(y', T)Sv(y—’r) >

/ dy—2 o P(x, 1)
y5Vj(y,t) ! ©
<eXp /df Jdyfy, o5

8
v(y', 1)

fo

. )
=0 |t,tg; ——— | P(x, 1),
l|: 0 i8v(y,t):| o, )

where we introduced the functional
) d
Oyl1, to; u(y, 7)1 = 7 In ®[1, t0; u(y, 7).

Consequently, we can rewrite Eq. (6.5) in the form

P(x, 1). (6.6)

a d .
— 4 P — .
(8[ + 8xv(x9 t)) (x9 t) ®f [t’ fo;

)
iév(y, r):|

Equation (6.6) is the closed equation with variational derivatives in the functional
space of all possible functions {v(y, 7)}. However, for a fixed function v(x, t), we
arrive at the unclosed equation

ad a . 1)
(5 + al’(x, t)) P(x, t) = <®[ |:t, lo, W} (p[x, t,f(y, T)]> , (67)

P(x, t9) = §(x — xo).

Equation (6.7) is the exact consequence of the initial dynamic equation (6.1).
Statistical characteristics of random field f(x, ) appear in this equation only through
functional ©,[z, fo: u(y, )] whose expansion in the functional Taylor series in powers
of u(x, ) depends on all space-time cumulant functions of random field f(x, 7).
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As we mentioned earlier, Eq. (6.7) is unclosed in the general case with respect to
function P(x, f), because quantity

. 1)
o [t’ " sy, o)
appeared in averaging brackets depends on the solution x(#) (which is a functional of
random field f(y, 7)) for all times #y) < T < t. However, in some cases, the variational
derivative in Eq. (6.7) can be expressed in terms of ordinary differential operators. In
such conditions, equations like Eq. (6.7) will be the closed equations in the correspon-
ding probability densities. The corresponding examples will be given below.
Proceeding in a similar way, one can obtain the equation similar to Eq. (6.7) for the
m-time probability density that refers to m different instants ] <, < --- < f,

} 8(x(r) —x)

Pt 115 oo Xms tm) = {@m(X1, 215 -5 X, t)) (6.8)
where the indicator function is defined by the equality
OmX1, 115 e Xy ) = S(x(F1) — x1) ... S () — Xin)-

Differentiating Eq. (6.8) with respect to time ¢, and using then dynamic equa-
tion (6.1), one can obtain the equation

d d
a. + _v(mem) Pm(xlstl; "';xm3 tm)
oty,  0xpy

. 1)
={(O; |ty tg; ————— N S P .
< tm [m 0 le(y, 7:)jl(;om(xl 1 Xm m)>

No summation over index m is performed here. The initial value to Eq. (6.9) can be
derived from Eq. (6.8). Setting t,, = t,,—1 in Eq. (6.8), we obtain the equality

(6.9)

Prp(xr, 015 o5 Xm, tn—1) = 8m — Xm—1)Pr—1 (X1, 115 .. 5 X1, Im—1),
which just determines the initial value for Eq. (6.9).

6.2 Completely Solvable Stochastic Dynamic Systems

Consider now several dynamic systems that allow sufficiently adequate statistical ana-
lysis for arbitrary random parameters.

6.2.1 Ordinary Differential Equations
Multiplicative Action

As the first example, we consider the vector stochastic equation with initial value

d
770 =20gWF ), x(0) =xo, (6.10)
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where g(¢) and Fj(x), i = 1,..., N, are the deterministic functions and z(¢) is the
random process whose statistical characteristics are described by the characteristic
functional

t

D[, v(r)] = <exp i/d‘L’Z(T)V(‘L’) > = OOl

0

Equation (6.10) has a feature that offers a possibility of determining statistical cha-
racteristics of its solutions in the general case of arbitrarily distributed process z(f).
The point is that introduction of new ‘random’ time

t

T = fdrz(t)g(r)

0

reduces Eq. (6.10) to the equation looking formally deterministic
d (I)=Fx), x(0) =
75 =F&), x(©0)=xo,

so that the solution to Eq. (6.10) has the following structure

t

x(t) =x(T) =x /drz(t)g(r) . (6.11)

0

Varying Eq. (6.11) with respect to z(t) and using Eq. (6.10), we obtain the equality

d
(Sz(r)x(t) = 8(r) (1) = g(F(x(1)). (6.12)

Thus, the variational derivative of solution x(¢) is expressed in terms of the same
solution at the same time. This fact makes it possible to immediately write the closed
equations for statistical characteristics of problem (6.10).

Let us derive the equation for the one-time probability density

P(x, 1) = (§(x(r) —x)) .

It has the form

3 . P
5P 0 = <®, [r; iSZ(r)] 8 (x(t)—x)>. (6.13)

Consider now the result of operator §/8z(t) applied to the indicator function
ox, ) = 6(x(t) — x). Using formula (6.12), we obtain the expression

8 0
mf? x(D)—x) = —g(1) — {Fx)px. )}
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Consequently, we can rewrite Eq. (6.13) in the form of the closed operator equation
d . . ad
5,0 =0 | 6ig(r) - F(x) | P(x, 1),  Plx, 0) = 8(x —xo), (6.14)
x

whose particular form depends on the behavior of process z(#).
For the two-time probability density

P, t;x1, 1) = (8(x(1) —x)8(x(11) — x1))
we obtain similarly the equation (for ¢ > #1)

0 P(x,t )

X, 15Xy,

o1 b

a

) 0
= 0O |:t; ig(t) { 8xF(x) + G(tl—r)a—xlF(xl)H Px,t;x1, 1) (6.15)

with the initial value
P(x, t1;x1, 1) = 8(x —x1)P(x1, 1),

where function P(x1, t1) satisfies Eq. (6.14).

One can see from Eq. (6.15) that multidimensional probability density cannot be
factorized in terms of the transition probability (see Sect. 4.3), so that process x(¢) is
not the Markovian process. The particular forms of Egs. (6.14) and (6.15) are governed
by the statistics of process z(7).

If z(¢) is the Gaussian process whose mean value and correlation function are

(z() =0, B, 1) =(zn)z(t)),

then functional ®[¢; v(t)] has the form
1 t t
ol V(0] = —3 / dn f diB(n, )v(E)v(D)
0 0
and Eq. (6.14) assumes the following form
t
0 0 0
=P, 1) =g | dtB(t, 7)g(v) ——Fj(x) — Fr(x)P(x, 1) (6.16)
at 0x; Xy
0

and can be considered as the extended Fokker—Planck equation.
The class of problems formulated in terms of the system of equations

d
Ex(t) =z(OFx) —  x(), x(0) =xo, (6.17)
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where F(x) are the homogeneous polynomials of power k, can be reduced to problem
(6.10). Indeed, introducing new functions

x(H) =X()e ™,

we arrive at problem (6.10) with function g(7) = e k=D Tn the important special

case with k =2 and functions F(x) such that xF'(x) = 0, the system of equations (6.10)
describes hydrodynamic systems with linear friction (see, e.g., [24]). In this case, the
interaction between the components appears to be random.

If » = 0, energy conservation holds in hydrodynamic systems for any realization
of process z(¢). For t — o0, there is the steady-state probability distribution P(x),
which is, under the assumption that no additional integrals of motion exist, the uniform
distribution over the sphere xl.2 = Ey. If additional integrals of motion exist (as it is the
case for finite-dimensional approximation of the two-dimensional motion of liquid),
the domain of the steady-state probability distribution will coincide with the phase
space region allowed by the integrals of motion.

Note that, in the special case of the Gaussian process z(f) appeared in the one-
dimensional linear equation of type Eq. (6.17)

%x(t) = —ax(t) + z(Hx(®), x0) =1,

which determines the simplest logarithmic-normal random process, we obtain, instead
of Eq. (6.16), the extended Fokker—Planck equation

t

3 .2 9 3
(E)t + axx> (x, 1) /dr (@, t)axxaxx (x, 1),

o (6.18)
P(x,0) =6(x—1).
Additive Action
Consider now the class of linear equations
d
Ex(t) =AMx() +f(®), x(0)=xp, (6.19)

where A(¢) is the deterministic matrix and f () is the random vector function whose
characteristic functional ®[¢; v(t)] is known.
For the probability density of the solution to Eq. (6.19), we have

0 0 . 8
8_tP(x’ 1) = _8_xi Aix(O)xP(x, 1) + <®t |:t, %] 8 (x(t)—x)>. (6.20)
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In the problem under consideration, the variational derivative also satisfies

(for T < t) the linear equation with the initial value

d
dtch( ) xi(1) = lk(t)sf( )xk() e )xz(t) = di. (6.21)

Equation (6.21) has no randomness and governs Green’s function Gj (¢, t) of homo-
geneous system (6.19), which means that

e )xl(t) Gi(t, 7).

As a consequence, we have

d a
6fl(‘[)8(x(t) —Xx) = —B—Xkal(t, )8(x(t) — x),

and Eq. (6.20) appears to be converted into the closed equation

E%P(x, 1) = _T (A (OxKP(x,1)) + O, [t iG(t, r) ]P(x 7). (6.22)

From Eq. (6.22) follows that any moment of quantity x () will satisfy a closed linear
equation that will include only a finite number of cumulant functions whose order will
not exceed the order of the moment of interest.

For the two-time probability density

P(x, 1;x1, 1) = (8(x(1) —x)8(x(11) — x1)),

we quite similarly obtain the equation

0 d
—Px, t;x1,11) = —— (A @OxrP(x,t; x1,11))
at ox;
3 (6.23)
+ O, [t; i{Gu(t, t) + Gu(tr, 1)} §i| Px,t;x1,t1) (t>1)
I

with the initial value
P, t1;x1, 1) =68(x —x)P(xy, 17),

where P(xi,t;) is the one-time probability density satisfying Eq. (6.22). From
Eq. (6.23) follows that x(f) is not the Markovian process. The particular form of
Egs. (6.22) and (6.23) depends on the structure of functional ®[#; v(7)], i.e., on the
behavior of random function f ().
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For the Gaussian vector process f(f) whose mean value and correlation function are
(f0) =0, Byt 1) =fifi)),
Eq. (6.22) assumes the form of the extended Fokker—Planck equation
a a
— P, 1) = —— (Ax(OxiP(x,1))
ot ax;

t

+ /drBﬂ(t, )Gy (t, G2, T)
0

2

P(x, 1). 6.24
T (x,0) (6.24)

Consider the dynamics of a particle under random forces in the presence of friction
[49] as an example of such a problem.

Inertial Particle Under Random Forces The simplest example of particle diffusion
under the action of random external force f(r) and linear friction is described by the
linear system of equations (1.75), page 36

d 1) =v(t d 1 =—-r[v@ D]
Er()—V(), d_tv()__ v(t) —f(1)],

(6.25)
r(0) =0, v() =0.
The stochastic solution to Egs. (6.25) has the form
13 t
v (1) = A f dre Of(), 1) = / dt [1 - e—“’—”] f(o). (6.26)

0 0

In the case of stationary random process f(¢) with the correlation tensor

(FOf() = Byt — 1)
and temporal correlation radius 7y determined from the relationship
00
/dTBii(T) = 10Bii(0),
0

Eq. (6.25) allows obtaining analytical expressions for correlators between particle
velocity components and coordinates

t
(vityvi(0)) = A / deBy(o) [ — D]
0 6.27)

t

d
= (o) = (o) = / deBy(1) [1 — 7] [1 — e—“’—”] .

0

1
2
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In the steady-state regime, when A > 1 and #/t9 >> 1, but parameter Aty can be
arbitrary, particle velocity is the stationary process with the correlation tensor

oo

(vitv;(0) = & f drBjj(t)e ", (6.28)
0
and correlations (r;(1)v;(1)) and (r;(1)rj(1)) are as follows

o0 o0

(riyv; (D) = / dtBy(v), (rit)ri(0) = 2 / dTB;j(7). (6.29)

0 0
If we additionally assume that Atg >> 1, the correlation tensor grades into
(vi(vj () = B;j(0), (6.30)
which is consistent with (6.25), because v(¢) =f(¢) in this limit.
If the opposite condition A7 < 1 holds, then
(0.¢]

(vivj() = A / dtBj(7).

0

This result corresponds to the delta-correlated approximation of random process f(t).
Introduce now the indicator function of the solution to Eq. (6.25)

pr,v,0) =8 —r)d (@) —v),
which satisfies the Liouville equation

0

0 | ]
(— +v— — A—v) o(r,v,t) = —)»f(t)5<p(r, v, 1),

ot or av (6.31)

@r,v;0)=38(@r) s ().
The mean value of the indicator function ¢(r, v, ) over an ensemble of realizations

of random process f (¢) is the joint one-time probability density of particle position and
velocity

P(r,v, 1) = (@, v;) = (8 (r() —r) s (v(1) —v))s.

Averaging Eq. (6.31) over an ensemble of realizations of random process f(7), we
obtain the unclosed equation

0,250 P( t)——ka(f(t)( n)
Py vﬁ Ev r,v,t) = 3 o, v, 1),

Pr,v;0)=6@r)s (v).

(6.32)
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This equation contains correlation (f(#)¢(r, v, t)) and is equivalent to the equality
d 0 0 . 8
~. — — A P ,V, 1) = @ L v, 1)),
<8t T 8vv) v, 0 < [ i8f(r)i| vy )> (6.33)
Pr,v;0) =38 ®»),

where functional ® [7; v(7)] is related to the characteristic functional of random pro-

cess f (1)
t
DY ()] = <exp i/dr ¥ (O)f () > = OlY @]
0

by the formula
Ol ()]—11 ®[1; ()]—ica[r (0]
;Y (t _dtn ;U (t = ;v (o).

Functional ®[f; ¥ (t)] can be expanded in the functional power series

o . L t
ol (Tl =Y % / ... f K" ()W () -, (1),
n=1""% 0

where functions

n 8”
Kt ) o[ ¥ (1)]

1
,,,, o l._ngwil (t]) e Swin(tn)

¥=0

are the n-th order cumulant functions of random process f (7).
Consider the variational derivative

RPN R IO
ore 8fi () dvg 8fi(¢)

or,v,t) = — [ ] o(r,v,1). (6.34)

o
5

In the context of dynamic problem (6.25), the variational derivatives of functions r(f)
and v(¢) in Eq. (6.34) can be calculated from Egs. (6.26) and have the forms

R NP 1) N SR
) = e ik 1[1 p ] (6.35)

Using Eq. (6.35), we can now rewrite Eq. (6.34) in the form

)
3f ()

0

, 3
or,v;t) = — [1 - e‘“"’)] — 4+ re 0 Lo, v, 1),
ar oy
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after which Eq. (6.33) assumes the closed form

: . =] 9 Zat—r) © (6.36)
_ . == =1
—®|:t,z{[1 e ] —8r+)»e —8v}:|P(r, v, 1),
Pr,v;0) =86 (v).

Note that from Eq. (6.36) follows that equations for the n-th order moment func-
tions include cumulant functions of orders not higher than n.

Assume now that f(¢) is the Gaussian stationary process with the zero mean value
and correlation tensor

By(t — 1) = (f(0fi ().

In this case, the characteristic functional of process f(¢) is
1 r ot
@ [1; ¥ (v)] = exp ) / / dtidnBij(ty — )it ¥;(t2) ¢
0 0
functional G)[t; ¥ (7)] is given by the formula
t
Ol ¥ ()] = —wi(t)/dt'Bij(t — Oy,
0

and Eq. (6.36) appears to be an extension of the Fokker—Planck equation

t
d d d 5 . 92
(8_t +v5 _)LEV) P(r,v,1) =X /drBij(r)e TBV,- VjP(r,v,t)
0
1 5 (6.37)
+,\/drB,;,~(r) [1—e] aViarjP(r,v,t),
0

Pr,v;0)=6(r)s (v).

Equation (6.37) is the exact equation and remains valid for arbitrary times t.
From this equation follows that r(¢) and v(¢) are the Gaussian functions. For moment
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functions of processes r(f) and v(¢), we obtain in the ordinary way the system of
equations

d
7 {riri) = 2(ri(0v;®),

dt

t
(i+¢)mamu»:@ﬁwm»+xfdu%um1_fhy
J (6.38)

t

(% - 21) (i) = 22 / drByj(t)e"".
0

From system (6.38) follows that steady-state values of all one-time correlators for
At > 1 and t/7p > 1 are given by the expressions

[e¢]

(i) = f dtBii()e™",  (ri(tyv;j(t)) = Dy,
; (6.39)
(ri(Hyr;(t)) = 21Dy,
where
wzfm%m (6.40)
0

is the spatial diffusion tensor, which agrees with expressions (6.28) and (6.29).

Remark
Temporal correlation tensor and temporal correlation radius of process v(t).

We can additionally calculate the temporal correlation radius of velocity v(¢), i.e.,
the scale of correlator (vi(t)vj(t1)>. Using equalities (6.35), we obtain for f; < ¢ the
equation

n
d Y
(E +A> (i) = 22 / di'Byj(t — )e 1=
0
t
= A2 / dtBj(t)e ™ (6.41)

t—1
with the initial value

(Vi) li=, = (vit)vj(11)). (6.42)
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In the steady-state regime, i.e., for A > 1 and Af; > 1, but at fixed difference
(t — 11), we obtain the equation with initial value (t =t — 1)

dr

(i - k) (vi(t + T)vj(0)) = A2 [ duByj(tp)e ™™, (6.43)

it + v 0),_y = (vi@v(0).

One can easily write the solution to Eq. (6.43); however, our interest here concerns
only the temporal correlation radius 7, of random process v(f). To obtain this quantity,
we integrate Eq. (6.43) with respect to parameter t over the interval (0, co). The
result is

,\/dr (it + v (1) = (vi(r)y,(z))+A/dr13,;,~(n) [1—e7],
0 0

and we, using Eq. (6.39), arrive at the expression

o () = Dit = 70Bi(0), (6.44)

) ) 19, for Atp> 1,
T, = 70Bii(0) _ 70Bii(0) _ (6.45)

2
<V (f)) k}od‘l:Bi,-(‘r)e*)‘r 1/x, for Ao < 1.
0

Integrating Eq. (6.37) over r, we obtain the closed equation for the probability
density of particle velocity

t

0 0 2 —AT 32
— —A—Vv | P, )= A dtBjj(t)e 503 P@r,v, 1),
0

ot av vidv;
P(r,v;0) =46 ().

The solution to this equation corresponds to the Gaussian process v(#) with correlation
tensor (6.27), which follows from the fact that the second equation of system (6.25)
is closed. It can be shown that, if the steady-state probability density exists under the
condition Af 3> 1, then this probability density satisfies the equation

o0
3 .9
—gvP(v, ) :k/drBij(r)e Ma —
0

2

P(v,1),

1



General Approaches to Analyzing Stochastic Systems 155

and the rate of establishing this distribution depends on parameter A.

The equation for the probability density of particle coordinate P(r, f) cannot be
derived immediately from Eq. (6.37). Indeed, integrating Eq. (6.37) over v, we obtain
the equality

iP(r, tH = —i / vP(r,v,t)dv, Pr,0) =46(r). (6.46)
dt or

For function f viP(r, v, t)dv, we have the equality

0 0
—+A /ka(r, v,Ddv =— — / vevP(r, v, Hdv
ot or

t
— A / dtByj(v) [1 — e 7] aip(r, 0, (6.47)
T
0

and so on, i.e., this approach results in an infinite system of equations.

Random function r(¢) satisfies the first equation of system (6.25) and, if we would
know the complete statistics of function v(¢) (i.e., the multi-time statistics), we could
calculate all statistical characteristics of function r(¢). Unfortunately, Eq. (6.37) des-
cribes only one-time statistical quantities, and only the infinite system of equations
similar to Eqgs. (6.46), (6.47), and so on appears equivalent to the multi-time statistics
of function v(¢). Indeed, function r(#) can be represented in the form

t

r() = f (),

0

so that the spatial diffusion coefficient in the steady-state regime assumes, in view of
Eq. (6.44), the form

1 00
Edit <r2(t)> = /d‘L’ vit+ov@®) =1 <V2(l)) = D;; = 19B;;(0), (6.48)
0

from which follows that it depends on the temporal correlation radius 7, and the vari-
ance of random function v(¢).

However, in the case of this simplest problem, we know both variances and all
correlations of functions v(#) and r(¢) (see Egs. (6.27)) and, consequently, can draw
the equation for the probability density of particle coordinate P(r, f). This equation is
the diffusion equation

2

3 d
—P(r,1) = Djj() ——P(r, 1), P, 0)=36(),
5 LD ’()arl-arj r,0n, Pr0)=45
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where

{{riyv;®) + (r(0vi())}

N =

1d
Djj(1) = 3@ (ritnri() =
t

P

0

is the diffusion tensor (6.27). Under the condition At 3> 1, we obtain the equation

2

iy o7, P@r,1r), P 0 =6 (6.49)

9
2 pery=D
A

with the diffusion tensor

o0

Djj = / dtBj(7). (6.50)
0

Note that conversion from Eq. (6.37) to the equation in probability density of parti-
cle coordinate (6.49) with the diffusion coefficient (6.50) corresponds to the so-called
Kramers problem.

Under the assumption that Atg < 1, where 1y is the temporal correlation radius of
process f(t), Eq. (6.37) becomes simpler

t
a+a 22y P(@r,v, 1) = AZ/dB(r) Gl —P(r,v, 1),
~ — AT = T
ot ar v 9y
0

P(r,v;0) =686 (v),

and corresponds to the approximation of random function f(¢) by the delta-correlated
process. If 1 > 19, we can replace the upper limit of the integral with the infinity and
proceed to the standard diffusion Fokker—Planck equation

3 d 3 5 92
+v— —A—v|P@r, v, 1) = 1°Dj P(r,v, 1),
or ' or v dvidv; (6.51)

Pr,v;0) =488 (),
with diffusion tensor (6.50). In this approximation, the combined random process
{r(z), v(r)} is the Markovian process.

Under the condition At 3> 1, there are the steady-state equation for the probability
density of particle velocity

2

Bv,-avj

)
—A—vP(v) = A’Dy; P®),
ay
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and the nonsteady-state equation for the probability density of particle coordinate

2

d 9
—P(r, 1) = Dj——P(r,1), P(r,0)=38().
vl ) T3, r,n, P@r0) =35

Consider now the limit Atp >> 1. In this case, we can rewrite Eq. (6.37) in the form

) 2

— +vi — ,\iv P(r,v,1) = AB;(0) [1 — e—“] 9
at o v o v dv;dv;

P(r,v,t

t

P 02
— B;(0) [1 e At] mp(r, v, 1)+ A/dtBij(r)BViarjP(r, v, 1),

0
Pr,v;0) =581 é ).

Integrating this equation over r, we obtain the equation for the probability density of
particle velocity

2

(3 - xiv) P, 1) = AB;(0)[1 — ] P(v, 1),

ot av v,~3v,~

P(:0) =6 (v),

and, under the condition At >> 1, we arrive at the steady-state Gaussian probability
density with variance

(vi@vj(1)) = By (0).

As regards the probability density of particle position, it satisfies, under the condi-
tion At > 1, the equation
9 P(r,t)=D il P(r,t), Pr,0)=34(r) (6.52)
—P(r,t) = Djj——P(r, 1), r,0)=46(r .
ot Y 87‘,‘31"]'

with the same diffusion coefficient as previously. This is a consequence of the fact that
Eq. (6.44) is independent of parameter A. Note that this equation corresponds to the
limit process A — oo in Eq. (6.25)

d
Er(t) =v(®), v =f©®, r0)=0.
In the limit A — oo (or Atg > 1), we have the equality

v(1) ~ f(1), (6.53)
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and all multi-time statistics of random functions v(¢) and r(f) will be described in
terms of statistical characteristics of process f(¢). In particular, the one-time probabi-
lity density of particle velocity v(¢) is the Gaussian probability density with variance
<v,~(t)v/-(t)> = B;j(0), and the spatial diffusion coefficient is

o
1d

D=2= (Po) = / dTB;i(1) = 1B;i(0).
0

As we have seen earlier, in the case of process f(f) such that it can be correctly
described in the delta-correlated approximation (i.e., if A9 < 1), the approximate
equality (6.53) appears inappropriate to determine statistical characteristics of process
v(t). Nevertheless, Eq. (6.52) with the same diffusion tensor remains as before valid
for the one-time statistical characteristics of process r(f), which follows from the fact
that Eq. (6.48) is valid for any parameter A and arbitrary probability density of random
process f(t).

Above, we considered several types of stochastic ordinary differential equations
that allow obtaining closed statistical description in the general form. It is clear that
similar situations can appear in dynamic systems formulated in terms of partial diffe-
rential equations.

6.2.2 Partial Differential Equations
First of all, we note that the first-order partial differential equation

(2 + z(t)g(t)iF(x)> px, 1) =0, (6.54)
ot ox

is equivalent to the system of ordinary differential equations (6.10), page 144 and, con-
sequently, also allows the complete statistical description for arbitrary given random
process z(?).

Solution p(r, f) to Eq. (6.54) is a functional of random process z(¢) of the form

px, ) =plx,t; 2(7)] = px, T[t; z2(T)]),

with functional

t

Tlt; 2(0)] = f dr 2(1)g (D), 655)

0
so that Eq. (6.54) can be rewritten in the form

9 8F T)=0
(ﬁ*& (x))p(x, ) =0,
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The variational derivative is expressed in this case as follows

8z(1) 8z(1)

p(x T)

=00 —1)8(t)—/——

8
p(x, 1) = ——p, T[r; 2(7)]) =

dp(x, T) 8T[t; 2(7)]
dT 82(1)

—0(t —

ad
0)8(r) o Fx)p(x, 1).

Consider now the class of nonlinear partial differential equations whose parameters

are independent of spatial variable x,

dq

0
(at +z(t)—> qx,t) =F <t, q, T

0
)

dg
ax’

)

(6.56)

where z(#) is the vector random process and F' is the deterministic function. Solution
to this equation is representable in the form

t

g(x.1) = exp —fdrzmi 0@.)=0
ox

0

t

0

—/dtz(r),t ,

(6.57)

where we introduced the shift operator. Function Q(x, ) satisfies the equation

t

| 90(x, 1)
exp —/drz(r)a o
0
B t
]
=F|1t |exp —/drz(r)a
L 0

t
a®e /dr()8
ox P z 0x
L 0

t
d
O, |exp —/drz(t)—
ax
0
00
ox v

from arguments

The shift operator can be factored out
7 Bq a ® aq
T oxax ¥ ox
equation
a0(x, 1) a0 9 a0
=F(t,Q, —, — —, ...
a1 @ x ox P gy

Thus, the variational derivative can be expressed in the form

50 <x — ftdtz(r), t)
Sq(x, 1) _ 0 _

8z(7) 6z(7)

a
—00—1)2-q(x. 1),

90

ox

(6.58)

of function

- .), and Eq. (6.58) assumes the form of the deterministic

(6.59)

(6.60)
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i.e., the variational derivatives of the solution to problem (6.56) are expressed in terms
of spatial derivatives.
Consider the Burgers equation with random drift z(#) as a specific example:

3( H+ |+ (t))i (x, 1) = i( 1)) (6.61)
atvx, v+z o v(x, —vaxzvx, . .

In this case, the solution has the form
1 t
v(x,1) =exp § — f drz(r)% Vx, )=V |x— /dr z(1),t ],
0 0
where function V(x, t) satisfies the standard Burgers equation

aV( H+(V t8>V 1) = an 1) 6.62)
3 X, 1) (x, )a (x, _vm (x,1). (6.

In this example, the variational derivative is given by the expression

t

8 9
6Zj(f)v(x, 1) = &i(I)V x— /dr 2(t), 1| =—-6(— T)a_x,'v(x’ 1. (6.63)

0

In the case of such problems, statistical characteristics of the solution can be deter-
mined immediately by averaging the corresponding expressions constructed from the
solution to the last equation.

Unfortunately, there is only limited number of equations that allow sufficiently
complete analysis. In the general case, the analysis of dynamic systems appears pos-
sible only on the basis of various asymptotic and approximate techniques. In physics,
techniques based on approximating actual random processes and fields by the fields
delta-correlated in time are often and successfully used.

6.3 Delta-Correlated Fields and Processes

In the case of random field f (x, 7) delta-correlated in time, the following equality holds
(see Sect. 5.5, page 130)

Ot to; v(y, )] = O4lt, 10; v(y, D],

and situation becomes significantly simpler. The fact that field f(x, ) is delta-
correlated means that

t
0 .
l . .
I, to; v(y, r)]:ZE/dr/dyl.../dynK;} ----- LICTINR 2
i=1
0

I

X vy (¥1, 7). Vi, (¥, T),
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which, in turn, means that field f(x, ¢) is characterized by cumulant functions of the
form
Kty 1503 Y t)
=Kt (st (1 — 1) 8ty — ).
In view of (6.3), page 142, Eqgs. (6.7) and (6.9) appear to be in this case the closed

operator equations in functions P(x,t), p(x, t|xg, tp), and Pn(x1,t1;...; X, ty)-
Indeed, Eq. (6.7), page 143 is reduced to the equation

0 0 . .0
(— + —v(x, t)) Px,n) = 0O, |:t, 10; zaé(y —x):| P(x, 1),

ar ' ox (6.64)

Px,0) =348 —xp),

whose concrete form is governed by functional ®[¢, #y; v(y, 7)], i.e., by statistical
behavior of random field f (x, ). Correspondingly, Eq. (6.9) for the m-time probability
density is reduced to the operator equation (¢t <f; < ... <ty,)

d d
<3_t + mv(xm, tm)> P (1,815 .5 Xy )

. 0
= ®tm |:tm7 fo; i—368(y — xm)i| Pp(xy,ts o005 X, b)), (6.65)
00Xy,

P, 11505 X, tn1) = 8 — X 1) P 1 (X1, 115 -0 X1, Bn— 1)
We can seek the solution to Eq. (6.65) in the form

Pm(x17 tlv .. ';xmv lm)
= p&Ems tm|Xm—1, tn— 1) Pm—1 (X1, 115« -5 Xm—15 In—1)- (6.66)
Because all differential operations in Eq. (6.65) concern only ¢, and x,,,, we can substi-

tute Eq. (6.66) in Eq. (6.65) to obtain the following equation for the transition proba-
bility density

at
P, t1x0, 10)r—z = 8(x — X0).

0 0 . 0
— 4+ —v(x,t X, tlxo,t0) =O; | t, to; i—38(y — x X, t|xo, to),
( o ( )>p( [x0,20) z[ 0I5 (y )]P( |xo, o) 667)

Here, we denoted variables x,, and t,, as x and ¢ and variables x,,_1 and #,,_| as xg
and 1g.
Using formula (6.66) (m — 1) times, we obtain the relationship

Pp(x1, 115005 X, )

(6.68)
= pXm, tulXm—1, tu—1) . .. p(X2, 22|x1, 1) P(x1, 11),
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where P(x1, t1) is the one-time probability density governed by Eq. (6.64). Equality
(6.68) expresses the many-time probability density in terms of the product of transition
probability densities, which means that random process x(¢) is the Markovian process.
The transition probability density is defined in this case as follows:

p(x, tlxo, 10) = (8(x(t|x0, 10) — X)) .

Special models of parameter fluctuations can significantly simplify the obtained
equations.

For example, in the case of the Gaussian delta-correlated field f(x, ), the correla-
tion tensor has the form ({ f(x, 1)) = 0)

Bij(x,1;x', 1) = 28(t — ) Fy(x, x'; 1).

Then, functional ®[t, fy; v(y, )] assumes the form
t
O, to; v(y, T)] = —/df/dylde2FU(y1,y2; Vi(y1, TVj(¥2, T),
fo

and Eq. (6.64) reduces to the Fokker—Planck equation

2
(3 + i [Vi(x,1) +Ak(x,t)]) Px, 1) = 9 [Frux,x,))P(x,0)], (6.69)
ot Ix 0xy0x;

where

d
Ar(x, 1) = Wsz(x,x/;l)
1

x'=x

In view of the special role that the Gaussian delta-correlated field f(x, ) plays
in physics, we give an alternative and more detailed discussion of this approxima-
tion commonly called the approximation of the Gaussian delta-correlated field in
Lecture 8.

We illustrate the above general theory by the examples of several equations.

6.3.1 One-Dimensional Nonlinear Differential Equation

Consider the one-dimensional stochastic equation

%x(r) =fx, 1) +z@®gkx, 1), x(0)=xp, (6.70)

where f(x, 1) and g(x, ¢) are the deterministic functions and z(¢) is the random function
of time. For indicator function ¢(x, r) = §(x(#) — x), we have the Liouville equation

0

0 0
<8_t t57/® t)) px, 1) = —z(t) == {g(x, Dp(x, N},
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so that the equation for the one-time probability density P(x, f) has the form

¢, 3 P =(0 )
(a + af(x, t)> (x, 1) = < t [l, %} p(x, t)>~

In the case of the delta-correlated random process z(¢), the equality
O, v(1)] = Ot v(1)]

holds. Taking into account the equality

8 3
5200y P& D = g5 8l Do),

we obtain the closed operator equation

3 . 3
(5 + 5 t)> P(x, ) = ©, [r, I8 t)] P(x, 1). 6.71)

For the Gaussian delta-correlated process, we have

t

O[t, v(t)] = —% / dtB(t)V (1), (6.72)
0

and Eq. (6.71) assumes the form of the Fokker—Planck equation

9 9 P = 1B’ 9 9 P 6.73
(a—t+5f(x, r)) (1) = 3B g(x, 58w DP(x. ). (6.73)

For Poisson’s delta-correlated process z(f), we have

t o0
O[t, v(t)] = v / dr f dep(£)e' ™ — 1Y, (6.74)
0 —00

and Eq. (6.71) reduces to the form

(% + %f(x, t>> P, =v / dep(§)e S mEED 1§ P(x, 1), (6.75)

If we set g(x, 1) = 1, Eq. (6.70) assumes the form

d
Zx(t) =fx, 0 +z0), x(0)=xp.
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In this case, the operator in the right-hand side of (6.75) is the shift operator, and
Eq. (6.75) assumes the form of the Kolmogorov—Feller equation

(3 + if(x, t)) Px,t)=v / dép(E)P(x — &,1) — vP(x, 1).
ot Ix

—00

Define now g(x, f) = x, so that Eq. (6.70) reduces to the form

%X(t) =[x 1) +zOx(®), x(0) = xo.

In this case, Eq. (6.75) assumes the form

(3 + L, t)) Pt =vi [dspre it e, (6.76)
Jat  0x

—00

To determine the action of the operator in the right-hand side of Eq. (6.76), we
expand it in series in &

ghx e (D) (3 >
{e 3 1}P(x,z)_n§ = (o) P

and consider the action of every term.
Representing x in the form x = ¢¥, we can transform this formula as follows (the
fact that x is the alternating quantity is insignificant here)

o0

_&\n on

E (=) e ? e?Pe?, 1)
n! dp"

n=1

2
=¥ {e_sw - 1} P, 1) = e SP(e? 5, 1) — P(e?, 1).

Reverting to variable x, we can represent Eq. (6.76) in the final form of the integro-
differential equation similar to the Kolmogorov—Feller equation

(3 + if(x, t)) P(x,1) = v / dep(E)e S P(xe 5, 1) — vP(x, 1).
Jdt  0x

In Lecture 4, page 89, we mentioned that formula

t

x() = /dtg(t— 7)z(7)

0



General Approaches to Analyzing Stochastic Systems 165

relates Poisson’s process x(¢) with arbitrary impulse function g(¢) to Poisson’s delta-
correlated random process z(f). Let g(¢) = e M. In this case, process x(7) satisfies the
stochastic differential equation

d
Ex(t) = —Ax(t) + z()

and, consequently, both transition probability density and one-time probability density
of this process satisfy, according to Eq. (6.75), the equations

a -~ d ~
a_tp(xv t|-x07 ZO) = L(x)p(xs t|x07 to)a ap(xv t) = L(X)P(.x, t)v

where operator

e ¢]

L) = ,\%x+ v / dep(€)e=m — 1% . (6.77)

—0o0

6.3.2 Linear Operator Equation

Consider now the linear operator equation
d ~ ~
Ex(t) =AWMx (1) +zOBOx(), x(0) = xo, (6.78)

where Z(t) and E(t) are the deterministic operators (e.g., differential operators with
respect to auxiliary variables or regular matrixes). We will assume that function z(¢) is
the random delta-correlated function.

Averaging system (6.78), we obtain, according to general formulas,

d ~ . F)
7 x@®) =A@ (x@®) + <®; [t, %} x(t)>. (6.79)

Then, taking into account the equality

mx(t) = B(®)x(1)

that follows immediately from Eq. (6.78), we can rewrite Eq. (6.79) in the form
d -~ . —~
- (x(0)) = A@t) (x(1)) + O [t, —iB] (x(1)). (6.80)

Thus, in the case of linear system (6.78), equations for average values also are the
linear equations.
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We can expand the logarithm of the characteristic functional ®[#; v(t)] of delta-
correlated processes in the functional Fourier series

0 ., L
O[r; v(r)] = Z%fdrKn(r)v'z(t), (6.81)
n=1

where K, () determine the cumulant functions of process z(f). Substituting Eq. (6.81)
in Eq. (6.80), we obtain the equation

d —~ g | o
o (x(@®) =A@ x(®) + Z EKH(I) [B(t)] (x(1)). (6.82)

n=1

If there exists power [ such that El(t) = 0, then Eq. (6.82) assumes the form
-1

% (x(1) = A@) (x(1) + Z — K [BO]" (x(1)). (6.83)
n= 1

In this case, the equation for average value depends only on a finite number of cumu-
lants of process z(#). This means that there is no necessity in knowledge of probability
distribution of function z(¢) in the context of the equation for average value; sufficient
information includes only certain cumulants of process and knowledge of the fact that
process z(f) can be considered as the delta-correlated random process. Statistical des-
cription of an oscillator with fluctuating frequency is a good example of such system
in physics.

Problems

Problem 6.1

Starting from the backward Liouville equation (3.8), page 71 describing the
behavior of dynamic system (6.1), page 141 as a function of initial values t
and x, derive the backward equation for probability density P(x, t|xo, ty) =

(8 (x(tlxo, to) — Xx)).
Solution

B 0 :
(E)_to + v(xo, to)a—xo> P(x, tlxg, to) = <®ro |:t, 10;

)
m} 8 (x(t|xo, t0) —x)>,

where
. d
O lt, to; u(y, ©)l = % In ®[z, to; u(y, 7)]

and @[, to; u(y, t)] is the characteristic functional of field f(xo, o).
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Problem 6.2

Derive the equation for probability density of the solution to the one-dimensional
problem on passive tracer diffusion

a d
=P, D) +v(O)—f(pk, 1) =0,
at ox
where v(t) is the Gaussian stationary random process with the parameters
v0) =0, o)) =Bu—1) (B, =(2w))

and f (x) is the deterministic function.

Instruction Average the Liouville equation (3.19), page 74 that can be rewritten
in the form

9 9
gco(x, t, p) = —v() {—f( ) — f(x) ( + — )}w(x, t p),

ap
(x,0; p) =8(po(x) —

over an ensemble of realizations of random process v(t). Use the Furutsu—
Novikov formula (5.16), page 126 for functional ¢[x, t; p; v(t)] and take into
account Eq. (6.12), page 145 that assumes in this problem the form

(S . . _ aw(xv T(t)7 p) _ /
mfﬂ[x, t; p;v(T)] = —ar 0@ —1)

= —9(t—/){—f( )~

3f (x)
(1 + a—p) } p(x, t; p),
t
where T[t, v(1)] = / dt v(t), is the new “random” time, and 0 (t) is the Heav-
0

iside step function.

Solution
9 ‘ p
a—P(x, 1 p) Z/drB(t){—f( ) — f(x) < +_p>}
t 9
0
a df(x) 0 .
X {f(x)a_ x %p}P(x,t, 0),

P(0, x; p) = 8(po(x) — p),
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which can be rewritten in the form

t

v ov— [arBan | 22 d _ 3 H) D
PGt p) = / i B(t){axf et
0
dfx) 9 3 aFx7? o 3 .
T f(x)a—x <1+%p)+[ e } %p <1+%p>}P(x,t,p),

P(x,0; p) = 8(po(x) — p).

Remark Note that, if function f (x) varies along x with characteristic scale k! and
is a periodic function (‘fast variation’), then additional averaging over x results
in an equation for ‘slow’ spatial variations
p -
3 —— 3% [dfn7? 92
—P(x,t;p) = [ d' B{) {f?0)— +|—— | —
o (x, 15 p) / (){f (x)aszr[ e 8,02'0
0
P(x,0; p) = 8(po(x) — p).

If, moreover, the initial condition is independent of x (a homogeneous initial
state), the average probability density will be also independent of x and satisfy
the equation

2} P(x, 1; ),

t
d df(x) 1? 92
srwm = L2] [a s orw . oo =60
X , ap

at

The solution to this equation is the probability density of the lognormal ran-
dom process.
For t > 1 this equation grades into the equation

9 92
EP(“ p) =D, ﬁsz(t; P),  PO; p) =38(po — p), (6.84)

where D,, is the diffusion coefficient in p-space,

2 % 2
Dp _ |:df(x)i| /dl‘/B(l‘/) _ O_2T0|:df(x)i| ’
0

dx dx

and 1y is the temporal correlation radius of random process v(¢). Equation (6.84)
can be rewritten in the form

9 3 3 9
—P(t; p) = D,— pP(t; D,—p—pP(t; p), P0;p)=394 —p).
o & p) papp & p) + pappapp & p) 05 p) (0o (6/;)5)
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Features of a logarithmically normal random process will be considered in
detail later, in Sect. 8.3.3, page 200.

Problem 6.3

Derive the equation for the average of the field satisfying the Burgers equation
with random shear

9 92
—q(x D+ (g+z@) —q(x H= Ve q(x B, (6.86)

where z(t) is the stationary Gaussian process with correlation function
B(t—1) = (z(nz()).
Instruction Averaging Eq. (6.86), use the Furutsu—Novikov formula

t

(. 1) = / dt B(i — r)<

0

) (x, 1)
sz 1P

and the expression

(qlz(t) + m(D)]qlz(t) + n2(0)])

62
=ex dt /dr B(t e —
p/ L) B ) )

x {qlz(T) + n(D)]glz(t) + n2(D)])

to split correlations (see Lecture 5 and Problem 5.5, page 136) and rewrite these
formulas, in view of Eq. (6.63), in the form

t

d
(z(Og(x, N) = — / dt B(f)a* (q(x, D),
X
0

t

(qz(x, t)) = epoZ/ dr (i — 7) B(7)

0

00 o t " an 2
— Zf’ /dr (t— 1) B(1) [ o (q(x, t))] .
n=0 0

2

an10m

}(Q(x, 14+ 11) (q(x, 14+ 12)) Ip=0
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Solution

) 1y o f ' " 2
o gt n) +5520; / dr(t —7)B(r) [axn {q(x, t))}

n= 0

t 32

= v+/drB(t) v (g(x, 1)) . (6.87)
ax
0

Problem 6.4

Derive Eq. (6.87) for average field starting from the one-dimensional Burger’s
equation with random drift (6.86) and Eq. (6.57), where z(t) is the stationary
Gaussian process with correlation function

B(t—1) = (z(nz(1)).

Instruction Use equality

t t
1 92
(g(x, D)) =exp E/dTI/dTZB(TI —Tz)@ O(x, 1)
0 0

13
2

0
= exp /dr (t— 1)3(1)@ Ox, 1).
0

Problem 6.5

Under the assumption that random process z(t) is delta-correlated, derive the
equation for probability density of the solution to stochastic equation (1.30),
page 19 describing the stochastic parametric resonance.

Instruction Rewrite Eq. (1.30) in the form of the system of equations

—x(t) =y(@®), —y@) =—-wj[l Hx(),
dtx() y(0) dty() wpl1 + z(0)]x(®) 6.88)
x(0) =x9, y(0) =yo.

Solution
8P( ) 3+28P( t)+®t'28P( )
—_— X = —y— wnX— X , —lwpnX— X
9t » Vs yax 0 ay » Vs t ’ (0} ay » W 1),

P(x,y,0) = 8(x — x0)8(y — yo), (6.89)
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where G), [t; v(T)] = d%@ [£;v(T)], Olt; v(t)] = Ind [£; v(T)], and D [1; v(T)]

is the characteristic functional of random process z(f).

Problem 6.6

Starting from system of equations (6.88), derive the equation for the average of
quantity

Ay =Xy *@) k=0, ...,N)

under the assumption that z(t) is the delta-correlated random process.

Solution

d
- (A0) =k (A1 () = g (N — k) (A1 (D)

+Z G AID) (k=0,..., N),

where K, are the cumulants of random process z(f) and matrix

Bj = —wj(N — i) 1.

The square of this matrix has the form /B% = —a)é (N =i (N —j+1)d;j2 and so
forth for higher powers, so that BNt = 0.

Problem 6.7

Derive the Fokker—Planck equation for system of equations (6.88) in the case of
the Gaussian delta-correlated process z(t) with the parameters

D) =0, (z0z(t)) = 20%108(t — ).
Solution

9 9 , 0 , 9°
—P@,y,0) = —y— — ) P(x,y,0) + D —P 1
5 (x, v, 0 ( yax+w0xay) (x,y, 1) + Dw}x P (x,y, 0, (6.90)

P(x,y,0) =8 (x —x0) § (y —y0) »

where D = ozroa)g is the coefficient of diffusion in space {x, y/wo}.
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Problem 6.8

Obtain the solutions for the first- and second-order moments, which follow from
Eq. (6.90) for D/wg < 1 and x(0) = 0, y(0) = wo.

Solution

(x(®)) = sinwpt, (y(#)) = wo cos wot,

which coincides with the solution to system (6.88) for absent fluctuations, and

<x2(t)> = % {eD’ — e D2 |:cos(2wot) + 437D sin(Zwot):| },
0

() = 22 {2e—D’/2 sinQawor) + 2 [eD’ — D12 Cos(2a)0t)]} ,
4 wo
2
<y2(t)> = % {eDf + D12 [cos(2wot) — 43 sin(zwot)“
wo

(6.91)

Remark Solution (6.19) includes terms increasing with time, which corresponds
to statistical parametric build-up of oscillations in a dynamic system (6.88)
because of fluctuations of frequency. Solutions to a statistical problem (6.88)
have two characteristic temporal scales 1 ~ 1/wg and t, ~ 1/D. The first tem-
poral scale corresponds to the period of oscillations in system (6.88) without
fluctuations (fast processes), and the second scale characterizes slow variations
caused in statistical characteristics by fluctuations (slow processes). The ratio of
these scales is small:

i/t =D/wy K 1.

We can explicitly obtain slow variations of statistical characteristics of pro-
cesses x(#) and y(¢) by excluding fast motions by averaging the corresponding
quantities over the period T = 27w /wg. Denoting such averaging with the over-
bar, we have

. 2

1 -
[P0) = 3¢, Goyo) =0, [P0) = e

Problem 6.9

Starting from (6.90), derive the third-order equation for average potential energy
of an oscillator (U(t)) = (x2 (t)).
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Solution

3

d 2 d 2
-7 (V) + 405 (U(®) = 4De (U () =0, (6.92)

Problem 6.10

Derive the Fokker—Planck equation for the stochastic oscillator with linear
friction

d ) = y(t d ) = —2yy(t 211 O]x(t
th()_y()’ Ey()——yy()—wo[ + z(0) 1x(0),

(6.93)
x(0) =xo,  y(0) = yo,
and the condition of stochastic excitation of second moments.
Solution
aP( Hn=|2 9 9 4 wxd P t)+D2282P( )
Yy, = PR AR AN WX X, Y, WX 11X, Y, 1),
ar y Vayy yax 0 3y y 0 32 y

P(x,y,0) = 8(x — x0)8(y — yo),

where D = azroa)g is the diffusion coefficient. If we substitute in the system of
equations for second moments the solutions proportional to exp{Az}, we obtain
the characteristic equation in A of the form

A3+ 6y A% + 4(wd + 2y + 4w 2y — D) = 0.
Under the condition

2y <D, (6.94)

second moments are the functions exponentially increasing with time, which
means the statistical parametric excitation of second moments.

Problem 6.11

Obtain steady-state values of second moments formed under the action of ran-
dom forces on the stochastic parametric oscillator with friction

d
d—IX(t) =y, x(0)=xo,
(6.95)

d
—Y(D = =2yy(H - [l 4+ z(O1x(®) +£(1),  ¥(0) = yo.
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Here, f(t) is the Gaussian delta-correlated process statistically independent of
process z(t) and having the parameters

(f@) =0, (f(f())=20778(t—1),

where of2 is the variance and 1y is the temporal correlation radius.

Solution In the case of stochastic system of equations (6.95), the one-time proba-
bility density satisfies the Fokker—Planck equation

9 9 9 9
—P, v, ) =2y —y —y— + wix— | P(x, y, t
5 (x, v, 0 (Vayy y8x+wox8y> (x, v, 0

92 92
Dwix*—P(x, v, t 2t —P(x, v, 1),
+ Dwpyx 57 (x,y, 1) + o5 T 9y .y, 1)

P(x,y,0) =6 (x —x0) § (y — yo)-

Consequently, the steady-state solution for second moments exists for t — oo
under the condition (6.94) and has the form

(x(M)=0, (@) =0,

ikl
D-2y’

0, f2 'L'f

ms ()’2(1)> =

(x(1y(1) = 0, <x2(t)> —

Problem 6.12
Starting from (6.89), derive the Kolmogorov—Feller equation in the case of the
Poisson delta-correlated random process z(t).

Solution

8P( ) 9 + Wl 9 P(x,y, 1)
—P(x, y, — —_y — wnX— X, Y,
or 7 Yox T 0%y Y

(6.96)

o0

+v / dep(E)P(t; x, y + Ewix) — VP(x, ¥, 1).

—00
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Remark For sufficiently small £, Eq. (6.96) grades into the Fokker—Planck equa-
tion (6.90) with the diffusion coefficient

1
D=~ <2> 2.
2v§ wyx

Problem 6.13

Derive the equation for the characteristic functional of the solution to linear
parabolic equation (1.89), page 39 by averaging Eq. (3.48), page 82.
Solution Characteristic functional of the problem solution
DLx; v, v¥] = (plx; v, v¥]),
where

o[x; v, v¥] = exp {i/dR’ [uCx, R)v(R)+u* (x, R’)v*(R’)]} ,

satisfies the equation

aCD[x, v, V'] = <®X [x, —iSE(S,R/)] olx; v,v ]>

i / / 8 k / 8
+ o {/dR [v(R)AR/SV(R,) —VR) A R,)“

x ®[x; v, v¥], (6.97)

where
. d ;
®x[x;w(s,R’)]=aln<exp i / dt / dR'e(&, RV (€ R) >
0

is the derivative of the characteristic functional logarithm of field ¢(x, R).

Problem 6.14

Starting from Eq. (6.97), derive the equation for the characteristic functional of
the solution to linear parabolic equation (1.89), page 39 assuming that (x, R)
is the homogeneous random field delta-correlated in x.
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Solution Characteristic functional ®[x; v, v*] of the problem solution satisfies
the equation

0 * ® k ~ / *
—Ox; v, v ] =0, | x,=MR) | P[x; v, v¥]
ox 2

i / / 8 k / 6
+ % {/dR |:V(R )AR,SV(R/) —Vv (R )AR,—SV*(R/)iH
x ®[x; v, v¥] (6.98)

with the Hermitian operator

MR =v(R )SV(R’) — V(R )51/*—(R’)'

Here, functional
. d ‘
O [x; v (€, R)] = aln<€Xp i/dE/dR’e(S,R/)W(S,R/) >
0

is the derivative of the logarithm of the characteristic functional of filed (x, R).

Remark Equation (6.98) yields the equations for the moment functions of field
u(x, R),

My (x; Ry, ... ,Rm;R/l, o ,R;l)
= (uCx, Ry) ... u(x, Rpu*(x,RY)) ... u*(x,R))),

(for m = n, these functions are usually called the coherence functions of order 2n)
9 i [ .
aMm,n = 5{ Z] ARp_ Z] AR; Mm,n
p= q=

+6x | % - D> SR —Rp)—) SR —R)) | | Myn.
p=1 g=1
(6.99)
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Problem 6.15
Assuming that ¢(x, R) is the homogeneous Gaussian random process delta-
correlated in x with the correlation function

8]

B.(x,R) = AR)S(x), AR) = / dxB, (x, R)

—00

and starting from the solution to the previous problem, derive the equations for
the characteristic functional of wave field u(x, R), which is the solution to linear
parabolic equation (1.89), page 39, and moment functions of this field [50].

Solution
0 * k2 / / Trep/\ A *
SO v V= - dR | dRAR' — R\M[R)MR)P[x; v, v*]
X

i

T

8 8
dR/ [V(R/)AR,W_V*(R/)AR/ W} CD[x, v, V*],

N m
it = (30 80, 3 8, | M

- _Q(Rla e 7Rm; Rl LIRS 7R;n)Mm,ny

where

Q(Rla-“»Rm;R/,...,Rl/,n):

=> > AR —R)-2) > AR —R)+)_ > AR;—R).
i=1 j=1

i=1 j=1 i=1 j=1

Problem 6.16
Derive the equation for the one-time characteristic functional of the solution to
stochastic nonlinear integro-differential equation (1.102), page 44.

Solution Characteristic functional of the velocity field

®[t; z(k")] = @[t 2] = (9t 2(K)]),
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where
olt; z(k')] = exp {i/dk/ﬁ(k/, t)z(k’)} ,

satisfies the unclosed variational-derivative equation

9 1 52
—®[t;z] = | dkzi(k) {—= | dk dkoN; gk, ky k) ——————
5 [#; z] / Zi( ){ 2/ 1f 20 ok, ko )8Za(k1)8Zﬂ(k2)

2 8 ) o )
K Sa P "]} * <®’ [t’ iof . rJ ol Z]>’

where
t
O, [t Yk, 1) = %ln<exp i/d‘[/dl(f(l(, Y (k, T) >
0

is the derivative of the characteristic functional logarithm of external forces

f(k, 1.

Problem 6.17

Assuming that f(x,t) is the homogeneous stationary random field delta-
correlated in time, derive the equation for the one-time characteristic functional
of the solution to stochastic nonlinear integro-differential equation (1.102),
page 44. Consider the case of the Gaussian field f (x, t) [1].

Solution
ad>[t']—/dk-(k) 1-/dk/dkA (ki,ky, k) i
Py ;2] = 7] 5 1 20 (K1, K2, 520 (k)32 (k2)
) .
— vk? } ®[1; z] + O, [1; z(k)] D[1; 2], (6.100)
8zi(k)
where

t
O, [t; ¥k, T)] = %ln<exp i/dr/d/cf(lc,r)rlf(lc,t) >

0
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/i\s the derivative of the characteristic functional logarithm of external forces
[k, 1.

If we assume now that f (x, 7) is the Gaussian random field homogeneous and
isotropic in space and stationary in time with the correlation tensor

Bij(x1 — x2, 11 — 1) = (fi(x1, 1)fj(x2, 1)) .

then the ﬁeldf(k, t) will also be the Gaussian stationary random field with the
correlation tensor

~ —~ 1
(fik, 1+ D)f(k 1)) = zF,-,-(k, 7)8(k + k),

where Fjj(k, T) is the external force spatial spectrum given by the formula

Fitk, 7) = 2(27)° / dxBjj(x, )" **.
In view of the fact that forces are spatially isotropic, we have
Fij(k,t) = F(k, 1) A;(k).

As long as field f(k, t) is delta-correlated in time, we have that F'(k, 7) =
F(k)é(t), so that functional ® [¢t; ¥ (k, T)] is given by the formula

1

1
Oy, 1)l = —Z/dT[d’CF(K)Aij(K)I/fi(’C»T)Wj(—’f’7—'),

0

and Eq. (6.100) assumes the closed form

1
%@[l; z] = —Z/dkF(k)A,»j(k)zi(k)z]-(—k)cb[t; z]

1 82
— ; — Ajoplhy, ko, k) ———————— O[1;
/ dkz (k){2 / dk / T =T it

2 6 / . L}q) .
+ vk ) dkz;(k) 52:8) [#; z].
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Problem 6.18
Average the linear stochastic integral equation

S, r) = So(r.r)
+/dr1/dr2/dr350(r, rA (2, 13) [0(r2) +f(r2)18@r3, 1),
Solution
Glr,r'; n(r)] = So(r, 1)
+/dr1/drg/dr3S0(r,r1)A(r1,r2,r3)17(r2)G[r3,r’; ()]

S
+/dr1 fdrz/dr3So(r,r1)A(r1,r2,r3)9r2 [m] Glrs,r'; n(n)].

Here,
Glr,r';n@)] = (S[r.r'; f(r) + n()])

and functional

8
Qvr)] = m@ [vir)], Or)]=In <exp {i/drf(r)v(r)}>.

Problem 6.19

Assuming that random external force f (r, t) is the homogeneous stationary Gaus-
sian field, derive the equation for the characteristic functional of space-time har-
monics of turbulent velocity field (1.103), page 45 [51].

Solution Characteristic functional of the velocity field

d[z] = <exp {i / d*K'u (K')z (K') }>

and functional

Su; (K
Gj|K.K';z] = <8%(—(K/;<p[z]>
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satisfy the closed system of functional equations

(iw + vk?)

) __1p 4 .
i O = 3P0 [ @K1z () Gog K, K]

1
-3 / 2K / KA (K, K>, K)

(iw + vk*)G;j [K, K'; z]

52d[z]
8zq (K1) 8zp (K2)'

+ [ [ PRon @Ko Gy [K2, K57

824 (K1)
= 8;8* (K — K') ®[z],

~ -~ 1
where (f;(K))f;(K2)) = 534 (K1 + K») Fij(K1), and F;(K) is the space-time
spectrum of external forces.

Remark Expansion of functionals ®[z] and Gj; [K VK z] in the functional Taylor
series in z (K) determines velocity field cumulants and correlators of Green’s
function analog S;; (K, K') = du; (K) /5f; (K') with the velocity field.
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Lecture 7

Stochastic Equations with the
Markovian Fluctuations of Parameters

In the preceding Lecture, we dealt with the statistical description of dynamic systems
in terms of general methods that assumed knowledge of the characteristic functional
of fluctuating parameters. However, this functional is unknown in most cases, and we
are forced to resort either to assumptions on the model of parameter fluctuations, or to
asymptotic approximations.

The methods based on approximating fluctuating parameters with the Markovian
random processes and fields with a finite temporal correlation radius are widely used.
Such approximations can be found, for example, as solutions to the dynamic equations
with delta-correlated fluctuations of parameters. Consider such methods in greater
detail by the examples of the Markovian random processes.

Consider stochastic equations of the form

d
Ex(t) =f@tx,z@®), x(0)=xo, (7.1)
where f (¢, x, z(?)) is the deterministic function and

20 ={z1(0), ..., za(0)}

is the Markovian vector process.

Our task consists in the determination of statistical characteristics of the solution to
Eq. (7.1) from known statistical characteristics of process z(t).

In the general case of arbitrary Markovian process z(f), we cannot judge about
process x(¢). We can only assert that the joint process {x(¢), z(f)} is the Markovian
process with joint probability density P(x, z, f).

If we could solve the equation for P(x, z, ), then we could integrate the solution
over z to obtain the probability density of the solution to Eq. (7.1), i.e., function P(x, 7).
In this case, process x(f) by itself would not be the Markovian process.

There are several types of process z(¢) that allow us to obtain equations for density
P(x, r) without solving the equation for P(x, z, ). Among these processes, we men-
tion first of all the telegrapher’s and generalized telegrapher’s processes, Markovian

Lectures on Dynamics of Stochastic Systems. DOI: 10.1016/B978-0-12-384966-3.00007-6
Copyright © 2011 Elsevier Inc. All rights reserved.
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processes with finite number of states, and Gaussian Markovian processes. Below, we
discuss the telegrapher’s and Gaussian Markovian processes in more detail as exam-
ples of processes widely used in different applications.

7.1 Telegrapher's Processes

Recall that telegrapher’s random process z(¢) (the two-state, or binary process) is
defined by the equality

2(H) = a(—1)"OD,

where random quantity a assumes values a = & ap with probabilities 1/2 and n(¢1, £2),
11 < tp is Poisson’s integer-valued process with mean value n(t1, 1) = v|t] — 12].
Telegrapher’s process z(#) is stationary in time and its correlation function

<Z(Z‘)Z(t/)> = a(z)e—zv‘t_t"

has the temporal correlation radius 79 = 1/ (2v).
For splitting the correlation between telegrapher’s process z(f) and arbitrary func-
tional R[#; z(t)], where T < ¢, we obtained the relationship (5.25), (page 129)

t

(z(ORI[E; 2(D)]) = af 0/ dzle—2“<’—’1)<$7?[t, tl;z(r)]>, (7.2)

where functional INQ[t, t1; z(t)] is given by the formula
Rt 113 2(D] = Rl 2(0)0(ty — T +0)] (1) < ). (7.3)

Formula (7.2) is appropriate for analyzing stochastic equations linear in process
z(t). Functional R[t; z(7)] is the solution to a system of differential equations of the
first order in time with initial values at = 0. Functional k[t, t1; z(7)] will also satisfy
the same system of equations with product z(#)6(t; — t) instead of z(¢). Consequently,
we obtain that functional I~€[t, t1;z(t)] = R[t; 0] for all times ¢ > #;; moreover, it
satisfies the same system of equations for absent fluctuations (i.e., at z(f) = 0) with
the initial value E[tl, t1; z(t)] = R[t1; z()].

Another formula convenient in the context of stochastic equations linear in random
telegrapher’s process z(f) concerns the differentiation of a correlator of this process
with arbitrary functional R[f; z(t)](z < 1) (5.26)

d d
o (zOR[1; z(D)]) = =2v 2(OR[1; z2(D)]) + <Z(I)d—tR[t; Z(T)]>. (7.4)
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Formula (7.4) determines the rule of factoring the differentiation operation out of
averaging brackets

da" d "
<Z(t)ﬁR[t; z(t)]> = (E + 2v> (z(OR[t; z(D)]) . (7.5)

We consider some special examples to show the usability of these formulas. It is
evident that both methods give the same result. However, the method based on the
differentiation formula appears more practicable.

The first example concerns the system of linear operator equations

%x(t) =AWx®) + zOBOx (), x(0) = x, (7.6)

where Z(t) and E(t) are certain differential operators (they may include differential
operators with respect to auxiliary variables). If operators Z(t) and §(t) are matrices,
then Egs. (7.6) describe the linear dynamic system.

Average Egs. (7.6) over an ensemble of random functions z(¢). The result will be
the vector equation

d —~ ~
7 x@®) =A0® x@®) +BOY@®), (x0)) =xo, )
where we introduced new functions

Y (@) = (z0x().

We can use formula Eqs. (7.4) for these functions; as a result, we obtain the equality

%w(t) ==2v¢¥ @) + <z(t)%x(t)>. (7.8)

Substituting now derivative dx/dt (7.6) in Eq. (7.8), we obtain the equation for the
vector function ¥ (¢)

d —~ —~
(E + Zv) ¥ =0 ® + B (20x0). (7.9)

Because 7%(f) = a% for telegrapher’s process, we obtain finally the closed system of
linear equations for vectors (x(¢)) and ¥ (¢)

d —~ ~
7 (x@®) =A@ (x@®) +BOY®), (x(0)) =xo,
(7.10)

d ~ -~
(E + ZV> Y (O =AOY O +aB(1) (x(1), ¥ (0) = (0).
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If operators Z(t) and E(t) are the time-independent matrices A and B, we can solve
system (7.10) using the Laplace transform. After the Laplace transform, system (7.10)
grades into the algebraic system of equations

(PE — A) (x), — BY, = xo,
[(p +2v) E — Al — a3B (x), = 0,

(7.11)

where E is the unit matrix. From this system, we obtain solution (x), in the form

1 -1

Assume now operators A (¢) and E(t) in Eq. (7.6) be the matrices. If only one com-
ponent is of interest, we can obtain for it the operator equation

n—1

< )x(t) + Z blj(t) z(t)—x(t) =f(1), (7.13)

where
R d n
L|— a;i(t
( d;> Z ()

and n is the order of matrices A and B in Eq. (7.6). The initial conditions for x are
included in function f(¢) through the corresponding derivatives of delta function. Note
that function f(¢) can depend additionally on derivatives of random process z(¢) at
t =0, i.e., f(¢) is also the random function statistically related to process z(f).

Averaging Eq. (7.13) over an ensemble of realizations of process z(#) with the use
of formula (7.5), we obtain the equation

~(d d d
L (E) x(®)+M [d_ a7 ZV} (z(Dx()) = (f(1) . (7.14)

where

n—1
Mip.ql= Y bip'q.

i+j=0

However, Eq. (7.14) is unclosed because of the presence of correlation (z(#)x()).
Multiplying Eq. (7.13) by z(#) and averaging the result, we obtain the equation for
correlation (z()x(1))

7 d 5 d
<E + v) (z(Hx(2)) + aO |:

d
7 +2v, :| (x() = (z(Of @)) . (7.15)
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System of equations (7.14) and Eq. (7.15) is the closed system. If functions a;()
and b;;(?) are independent of time, this system can be solved using Laplace transform.
The solution is as follows:

L+ 2w) (N, —Mip,p+2](f),
~ L(p)L(p +2v) — aMlp + 2v, pIMIp, p + 2v]

() (7.16)

7.2 Gaussian Markovian Processes

Here, we consider several examples associated with the Gaussian Markovian pro-
cesses.
Define random process z(#) by the formula

) =0@+-- +zn ), (7.17)

where z;(¢) are statistically independent telegrapher’s processes with correlation func-
tions

(202 (1)) = 8 (%)eﬂ*'f*f" (@ = 2v).

If we set <zz> = o2 /N, then this process grades for N — oo into the Gaussian
Markovian process with correlation function

(zi(nz(H) = <zz) el
Thus, process z(t) (7.17) approximates the Gaussian Markovian process in terms of
the Markovian process with a finite number of states.

It is evident that the differentiation formula and the rule of factoring the derivative
out of averaging brackets for process z(t) assume the forms

d d
(— + ock) (z1(@) - 2 (OR[1; 2(D)]) = <Zl(t) ) 2RI Z(T)]>,

dt
(7.18)
d" d "
<Z1(l) - 'Zk(f)ﬁR[f; Z(T)]> = (d_t + ak) (z1(0) - - - 2 (ORIE; 2(T)])
where R[t; z(7)] is an arbitrary functional of process z(¢) (t < 1).
Consider again Eq. (7.6), which we represent here in the form
d ~ -~
Ex(t) =AMx(®) +[z1() + - + v O1B(Ox(1),  x(0) = xo, (7.19)

and introduce vector-function

Xi@®) =(u@...z@0x@®), k=1,...,N; Xo@) = (x(1)). (7.20)
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Using formula (7.18) for differentiating correlations (7.20) and Eq. (7.19), we
obtain the recurrence equation for x(¢#) (k =0, 1,..., N)

d - ~
250 =ADX () + (z1) - 2 @lz1(0) + - - - + 2n (O 1B0)x (1))

= AOXe0) + k(2)BOXeo1 (0 + (N = OBOXes1 (1), (7.21)
with the initial condition
Xi(0) = x08%.0-

Thus, the mean value of the solution to system Eq. (7.19) satisfies the closed system
of (N + 1) vector equations. If operators A(t) B(t) are time-independent matrices,
system (7.21) can be easily solved using the Laplace transform. It is clear that such a
solution will have the form of a finite segment of continued fraction. If we set <12> =
o2 /N and proceed to the limit N — oo, then random process (7.17) will grade, as was
mentioned earlier, into the Gaussian Markovian process and solution to system (7.21)
will assume the form of the infinite continued fraction.

Problems

Problem 7.1

Assuming that z(t) is telegrapher’s random process, find average potential
energy of the stochastic oscillator described by the equation

3

U 4 2du 202 dU d U@ ) =
—FUO + 405 UM + 205 (20U + —z0U@) ) =

2

d
=0, —=SU@®

= 2y(2).
=0 dtz

0 =0 iU(t)
TWER —0

Solution
3

5 d d
e (U@®) + 4(u0d (U@)) + 4a)0 <E + 21)) (zOU((1)) =

3
(dit + 2v> OU®) + 4o} (di, + ZV) DU )

+ dwa} (% + 2v> (U(n) = 0. (7.22)
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System of equations (7.22) can be solved using Laplace transform, and we obtain
the solution in the form

L +2v)
L(p)L(p +2v) — a3M2(p)’

(), =2y}
(7.23)

L) =p (p? +40]) . M) =4of (07 +v).
Remark In the limiting case of great parameters v and ag, but finite ratio a% /2v =
o219, we obtain from the second equation of system (7.22)
a)60'2‘L'()
(zU(@®) = E— (U@) .
Consequently, average potential energy (U(¢)) satisfies in this limiting case the

closed third-order equation

3 ,d
e (U®) +4wod (Um) — 00 200 (U()) =

which coincides with Eq. (6.92), page 173, and corresponds to the Gaussian
delta-correlated process z(?).

Problem 7.2

Assuming that z(t) is telegrapher’s random process, obtain the steady-state
probability distribution of the solution to the stochastic equation

d
th(t) =f) +z2(0gx), x(0) =xo.
Solution Under the condition that | f(x)| < ag|g(x)|, we have

Cle) L - "
PO =220 - ro exp{aé “ B f2(x)} (720

where the positive constant C is determined from the normalization condition.
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Remark In the limit v — o0 and a(z) — o0 under the condition that a(z) Tp = const
(o = 1/ (2v)), probability distribution (7.24) grades into the expression

C 2v )
Px) = —— =
@ = et P { 2] ¥ }

corresponding to the Gaussian delta-correlated process z(f), i.e., the Gaussian
process with correlation function (z()z(#)) = 2agto8(t — 1).

Problem 7.3

Assuming that z(t) is telegrapher’s random process, obtain the steady-state
probability distribution of the solution to the stochastic equation

ix(t) = —x+2z(@), x(0)=uxp. (7.25)
dt
Solution
_ _ 2 2\v—1
Px) = B—(v, 1/2)(1 x°) (x| < 1), (7.26)

where B(v, 1/2) is the beta-function. This distribution has essentially different
behaviors for v > 1, v = 1 and v < 1. One can easily see that this system
resides mainly near state x = 0 if v > 1, and near states x = £1 if v < 1. In the
case v = 1, we obtain the uniform probability distribution on segment [—1, 1]
(Fig. 7.1).

O

X

Figure 7.1 Steady-state probability distribution (7.26) of the solution to the Eq. (7.25)
versus parameter v.




Lecture 8

Approximations of Gaussian Random
Field Delta-Correlated in Time

In the foregoing Lectures, we considered in detail the general methods of analyzing
stochastic equations. Here, we give an alternative and more detailed consideration
of the approximation of the Gaussian random delta-correlated (in time) field in the
context of stochastic equations and discuss the physical meaning of this widely used
approximation.

8.1 The Fokker-Planck Equation

Let vector function x(¢) = {x1(¢), x2(¢), ..., x,(f)} satisfies the dynamic equation

d

Ex(t) =v(x, ) +f(x, 1), x(to) = xo, (8.1
where v;(x, ) (i = 1, ..., n) are the deterministic functions and f;(x, r) are the random

functions of (n + 1) variable that have the following properties:

(a) fi(x, 1) is the Gaussian random field in the (n 4 1)-dimensional space (x, t);

(b) (fitx,n) =0.

For definiteness, we assume that ¢ is the temporal variable and x is the spatial
variable.

Statistical characteristics of field f;(x, f) are completely described by correlation
tensor

Bij(x,t;x', 1) = (fitx, nfi(x, 1)).

Because Eq. (8.1) is the first-order equation with the initial value, its solution satis-
fies the dynamic causality condition

1)
——xi()=0 for 7 <ty andf >t (8.2)
S, 1)

Lectures on Dynamics of Stochastic Systems. DOI: 10.1016/B978-0-12-384966-3.00008-8
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which means that solution x () depends only on values of function f;(x, t') for times ¢
preceding time 1, i.e., fp < ¢ < t. In addition, we have the following equality for the
variational derivative

8 /
m)([(t) = 8,18(x(t) —X ) (83)

Nevertheless, the statistical relationship between x(¢) and function values f;(x, )
for consequent times ¢ > ¢ can exist, because such function values f;(x, r”) are corre-
lated with values f;(x, ) for ¥ < t. It is obvious that the correlation between function
x(7) and consequent values fj(x, ") is appreciable only for t” — 1 < 79, where 1 is the
correlation radius of field f(x, #) with respect to variable ¢.

For many actual physical processes, characteristic temporal scale T of function
x(?) significantly exceeds correlation radius to (T > 19); in this case, the problem has
small parameter tp/7 that can be used to construct an approximate solution.

In the first approximation with respect to this small parameter, one can consider the
asymptotic solution for 7y — 0. In this case values of function x(¢') for ¢ < ¢ will be
independent of values f(x, t’) for ’ > f not only functionally, but also statistically.
This approximation is equivalent to the replacement of correlation tensor B;; with the
effective tensor

Bf'(x, ;X 1) = 28(t — {)Fy(x., X'; 1). (8.4)

Here, quantity Fij(x,x’ ,1) is determined from the condition that integrals of
Bjj(x, t; x', ') and B;}ff(x, t;x', ) over ¢ coincide

[e )
/ 1 / !
Fijx,x', 1) = 7 dt Bijj(x, t; x', 1),
—0o0
which just corresponds to the passage to the Gaussian random field delta-correlated in

time t.
Introduce the indicator function

px, 1) =45(x (1) —x), 8.5)

where x(f) is the solution to Eq. (8.1), which satisfies the Liouville equation

(a% + %v(x, r)) P, 1) = —%f(x, Ne(x, 1) (8.6)

and the equality

8 /
mw(x, 1= "o {8 —x)px, )} )
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The equation for the probability density of the solution to Eq. (8.1)
P(x,1) = (p(x, 1) = (5(x(1) —x))

can be obtained by averaging Eq. (8.6) over an ensemble of realizations of field
fx, 0,
0 0 0
=+ ov@ ) )P, ) = —— (f(x, De(x, D). (8.8)
at  ox ox

We rewrite Eq. (8.8) in the form

ox

t
9 So(x, 1
=2 / di By, 12, 1) (22D ) (8.9)
0x; Sfi(x’, 1)

fo

9 9 1)) P(x,t
(E + —V(x, )) (xs )

where we used the Furutsu—Novikov formula (5.13), page 126,

SRILf(y, f)]>

8.10
Sfix', 1) (8.10)

(feGe, DRIL f(y, D) = /dx’/dt’Bkz(x, f x’,t/)<

for the correlator of the Gaussian random field f(x, f) with arbitrary functional
R[t; f(y, 7)] of it and the dynamic causality condition (8.2).

Equation (8.9) shows that the one-time probability density of solution x(¢) at instant
t is governed by functional dependence of solution x(¢) on field f(x', r) for all times in
the interval (zg, ).

In the general case, there is no closed equation for the probability density P(x, t).
However, if we use approximation (8.4) for the correlation function of field f(x, 1),
there appear terms related to variational derivatives d¢[x, #; f(y, T)1/8f;(x’, ¢') at coin-
cident temporal arguments ¢’ = ¢ — 0,

i_i_i l) P t)__ifd /F" / t) 5<ﬂ(x’l‘)
o T a0 P = —on | AR D\ 0 )

According to Eq. (8.7), these variational derivatives can be expressed immediately in
terms of quantity ¢[x, #; f(y, T)]. Thus, we obtain the closed Fokker-Planck equation

2
(2 + i [Vi(x, t) + Ar(x, t)]) Px, 1) = 9 [Fri(x,x, HP(x, )], (8.11)
ot Ixy 0xy0x;

where

d
Ar(x, 1) = Wsz(x,x/, 1)
]

x'=x
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Equation (8.11) should be solved with the initial condition
P(xs tO) = 8(x _xo)’

or with a more general initial condition P(x, ty) = Wy(x) if the initial conditions are
also random, but statistically independent of field f(x, 7).

The Fokker—Planck equation (8.11) is a partial differential equation and its further
analysis essentially depends on boundary conditions with respect to x whose form can
vary depending on the problem at hand.

Consider the quantities appeared in Eq. (8.11). In this equation, the terms contain-
ing Ax(x, t) and Fy(x, X', ) are stipulated by fluctuations of field f(x, 7). If field f(x, 1)
is stationary in time, quantities Ag(x) and Fy(x, x’) are independent of time. If field
f(x, 1) is additionally homogeneous and isotropic in all spatial coordinates, then

Fr(x, x, t) = const,
which corresponds to the constant tensor of diffusion coefficients, and Ax(x,#) = 0

(note however that quantities Fy;(x, x’, ) and Ay (x, f) can depend on x because of the
use of a curvilinear coordinate systems).

8.2 Transition Probability Distributions

Turn back to dynamic system (8.1) and consider the m-time probability density
P, 1155 X, ) = (8(x(t1) —x1) -+ - 8 () — X)) (8.12)

for m different instants 1| < to < --- < t,. Differentiating Eq. (8.12) with respect

to time 1, and using then dynamic equation (8.1), dynamic causality condition (8.2),

definition of function Fy(x, x’, t), and the Furutsu—Novikov formula (8.10), one can
obtain the equation similar to the Fokker—Planck equation (8.11),

d
ympm()ﬂ, oo Xms tm)
"9
+Z Vi@ tm) + Ak, 1)1 P (X1, 115 -5 Xy Bn)
1 0Xpk
n n 2

D [Fu@m, Xy b)) P10, 115 5 X, )] (8.13)
=1 =1 0%k 0 Xyl

No summation over index m is performed here. The initial value to Eq. (8.13) can
be determined from Eq. (8.12). Setting f,, = f,,—1 in (8.12), we obtain

Pm(xh .. Xm, tmfl)
=0(m — Xp—1)Pm—1 (X1, 115 - o5 X 15 tn—1)- (8.14)
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Equation (8.13) assumes the solution in the form

Pp(xr, t1; .05 Xm, tm)
= Py il Xim—1, tn— 1) P11, 115 oo o5 X1, Bn—1)- (8.15)

Because all differential operations in Eq. (8.13) concern only #,, and x,,, we can
find the equation for the transitional probability density by substituting Eq. (8.15) in
Eq. (8.13) and (8.14):

0

a
(_ + [Vk(xv t) +Ak(xv t)]) p(xv t|x05 tO)
ot JIxg

2

= [Fra(x, x, p(x, tlxo, t0)] (8.16)
X 0x]

with initial condition

p(x, t|x07 tO)'t—)t() = 8(x —xo),

where
px, tlxo, to) = (8(x(?) — x)|x(t0) = x0).

In Eq. (8.16) we denoted variables x;, and t,, as x and ¢, and variables x,,—; and
tm—1 as xg and ty.
Using formula (8.15) (m — 1) times, we obtain the relationship

P (X1, 115 .05 X, Bn)
:p(xm, tm|xm—1s Im—1) -+ 'p(xZ, t2|x17 1)Pxy, 1), (817)

where P(x1, t1) is the one-time probability density governed by Eq. (8.11). Equal-
ity (8.17) expresses the multi-time probability density as the product of transitional
probability densities, which means that random process x () is the Markovian process.

Equation (8.11) is usually called the forward Fokker—Planck equation. The back-
ward Fokker—Planck equation (it describes the transitional probability density as a
function of the initial parameters 7y and xo) can also be easily derived.

Indeed, in Lecture 3 (page 69), we obtained the backward Liouville equation (3.8),
page 71, for indicator function

a a d
— +v(xo, t0) — ) p(x, tlx0, t0) = —f (x0, t0) ——¢(x, t|x0, t0), (8.18)
dto dxo axq

with the initial value @ (x, f|xg, ) = 8(x — x¢). This equation describes the dynamic
system evolution in terms of initial parameters #y and x. From Eq. (8.18) follows the
equality similar to Eq. (8.7),

d
—o(x, t|xp, o) = S(x —x)—o(x, tlxg, to). 8.19
8ﬁ(x’,t0+0)(p( |x0, o) ( )8ij§0( X0, o) (8.19)
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Averaging now the backward Liouville equation (8.18) over an ensemble of real-
izations of random field f(x, r) with the effective correlation tensor (8.4), using the
Furutsu—Novikov formula (8.10), and relationship (8.19) for the variational deriva-
tive, we obtain the backward Fokker—Planck equation

0 0
— + [vr(xo, t0) + Ar(xo, 20)] — ) p(x, tlxo, t0)
dto 9x0k

2

0
= —Fy(x0, X0, 10) ———p(x, t|xo, fo), (8.20)
X0k 0X01

px, tlxg, 1) = 6(x — xo).

The forward and backward Fokker—Planck equations are equivalent. The forward
equation is more convenient for analyzing the temporal behavior of statistical cha-
racteristics of the solution to Eq. (8.1). The backward equation appears to be more
convenient for studying statistical characteristics related to initial values, such as the
time during which process x(f) resides in certain spatial region and the time at which
the process arrives at region’s boundary. In this case the probability of the fact that
random process x(¢) rests in spatial region V is given by the integral

G(t; x, 1) = /de(X, t|xo, 10),
v

which, according to Eq. (8.20), satisfies the closed equation

d d
(— + [k (xo, fo) + Ak (x0, 70)] —) G(t; x, to)
0X0k

dto
82
= —Fy(x0, X0, to) ————G(t; x0, t0), (8.21)
004 0x0;
1 (xpeV),
G(t; x9, 1) = {O Exg ¢ V;.

For Eq. (8.21), we must formulate additional boundary conditions, which depend
on characteristics of both region V and its boundaries.

8.3 The Simplest Markovian Random Processes

There are only few Fokker—Planck equations that allow an exact solution. First of all,
among them are the Fokker—Planck equations corresponding to the stochastic equa-
tions that are themselves solvable in the analytic form. Such problems often allow
determination of not only the one-point and transitional probability densities, but also
the characteristic functional and other statistical characteristics important for practice.

The simplest special case of Eq. (8.11) is the equation that defines the Wiener ran-
dom process. In view of the significant role that such processes plays in physics (for
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example, they describe the Brownian motion of particles), we consider the Wiener
process in detail.

8.3.1 Wiener Random Process

The Wiener random process is defined as the solution to the stochastic equation
d (0 =2z 0) =0
—w(t) =z(), w(0) =0,
dt ¢

where z(f) is the Gaussian process delta-correlated in time and described by the para-
meters

z) =0, (z(z(!)) = 207108t — ).

1
The solution to this equation w(¢) = / dtz(t) is the continuous Gaussian nonsta-
0

tionary random process with the parameters
w(t)) =0, (wOw()) =207t min(t, 7).

8.3.2 Wiener Random Process with Shear

Consider a more general process that includes additionally the drift dependent on
parameter o

w(t, @) = —at+w(), o >0.
Process w(t; ) is the Markovian process, and its probability density
P(w, t; o) = (8(w(t; o) —w))

satisfies the Fokker—Planck equation
3 3 3?
— —a— |Pw,t; ) =D—P(w,t; ), Pw,0;a)=258w), (8.22)
w ow?

where D = o1 is the diffusion coefficient. The solution to this equation has the form
of the Gaussian distribution

Pw,t;a) =

2
o +a) } (8.23)

1
expq —
2./ Dt p{ 4Dt
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The corresponding integral distribution function defined as the probability of the event
that w(#; ) < w is given by the formula

w

Fw. t: ) = / dwP(w. I a) = Pr (\/%Dt + a,/%), (8.24)

—0o0

where function Pr(2) is the probability integral (4.20), page 94. In this case, the typical
realization curve of the Wiener random process with shear is the linear function of time
in accordance with Egs. (4.60), page 108

w*(t; o) = —at.
In addition to the initial value, supplement Eq. (8.22) with the boundary condition
Pw,t;0)|w=p =0, (>0). (8.25)

This condition breaks down realizations of process w(f; «) at the instant they reach
boundary 4. For w < h, the solution to the boundary-value problem (8.22), (8.25) (we
denote it as P(w, t; o, h)) describes the probability distribution of those realizations
of process w(t; ) that survived instant ¢, i.e., never reached boundary 4 during the
whole temporal interval. Correspondingly, the norm of the probability density appears
not unity, but the probability of the event that r < ¢*, where ¢* is the instant at which
process w(t; o) reaches boundary 4 for the first time

h
f dwP(w, t; a, h) = P(r < ). (8.26)
—00
Introduce the integral distribution function and probability density of random
instant at which the process reaches boundary %
h
Ft;a,h) =P(t" <) =1—-Plt<t)=1- / dwP(w, t; a, h),

—00

(8.27)

0 0
P(t;a, h) = EF(E a,h) = —a—P(w, t; o, h)lw=n-
w

If o > 0, process w(f; &) moves on average out of boundary #; as a result, proba-
bility P(r < r*) (8.26) tends for t — oo to the probability of the event that process
w(t; o) never reaches boundary /. In other words, limit

h
lim / dwP(w, t; o, h) = P (Wmax (@) < h) (8.28)

1—>00
—0o0
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is equal to the probability of the event that the process absolute maximum

Wmax (@) = max w(f; «)
te(0,00)

is less than A. Thus, from Eq. (8.28) follows that the integral distribution function of
the absolute maximum wpax () is given by the formula

h
F(h; o) = P (Wpax (@) < h) = zl—lf& / dwP(w, t; o, h). (8.29)

—00

After we solve boundary-value problem (8.22), (8.25) by using, for example, the
reflection method, we obtain

Pw,t;a, h)

1 (W + an)? hae  (w—2h+ ar)? 230
e e R e Y T | e

Substituting this expression in Eq. (8.27), we obtain the probability density of instant
t* at which process w(¢; «) reaches boundary 4 for the first time

1 (h+ ar)? }
Pit;a,h) = ————exp] ———¢.
( ) 2Dt/7 Dt p{ 4Dt

Finally, integrating Eq. (8.30) over w and setting t — 00, we obtain, in accordance
with Eq. (8.29), the integral distribution function of absolute maximum wp,x (o) of
process w(t; ) in the form [1, 2]

F(h; o) = P(Wpax(@) <h) =1— exp{—%x}. (8.31)

Consequently, the absolute maximum of the Wiener process has the exponential proba-
bility density

P(h; @) = (8 (Wima (@) — ) = %exp{_%‘}_

The Wiener random process offers the possibility of constructing other processes
convenient for modeling different physical phenomena. In the case of positive quan-
tities, the simplest approximation is the logarithmic-normal (lognormal) process. We
will consider this process in greater detail.



200 Lectures on Dynamics of Stochastic Systems

8.3.3 Logarithmic-Normal Random Process
We define the lognormal process (logarithmic-normal process) by the formula

t
y(t; a) = "G = exp —oet—l—/drz(t) , (8.32)
0

where z(7) is the Gaussian white noise process with the parameters

z0) =0, (z(0z(!)) = 20%108(t — ).

The lognormal process satisfies the stochastic equation
d
o) ={—atzhyta), 0o =1

The one-time probability density of the lognormal process is given by the formula

POy, t;a) = (8 (0(t; @) — y)) = (8" — y))
1 1
= — (8 (W(t, a) — ]ny)) = — P(W, t’ a”w:lny:

Y y

where P(w, t; ) is the one-time probability density of the Wiener process with a drift,
which is given by Eq. (8.23), so that

_(ny+ at)? } 1 !_ln2 (ve) }

1
2y~/ 7 Dt P { 4Dt ADt

Py, t;a) =

= ex
2y~/7 Dt P
(8.33)

where D = 021'0.
Note that the one-time probability density of random process y(z; &) = 1/y(t; @) is
also lognormal and is given by the formula

In? (o) }

1
PG, t;) = ———exp{ — 8.34
0.t ) SN TR { 4D (8.34)

which coincides with Eq. (8.33) with parameter o of opposite sign. Correspondingly,
the integral distribution functions are given, in accordance with Eq. (8.24), by the
expressions

Fy,t;a) =P (y(t; @) <y) =Pr ( In (yeim)), (8.35)

1
V2Dt

where Pr(z) is the probability integral (4.20), page 94.
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Figure 8.1 shows the curves of the lognormal probability densities (8.33) and (8.34)
for /D = 1 and dimensionless times T = Dt = 0.1 and 1. Figure 8.2 shows these
probability densities at T = 1 in logarithmic scale.

Structurally, these probability distributions are absolutely different. The only com-
mon feature of these distributions consists in the existence of long flat fails that appear
in distributions at T = 1; these tails increase the role of high peaks of processes y(¢; o)
and y(¢; o) in the formation of the one-time statistics.

Having only the one-point statistical characteristics of processes y(f; a) and y(¢; ),
one can obtain a deeper insight into the behavior of realizations of these processes on
the whole interval of times (0, co) [2, 5]. In particular,

08f
~0.1
06F g
=
T 04l
02 -
1 1 1
1 2 3 4

Figure 8.1 Logarithmic-normal probability densities (8.33) (a) and (8.34) (b) for «/D = 1
and dimensionless times T = 0.1 and 1.

ez 1 1 ==

20 -15 -10 -05 0.5 1.0

Figure 8.2 Probability densities of processes y(z; o) (solid line) and ¥(#; &) (dashed line) at
T = 1 in common logarithmic scale.
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@

()]

The lognormal process y(#; ) is the Markovian process and its one-time probability density
(8.33) satisfies the Fokker—Planck equation

d a a d
(& —018— )P(y tia) =D— ya yP(y,t; @), P»,0;a) =356y —1). (8.36)

From Eq. (8.36), one can easily derive the equations for the moment functions of
processes y(t; ) and y(z; «); solutions to these equations are given by the formulas
n=12,..)

@) =D G ) = < > = i/, (8.37)

YUt @)

from which follows that moments exponentially grow with time.
From Eq. (8.36), one can easily obtain the equality

(Iny(r)) = —at. (8.38)
Consequently, parameter « appeared in Eq. (8.38) can be rewritten in the form
1 | Y
—a= (Iny(®)) or o= p (Iny(2)). (8.39)

Note that many investigators give great attention to the approach based on the Lyapunov
analysis of stability of solutions to deterministic ordinary differential equations

d =A
Ex(t) =A()x(1).

This approach deals with the upper limit of problem solution

1
Ax(ry = tllinw 7 In |x(#)|

called the characteristic index of the solution. In the context of this approach applied to
stochastic dynamic systems, these investigators often use statistical analysis at the last
stage to interpret and simplify the obtained results; in particular, they calculate statistical
averages such as

1
(e} = Tim _— (inlx(0)). (8.40)

Parameter « (8.38) is the Lyapunov exponent of the lognormal random process y(#).
From the integral distribution functions, one can calculate the typical realization curves of
lognormal processes y(t; «) and y(z; &)

y*(l‘) — e(lny(t)) — e—at, y (t) lnv(l)) eott, (8.41)

which, in correspondence with Eqgs. (4.60), page 108, are the exponentially decaying curve
in the case of process y(f; o) and the exponentially increasing curve in the case of process

3t ).
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3

Consequently, the exponential increase of moments of random processes y(f; &) and
(t; «) are caused by deviations of these processes from the typical realization curves
y*(t; ) and ¥*(¢; o) towards both large and small values of y and y.

As it follows from Eq. (8.37) at «/D = 1, the average value of process y(t; D) is
independent of time and is equal to unity. Despite this fact, according to Eq. (8.35), the
probability of the event that y < 1 for Dz > 1 rapidly approaches the unity by the law

. _ [bry o1
P(y(t,D)<l)_Pr( 2)_1 \/me s

i.e., the curves of process realizations run mainly below the level of the process average
(y(t; D)) = 1, which means that large peaks of the process govern the behavior of statistical
moments of process y(#; D).

Here, we have a clear contradiction between the behavior of statistical characteristics
of process y(#; ) and the behavior of process realizations.
The behavior of realizations of process y(#; «) on the whole temporal interval can also be
evaluated with the use of the p-majorant curves M, (¢, &) whose definition is as follows [2,
5]. We call the majorant curve the curve M, (t, «) for which inequality y(#; o) < M (2, )
is satisfied for all times ¢ with probability p, i.e.,

Ply(t; @) < My(1, ) forall 1 € (0, 00)} = p.

The above statistics (8.31) of the absolute maximum of the Wiener process with a drift
w(t; ) make it possible to outline a wide enough class of the majorant curves. Indeed,
let p be the probability of the event that the absolute maximum wp,x (8) of the auxiliary
process w(t; B) with arbitrary parameter 8 in the interval 0 < B < « satisfies inequality
w(t; B) < h = InA. It is clear that the whole realization of process y(#; ) will run in this
case below the majorant curve

My(t, a, B) = AeP=)! (8.42)

with the same probability p. As may be seen from Eq. (8.31), the probability of the event
that process y(t; o) never exceeds the majorant curve (8.42) depends on this curve parame-
ters according to the formula
p=1-APP
This means that we derived the one-parameter class of exponentially decaying majorant
curves

M,,(t,oz,ﬂ):( L -an (8.43)

1 —p)P/P

Notice the remarkable fact that, despite statistical average (y(¢; D)) = 1 remains con-
stant and higher-order moments of process y(f; D) are exponentially increasing functions,
one can always select an exponentially decreasing majorant curve (8.43) such that realiza-
tions of process y(t; D) will run below it with arbitrary predetermined probability p < 1.
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C))

In particular, inequality (t = D)
y(t; D) < My2(1, D, D/2) = M(v) = 4e~ 7/ (8.44)

is satisfied with probability p = 1/2 for any instant ¢ from interval (0, co).

Figure 8.3 schematically shows the behaviors of a realization of process y(#; D) and the
majorant curve (8.44). This schematic is an additional fact in favor of our conclusion that
the exponential growth of moments of process y(¢; D) with time is the purely statistical
effect caused by averaging over the whole ensemble of realizations.

Note that the area below the exponentially decaying majorant curves has a finite value.
Consequently, high peaks of process y(#; o), which are the reason of the exponential growth
of higher moments, only insignificantly contribute to the area below realizations; this area
appears finite for almost all realizations, which means that the peaks of the lognormal
process y(¢; ) are sufficiently narrow.

In this connection, it is of interest to investigate immediately the statistics of random area
below realizations of process y(z; «)

t
Su(t; o) = / dty"(t; a). (8.45)
0
This function satisfies the system of stochastic equations
%Sn(t; a) =y"(t;a), Sp(0;0) =0,
p (8.46)
e = {~a+z0lyt ), yO; @) =1,

Figure 8.3 Schematic behaviors of a realization of process y(#; D) and majorant curve M(7)
(8.44).
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so that the two-component process {y(¢; @), S, (f; &)} is the Markovian process whose one-
time probability density

P(Sp,y, t; ) = (8 (Su(t; o) — Sp) 8 ((t; @) — y))

and transition probability density satisfy the Fokker—Planck equation

i +y" 0 0 P(Sp,y,t; @) L2 P(Sn, ¥, t; )
— —0— SV, L) =D —y— sV, o),
o Y as,  Yay) Y oy oy omY (8.47)

P(Su,y, 05 0) = 8(Sn)8(y — D).

Unfortunately, Eq. (8.47) cannot be solved analytically, which prevents us from study-
ing the statistics of process S, (#; «) exhaustively. However, for the one-time statistical
averages of process S,(f; o), i.e., averages at a fixed instant, the corresponding statistics
can be studied in sufficient detail.

With this goal in view, we rewrite Eq. (8.45) in the form

t T

Sp(t; a) = /dr expi —nat +n/drlz(r|)

0 0
t -t

:/drexp —not(t—r)—i—n/drlz(t—r—rl) ,
0 0

from which it follows that quantity S, (#; ) in the context of the one-time statistics is
statistically equivalent to the quantity (see section 4.2.1, page 95)

-1
—na(t—t)+n [ driz(t+1)
0

'
Sp(t; ) = /dre

0

(8.48)

Differentiating now Eq. (8.48) with respect to time, we obtain the statistically equivalent
stochastic equation

%Sn([; a) =1 —nfe —z(O}Sp(t; @), Sa(0;0) =0,

whose one-time statistical characteristics are described by the one-time probability density
P(Sy, t; ) = (8 (Sp(t; @) — S;,)) that satisfies the Fokker—Planck equation

042 0 50) P(Su.t: @) = D=5, 2 S, P(Sp. v, 1: 1) (8.49)
— — no—— ,La)=n"D—S§,, — LV, 5 a). .
or " as,  as,m)n 8, " as, oY

As may be seen from Eq. (8.49), random integrals

oo

Sle) = f dry'(z: @)

0
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are distributed according to the steady-state probability density

| 1
s <n2D)°‘/”D r <5> sialD eXp{_m }
D

where I'(z) is the gamma function. In the special case n = 1, quantity

o0

S(e) = S1(a) = /dTY(T; o)
0

has the following probability density

1 1
eXpy ——=¢-
Da/DT (%) §l+a/D p{ DS}

P(S; ) = (8.50)

If we set now a = D, then the steady-state probability density and the corresponding integ-
ral distribution function will have the form

P(S; D) = ; exp{ D]S}’ F(S; D) _exp{—DLS} (8.51)

The time-dependent behavior of the probability density of random process

[e¢]

S, a) = / dry(t; a) (8.52)

t

gives an additional information about the behavior of realizations of process y(; o) with
time 7. The integral in the right-hand side of Eq. (8.52) can be represented in the form

T

S(t, @) = y(t; @) / drexpl —at + f driz(ti + 0 . (8.53)
0

In Eq. (8.53), random process y(t; «) is statistically independent of the integral factor,
because they depend functionally on process z(7) for nonoverlapping intervals of times
7; in addition, the integral factor by itself appears statistically equivalent to random quan—
tity S(e). Consequently, the one-time probability density P(§, o) = 8 ( (t, ) — ) of
random process S(¢, ) is described by the expression

PGS, ) =

/dde(S(yS — §)P(y, o) = / QP(y, t; )P (5, Ot), (8.54)
y y
0 0

where P(y, #; ) is the one-time probability density of lognormal process y(z; «) (8.33) and

S
P <7; zx) is the probability density (8.50) of random area.
y
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C))

The corresponding integral distribution function

S
F(g, t,a) =P (§(t; o) < §) = /ng(g, t; o)
0

is given by the integral
r S
FS, ;) = /dyP(y, fa)F (7; a),
y
0

where F(S; o) is the integral distribution function of random area S(#; «). In the special
case o« = D, we obtain, according to Eq. (8.33) and (8.51), the expression

o0
- 1 d 1 2 Dt
F(S, ;D) = /‘yexp{_n(ye) y }
y
0

24/ Dt 4Dt DS

from which follows that the probability of the event that inequality S(1; D) < S is satisfied
monotonously tends to unity with increasing Dt for any predetermined value of DS. This is
an additional evidence in favor of the fact that every separate realization of the lognormal
process tends to zero with increasing Dt, though moment functions of process y(#; &) show
the exponential growth caused by large spikes.

Now, we dwell on positive random fields E(r, r) closely related to lognormal processes
whose one-point probability density is described by the equation

ot or? oE JE OE
P(r,0; E) = § (E — Eo(r)),

LS PR RS g
— Lo (rv ) )_ o (rs ) )s (8.55)

where Dy is the coefficient of diffusion in r-space, and coefficients « and D characterize
diffusion in E-space. Parameter « can be both positive and negative. In the context of the
one-point characteristics, the change of sign of parameter « means transition from random
field E(r, t) to random field E (r,t) = 1/E(r, t). For definiteness, we will term field E(r, r)
energy.

The solution to this equation has the form

92 | ~
P(r,t; E) = exp { Dot—5 ¢ P(r, t; E),
or?

where function ﬁ(r, t; E) satisfies the equation (cf. with Eq. (8.36))

5~ 3 9 )~
2P tE) = a2 E+ DEZE P 1: B),
ol W E) {“aE RETRET } .5 E)

P(r,0,E) = 8§ (E — Ey(r)).
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As may be seen, dependence of function ﬁ(r, t; E) on parameter r is determined solely by
initial value Ey(r), i.e.,

P(r, 1; E) = P(1; E|Eo(r))

and, hence, function P(r; E |Ep(r)) is the lognormal probability density of random process
E(t, |Eo(r)) dependent on r parametrically,

2 ot
INJ(t; E|Ey(r) = hl[Ee/EO(r)]}

1
L el
2ESaDt T { 4D1

Thus, the solution to Eq. (8.55) has the form

2 2 ot
2 }p{_l[E/Ew]} (5.:56)

1
Pr,t, E)= ———¢ Dot—
¢ ) 2E\/nDt XP{ " ar2 4Dt

A consequence of equation (8.55) or expression (8.56) are relationships for spatial inte-
grals of moment functions (for all » > 0 and n < 0)

/dr (E"(r, t)> — MnD—at / drEg(r),

which are independent of the coefficient of diffusion in r-space (coefficient Dg), and, in
particular, the expression for average total energy in the whole space,

/dr (E(r, 1)) :e”’/drEo(r),

where y = D—q. If the initial energy distribution is homogeneous, Ey(r) = Ey, probability
density (8.56) is independent of r and is given by Eq. (8.33),

P, E) =

wler .

1
————exp | —
2EN/ 7Dt P { 4Dt
Thus, in this case, the one-point statistical characteristics of energy E(r, r) are statis-
tically equivalent to statistical characteristics of random process E(f) = y(#; o) (8.32). A
characteristic feature of distribution (8.57) consists in a long flat zail appeared for Dt > 1,
which is indicative of an increased role of great peaks of process E(f; «) in the forma-

tion of the one-point statistics. For this distribution, all moments of energy are exponential
functions and, in particular,

(E(t)) = Ege”', y=D—u«
atn =1, and

(In(E(®)/Ep)) = —at,
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so that the typical realization curve determining the behavior of energy at arbitrary spatial
point in specific realizations of random process E(t) is the exponential quantity

E*(t) = Ege™™

increasing or decreasing with time. For o < 0, the typical realization curve exponentially
increases with time, which is evidence of general increase of energy at every spatial point.
Otherwise, for o > 0, the typical realization curve exponentially decreases at every spatial
point, which is indicative of cluster structure of energy field.

Figure 8.4 schematically shows random realizations of energy field for different signs
of parameter o.

The knowledge of the one-point probability density of energy (8.56) yields general
knowledge of the spatial structure of energy. In particular, functionals of the energy
field such as total average volume (in the three-dimensional case) or area (in the two-
dimensional case) of the region in which E(r, t) > E and total average energy contained in
this region are given by the equalities

(V(t,E)) = /dE/dr P, t, E),
E

(E(t,E)) = /Tsdﬁ/dr P(r, t. E).
E

a>0

E(r, &)

Figure 8.4 Schematic behavior of random realization of energy for « > 0 and & < 0.
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The values of these functionals are independent of the coefficient of diffusion in
r-space (coefficient Dy), and, using probability density (8.56), we obtain the expressions

v E)>=/drPr< : 1n<E°(’)e—M>>
’ 2Dt E ’

(EWE) =e" / dr Ey(r) Pr (\/% In (?eﬂD—a)t>>’

where probability integral Pr(z) is defined by Eq. (4.20), page 94. Asymptotic expressions
of function Pr(z) for z — oo and z — —oo (4.23), page 95, offer a possibility of studying
temporal evolution of these functionals. Namely, average volume asymptotically decays
(for @ > 0) with time ( — 00) according to the law

1 D 2
VB~ | e ’/4D/dr,/Eg‘/D(r).

On the contrary, for @ < 0, average volume occupies the whole space for t — oco.
Asymptotic behavior of total energy for + — oo has the form (in the most interesting
caseof y > 0, < D)

(8.58)

(€@, B))

(2D—a)/D
~ et / ko) |1- —— |2 (_E ¢~ (D—a)’1/4
2D —a) \ 7wt \ Ey(r)

which means that 100% of total average energy is contained in clusters for o > 0.

In the case of homogeneous initial conditions, the corresponding expressions without
integration over r present specific values of volume occupied by large peaks and their total
energy per unit volume:

(. ) = Pr (4 In (B2ee)),

(€(t, E)) = Ege?' Pr (ﬁ In (EOTWZD—a»)),

(8.59)

where y =D — .

If we take section at level E > Ej, then the initial values of these quantities will be equal
to zero at the initial instant, (0(0, E)) = 0 and (&(0, E)) = 0. Then, spatial disturbances of
energy field appear with time and, for t — oo, they are given by the following asymptotic
expressions:

D
1 /D <E0>a/ D (4 = )

(B, E)) ~

1 [D (E\"P
1— —/— (—) e—1/4D (o < 0),
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and, for D > «,

1 D E (2D—a)/D ,
(€(t, E))) ~ Ege’" | 1 — ab—a\ 7 (E—) ¢~ (2D=e)1/4D
—a)\ 0

Thus, for a > 0, specific total volume tends to zero and specific total energy increases
with time as average energy does, which is evidence of clustering the field of energy in
this case.

For a < 0, no clustering occurs and specific volume occupies the whole space in which
specific energy increases with time as average energy does.

8.4 Applicability Range of the Fokker-Planck Equation

To estimate the applicability range of the Fokker—Planck equation, we must include
into consideration the finite-valued correlation radius ty of field f(x, ) with respect to
time. Thus, smallness of parameter to/T is the necessary but generally not sufficient
condition in order that one can describe the statistical characteristics of the solution
to Eq. (8.1), using the approximation of the delta-correlated random field of which a
consequence is the Fokker—Planck equation. Every particular problem requires more
detailed investigation. Below, we give a more physical method called the diffusion
approximation. This method also leads to the Markovian property of the solution to
Eq. (8.1); however, it considers to some extent the finite value of the temporal corre-
lation radius.

Here, we emphasize that the approximation of the delta-correlated random field
does not reduce to the formal replacement of random field f(x, r) in Eq. (8.1) with
the random field with correlation function (8.4). This approximation corresponds to
the construction of an asymptotic expansion in temporal correlation radius 7 of filed
f(x, 1) for tp — 0. It is in such a limited process that exact average quantities like

(fee. DRIEFE D))

grade into the expressions obtained by the formal replacement of the correlation tensor
of field f(x, r) with the effective tensor (8.4).

8.4.1 Langevin Equation

We illustrate the above speculation with the example of the Langevin equation that
allows an exhaustive statistical analysis. This equation has the form

d
Ex(t) = —ix(®) +f(@), x(t9)=0 (8.60)

and assumes that the sufficiently fine smooth function f(¢) is the stationary Gaussian
process with zero-valued mean and correlation function

(ff@)) =Bt —1).
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For any individual realization of random force f(¢), the solution to Eq. (8.60) has
the form

t

x(1) = / dtf(r)e =),

fo

Consequently, this solution x() is also the Gaussian process with the parameters

t r
(x(0) =0, (x(Ox(t))= / dry f drBr (1) — 1p)e HIH T,
) Iy

In addition, we have, for example,

—1toy
S 0x0) = / deB(z)e .

0

Note that the one-point probability density P(x, ) = (5(x(¢) — x)) for Eq. (8.60)
satisfies the equation

t—1y
3 d 3
__)" P = B _AI_P P :5
(E)t Bxx> (x, 1) /dr (e o3P0, Py fo) = 8(x),

which rigorously follows from Eq. (6.24), page 149. As a consequence, we obtain

t—1y

%(xz(t))=—2k(x2(t))+2 / dtBf(t)e .
0

For fy) — —o0, process x(f) grades into the stationary Gaussian process with the
following one-time statistical parameters ({(x(¢)) = 0)

ol = (¥ = % / dtBr(r)e™",  (f(Ox(0) = / dtBy(t)e ™.
0 0

In particular, for exponential correlation function By (1),
Br(t) = GfZe—ITI/To’

we obtain the expressions

2‘L’ 0’.2

—0, (2@))= 2" - U0 8.61
G0) =0, {P0)= ey (00 = (8:61)
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which grade into the asymptotic expressions

0’21’
(o) = fTO (f()x(0)) = o0 (8.62)

for tp — 0.
Multiply now Eq. (8.60) by x(#). Assuming that function x(¢) is sufficiently fine
function, we obtain the equality

d ~_ld, 5
x(t)d—tx(t) =57 () = —Ax" () + f(Ox(1).

Averaging this equation over an ensemble of realizations of function f(¢), we obtain
the equation

1d
5 7 1E0) = =2 0) + (f(0x), (8.63)

whose steady-state solution (it corresponds to the limit process ) — —oo and 79 — 0)

1
() = S {f@x)

coincides with Eq. (8.61) and (8.62).
Taking into account the fact that §x(7) /6f (t — 0) = 1, we obtain the same result for
correlation (f(¢)x(¢)) by using the formula

t

8
(f(Ox(@®) = / dtBs(t — 1) <8f(t)x(t)> (8.64)

—0o0
with the effective correlation function
B;ff(t) =207 108(1).

Earlier, we mentioned that statistical characteristics of solutions to dynamic prob-
lems in the approximation of the delta-correlated random process (field) coincide with
the statistical characteristics of the Markovian processes. However, one should clearly
understand that this is the case only for statistical averages and equations for these ave-
rages. In particular, realizations of process x(¢) satisfying the Langevin equation (8.60)
drastically differ from realizations of the corresponding Markovian process. The lat-
ter satisfies Eq. (8.60) in which function f(¢) in the right-hand side is the ideal white
noise with the correlation function By(f) = 2c7f21:08 (t); moreover, this equation must
be treated in the sense of generalized functions, because the Markovian processes
are not differentiable in the ordinary sense. At the same time, process x(f) — whose
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statistical characteristics coincide with the characteristics of the Markovian process —
behaves as a sufficiently fine function and is differentiable in the ordinary sense. For
example,

4 =19
x(0) = x(t) = 5= (),

and we have for #) — —oo in particular

<x(t)ditx(z)> =0. (8.65)

On the other hand, in the case of the ideal Markovian process x(f) satisfying (in the
sense of generalized functions) the Langevin equation (8.60) with the white noise
in the right-hand side, Eq. (8.65) makes no sense at all, and the meaning of the
relationship

d
<x(t)d—tx(t)> =—A <x2(r)> + (F(O)x(D)) (8.66)

depends on the definition of averages. Indeed, if we will treat Eq. (8.66) as the limit
of the equality

<x(t + A)%X(I)> = =2 (x(Ox(r + A)) + (f()x( + A)) (8.67)

for A — 0, the result will be essentially different depending on whether we use limit
processes A — 40, or A — —0. For limit process A — +0, we have

lim (f(Ox(t + A)) = 207 7.
A—+0
and, taking into account Eq. (8.64), we can rewrite Eq. (8.67) in the form
(t+0) d (®) 7t (8.68)
X —x(1) ) = o7 10. .
dt £

On the contrary, for limit process A — —0, we have

(fDx(@—-0)) =0

because of the dynamic causality condition, and Eq. (8.67) assumes the form

<x(t —0) %x(r)> = —0/10. (8.69)
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Comparing Eq. (8.65) with Eq. (8.68) and (8.69), we see that, for the ideal Markovian
process described by the solution to the Langevin equation with the white noise in the
right-hand side and commonly called the Ohrnstein—Ulenbeck process, we have

d d 1 d
<x(t +0) Ex(t)> £ <x(t —0) Ex(t)> # 5= <x2(t)>.

Note that equalities (8.68) and (8.69) can also be obtained from the correlation
function

2
(x(x(t+ 1)) = Ufk_roe—w

of process x(1).

To conclude with a discussion of the approximation of the delta-correlated random
process (field), we emphasize that, in all further examples, we will treat the statement
‘dynamic system (equation) with the delta-correlated parameter fluctuations’ as the
asymptotic limit in which these parameters have temporal correlation radii small in
comparison with all characteristic temporal scales of the problem under consideration.

8.5 (Causal Integral Equations

In problems discussed earlier, we succeeded in deriving the closed statistical descrip-
tion in the approximation of the delta-correlated random field due to the fact that each
of these problems corresponded to a system of the first-order (in temporal coordinate)
differential equations with given initial conditions at # = 0. Such systems possess the
dynamic causality property, which means that the solution at instant  depends only on
system parameter fluctuations for preceding times and is independent of fluctuations
for consequent times.

However, problems described in terms of integral equations that generally cannot
be reduced to a system of differential equations can also possess the causality property.
In short, we illustrate this fact by the simplest example of the one-dimensional causal
equation (¢t > )

1
Gt 1)y =gt 1)+ A / drg(t; 1)z(v)G(t; 1), (8.70)
t/
where function g(z; ¢’) is Green’s function for the problem with absent parameter fluc-

tuations, i.e., for z(r) = 0, and we assume that z(¢) is the Gaussian delta-correlated
random function with the parameters

(z(0) =0, (z2(0z()) =2D8(t — 1) (D = o’0).
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Averaging then Eq. (8.70) over an ensemble of realizations of random function z(7),
we obtain the equation

t

(G h) =gt; ) + A/drg(t; ) (2(1)G(z; 1)). (8.71)

t

Taking into account equality

8 N . .4
mG(r, )y =gt HAGH; 1) (8.72)

following from Eq. (8.70), we can rewrite the correlator in the right-hand side of
Eq. (8.71) in the form

M= bl ) = . Ly
(z(DG(x; 1)) = D<SZ(T)G(I, r)> = ADg(t; 1) (G(t; 1))

As a consequence, Eq. (8.71) grades into the closed integral equation for average
Green’s function

t
(G(t: 1)) = g(t: /) + A*D / drg(t; T)g(t; 1) (G(z: 1)), (8.73)

t

which has the form of the Dyson equation (in the terminology of the quantum field
theory)

t T
(Gt 1h) =gt; )+ A / drg(t; T) / dt'Q(r; ) (G('; 1)),
t t

or (8.74)

t T
(Gt 1)) = et 1) +A/df (Gt t))de/Q(r; t)g(t': 1),

4 t
with the mass function
O(t: ') = A’Dg(t; 1)8(t — 7).
Derive now the equation for the correlation function

L@ ;0,1 =G )G (1)) >1, n>1),
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where G*(t; ¢') is complex conjugated Green’s function. With this goal in view, we
multiply Eq. (8.70) by G*(#; ¢}) and average the result over an ensemble of real-
izations of random function z(#). The result is the equation that can be symbolically
represented as

= g(G*) + Ag(:GG*). (8.75)
Taking into account the Dyson equation (8.74)

(G) = {1+ (G) Q}¢,

we apply operator {1 4+ (G) O} to Eq. (8.75). As a result, we obtain the symbolic-form
equation

' = (G)(G*) + (G) A {(:GG*) — Qr},
which can be represented in common variables as

L@ 75 n.1) = (G )) (G (1: 1)

t
. M % Y .4 w
—I-AD/dT G0 |:< 8z(7) G 1n) +26G(n: 1) 6z(7) >:|

A2D/dr (G(t; T)) g(r; T (¢, 15 11, 1)). (8.76)
0

Deriving Eq. (8.76), we used additionally Eq. (5.30), page 130, for splitting correla-
tions between the Gaussian delta-correlated process z(#) and functionals of this process

D<8L()R[t z(r)]> =t 1<),
Z(t
(z()RIt; 2(0)]) >=

8
<8 (/)R[t z(r)]> @<t 1<),
Taking into account Eq. (8.72) and equality

mG*(Il, 1) = AG*(11; 1)G*(z; 1)),

following from Eq. (8.70) we can rewrite Eq. (8.76) as

L@, 150, 1) = (GO G (1: 1)
t
+2|A|2D/dr (G(t; D)) (G*(t1; DG(1; )G (T3 1)).  (8.77)
0



218 Lectures on Dynamics of Stochastic Systems

Now, we take into account the fact that function G*(¢1; t) functionally depends on
random process z(7) for T > r while functions G(t; ¥') and G*(z; #}) depend on it for
T < 1. Consequently, these functions are statistically independent in the case of the
delta-correlated process z(7), and we can rewrite Eq. (8.77) in the form of the closed
equation (¢] > 1)

L@, 10, 1) = (G 1)) (G (11: 1))
t
+ 2|A|2D/dr (G(t; D) (G*(11: D) T (x: s T3 1)). (8.78)
0

8.6 Diffusion Approximation

Applicability of the approximation of the delta-correlated random field f(x, ¢) (i.e.,
applicability of the Fokker—Planck equation) is restricted by the smallness of the tem-
poral correlation radius 7y of random field f(x, #) with respect to all temporal scales of
the problem under consideration. The effect of the finite-valued temporal correlation
radius of random field f(x, ) can be considered within the framework of the diffusion
approximation. The diffusion approximation appears to be more obvious and physical
than the formal mathematical derivation of the approximation of the delta-correlated
random field. This approximation also holds for sufficiently weak parameter fluctua-
tions of the stochastic dynamic system and allows us to describe new physical effects
caused by the finite-valued temporal correlation radius of random parameters, rather
than only obtaining the applicability range of the delta-correlated approximation. The
diffusion approximation assumes that the effect of random actions is insignificant dur-
ing temporal scales about ¢, i.e., the system behaves during these time intervals as
the free system.

Again, assume vector function x(7) satisfies the dynamic equation (8.1), page 191,

%x(z) =v(x, 1) +f(x, 0, x(ty) =xo, (8.79)

where v(x, ) is the deterministic vector function and f(x, ) is the random statistically
homogeneous and stationary Gaussian vector field with the statistical characteristics

(fx,0) =0, Bjx,x,¢)=Bjx—x",1—1)=(filx,nfi(x’, 7).
Introduce the indicator function
p(x, 1) =5x(@) —x), (8.80)

where x(¢) is the solution to Eq. (8.79) satisfying the Liouville equation (8.6)

3 9 3
(8_t + v, r)) o 1) =~ f(x. Do, 1). (8.81)



Approximations of Gaussian Random Field Delta-Correlated in Time 219

As earlier, we obtain the equation for the probability density of the solution to
Eq. (8.79)

P(x, 1) = (¢, 1) = (8(x(1) —x))

by averaging Eq. (8.81) over an ensemble of realizations of field f(x, ¢)

I 0
(a + av(x, t)) P(x, 1) = r {f x, Do(x, 1)), (8.82)

Px, t9) = §(x — xp).

Using the Furutsu—Novikov formula (8.10), page 193,

)
e, DRI f5, 1)) = / dx' / A Byx, 1%, 1) <WR[t;f@, r)1>

valid for the correlation between the Gaussian random field f(x, 7) and arbitrary func-
tional R[f; f(y, T)] of this field, we can rewrite Eq. (8.82) in the form

(iJri ¢ t))P( t)——i/d ’/dt’B--( nx' 1) 0 (x, 1)
o 8xv X, X, 1) = ox; X i (X, 1, X, N2 t/)ﬂl’ X, 1))
0]
(8.83)

In the diffusion approximation, Eq. (8.83) is the exact equation, and the variational
derivative and indicator function satisfy, within temporal intervals of about temporal
correlation radius tp of random field f(x, f), the system of dynamic equations

LT N N

srsfi,y . ox | Vs |

8 ’ 0 / /
% =~ = 1), (8.84)
1 ) 1=t 1

0 0
a—tp(x, N=——{xDex 0}, @& D= =x,1).
t ox

The solution to problem (8.83), (8.84) holds for all times #. In this case, the
solution x(#) to problem (8.79) cannot be considered as the Markovian vector random
process because its multi-time probability density cannot be factorized in terms of
the transition probability density. However, in asymptotic limit ¢ > 79, the diffusion-
approximation solution to the initial dynamic system (8.79) will be the Markovian
random process, and the corresponding conditions of applicability are formulated as
smallness of all statistical effects within temporal intervals of about temporal correla-
tion radius 1.
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Problems

Problem 8.1

Assuming that £(x, R), is the homogeneous isotropic delta-correlated Gaussian
field with zero-valued mean and correlation function

B.x—x,R—R')=(e(x,R)e(x,R)) = AR — R)3(x — x'),

derive the Fokker—Planck equation for the diffusion of rays satisfying system of
equations (1.92), page 42,

d d 1
ZR@) =p),  —-p(x) = SVge(x. R). (8.85)

Solution Function P(x; R,p) = (§(R(x) — R)§(p(x) — p)) satisfies the Fokker—
Planck equation

9 9
— +p— | P(x; R, p) = DARP(x; R,
(ax +p8R> (x; R, p) RrRP(x; R, p)

1 o
with the diffusion coefficient D = — - ArA(R)|g—o = n? / dii® @,(0, k).
0

Here,
1 o0
Qg k) = —— f dx / dRB, (x, R)e™ '@ +eR)
(2m)3
—0oQ

AR) =2r / dr®, (0, k)e™k,

is the three-dimensional spectral density of random field €(x, R).
Solution corresponding to the initial condition P(0; R, p) = §(R)5(p) is the
Gaussian probability density with the parameters

2
(Ri ()R (x)) = gDsjkx% (Rj(x)pi(x)) = D8jx?,

(pi(X)pk (X)) = 2D8jex.

Problem 8.2

Assuming that ¢(x, R) is the homogeneous isotropic delta-correlated Gaussian
field with zero-valued mean and correlation function

B.x—x,R—R')=(e(x,R)e(x,R)) = AR — RS(x — x'),
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derive, starting from Egs. (8.85), the longitudinal correlation function of ray
displacement.

Solution

(RORM)) = 2D(x')? <x -~ %x’).

Problem 8.3
Consider the diffusion of two rays described by the system of equations

d 1
TP =3VRe(x Ry),

d
AR =p0,

dx

where index v = 1, 2 denotes the number of the corresponding ray.

Solution The joint probability density
P(x; R1,py, R2, py) = ((R1(x) — R1)S(py (x) —p1)8(Ra(x) — R2)8 (2 (x) — )
satisfies the Fokker—Planck equation
<% +p 813( +p2 32 >P(X;R1,P1»R2,P)
=Z< LA )P(x Ri.py.R2.p).
p1 9py

where operator
Z(a 8) ”qu>(0)<8)2+<8)2
— — | == K K Kx— Kx—
ap1 9p, 4 ‘ ap ap>
0 B
+2cos[k(Ri —R)]|k— ) (k— ) |.
ap, ap1

Problem 8.4
Consider the relative diffusion of two rays.

Solution Probability density of relative diffusion of two rays

P(x; R, p) = (§(R1(x) — Ra(x) — R)3(p (x) — pr(x) — p)),
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satisfies the Fokker—Planck equation

2

(i —i—pi) P(x;R,p) = Dyg(R) P(x;R,p), (8.86)

0x oR dpadpp

where

Dyg(R) =27 / di [1 — cos (kR)] kqkg @ (0, k).

Remark 1f [y is the correlation radius of random field e(x, R), than under the
condition R > [y we have

Dup(R) = 2Dbyp.

i.e., relative diffusion of rays is characterized by the diffusion coefficient exceed-
ing the diffusion coefficient of a single ray by a factor of 2, which corresponds to
statistically independent rays. In this case, the joint probability density of relative
diffusion is Gaussian.

In the general case, Eq. (8.86) can hardly be solved in the analytic form. The
only clear point is that the solution corresponding to variable diffusion coefficient
is not the Gaussian distribution.

Asymptotic case R < [y can be analyzed in more detail. In this case, we
can expand function {I — cos (kR)} in the Taylor series to obtain the diffusion
matrix in the form

Dos(R) = 7B (staﬁ + 2RO,R,3>, (8.87)

where

B =

o0
% / dici> D, 0, x).
0

From Eq. (8.86) with coefficients (8.87) follow three equations for moment func-
tions

L prw)=sRw). L (Rw)=2®@pe),

d
- (Rep() = (p* ).
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These equations can be easily solved. From the solution follows that, for x from
the interval in which ax > 1 (o = (167B)'/3), but R(z)e‘” < l(z) (such an interval
always exists for sufficiently small distances Ry between the rays under conside-
ration), quantities (R*(x)), (R(x)p(x)), and (p*(x)) are exponentially increasing
functions of x.

Problem 8.5

Derive an equation for the probability density of magnetic field with homoge-
neous initial conditions with the use of the simplest model of velocity field (1.3),
(1.4), page 4,

u(r,n) =v(@)f (kx),

where v(t) is the stationary Gaussian vector random process with the correlation
tensor

(i) = 2028708 (t — 1),

where o2 is the variance of every velocity component, Ty is the temporal corre-
lation radius of these components, and f (kx) is a deterministic function.

Solution In the dimensionless variables
t— Kolrot, x—kx, (miv(t)) — 2858 — 1),

the indicator function of the transverse portion of magnetic field is described by
Eq. (3.27), page 76. Averaging this equation over an ensemble of realizations of
vector function v(¢), we obtain the equation

9 petH) = 2 (P2 — foof -2 :
o P H) = (f )7 —f0f @ 8HH) P(x, t; H)

9 , .0 , 2 0
+ <1 + a—HH> <—f(x)f W5+ [ @] 8_HH> P(x, ; H)

.. 9 0
+ Ex————P(x, 1; H).
V (x)] an ; a ; ('x7 ta )

Remark 1If function f(x) varies along x with characteristic scale k~! and is a
periodic function (‘fast variation’), then additional averaging over x results in an
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equation for ‘slow’ spatial variations

O pe i) = - (PO L) Pox 11
E (-xst’ )_a(f (x)a> ()C,t, )

TP LA oo PE L b
+ @] (1 + 8HH> S P 6D+ [ P Ewo s P, 1 H).

Taking into account the fact that function P(x, t; H) is independent of x in view

of the initial conditions, we obtain the equation

9 9 9 9 92
—Pt:H)=D|—H+ —H—H ) P(t; H) + DE,c— P(t; H),
ar( ) <3H +ogtlon ) (t; H) + 0o (t; H)

where D = [f’ (x)]%. Then, introducing the normalized time (r — DKk2o2tot), we
obtain the equation in the final form

9 9 9 9 92
—Pt:H)=|—H+ —H—H)| Pt H) +Eog—-P H). (8.88
o (t; H) <8H +8H o0 ) (t, H) + x08H2 (t; H) (8.88)

Problem 8.6

Starting from Eq. (8.88), derive an equation for the probability density of gener-
ated energy of the transverse portion of magnetic field with the use of the simplest
model of velocity field (1.3), (1.4), page 4.

Solution Multiplying Eq. (8.88) by 8 (H?> — E) and integrating over H, we obtain
the equation

9 9 9 9 9 9
SPHE) = (2—E+4—E—FE)| P(t; E) + 4Exo—E—P(t; E).
8t()<8E+8E8E>()+ 0apE gl )

(8.89)

Introduce dimensionless energy by normalizing it by Eyg. The result will be
the equation

0 0 d 0 d 0
—Pt;E)=(2—E+4—FE—E |P(t;E)+4—E—P(t; E), 8.90
8t()<8E+8E8E>()+8E8E() ( )
with the initial condition
P(0; E) = §(E - B),

where 8 = E19/Ex0.
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Remark It should be remembered that problem (8.90) is the boundary-value prob-
lem, and boundary conditions are the requirements of vanishing the probability
density at £ = 0 and E = oo for arbitrary time ¢ > 0. In addition, Eq. (8.90)
generally has a steady-state solution independent of parameter 8 and character-
ized by infinite moments,

1

(8.91)
It should be kept in mind that this distribution is a generalized function and is
valid on interval (0, 00). As for point E = 0, the probability density must vanish
at this point.

Note that, at 8 = 1 and E,¢ = 0, probability density of energy normalized by
E | satisfies Eq. (8.90) without the last term and, consequently, the correspon-
ding probability density is lognormal,

P(:E) = - \/%E exp {—l%t In? (EeZ’)}. (8.92)
This structure of probability density will evidently be valid only for very small
time intervals during which the generating term is still insignificant. The solid
lines in Fig. 8.5 show the solutions to Eq. (8.90) obtained numerically for para-
meter § = 1 at (@) t = 0.05 and (b) t = 0.25. The dashed lines in Fig. 8.5 show
the lognormal distribution (8.92). These curves show that the term responsible
for energy generation in Eq. (8.90) prevails even for small times.

Figure 8.6 shows the solution to 8.90) (the solid lines) for 8 = 0 (i.e.,
the probability density of the generated magnetic energy) at ¢+ = 10 and the
asymptotic curve (8.91) (the dashed line). These curves indicate that only the
tail of the solution to Eq. (8.90) verges towards the asymptotic solution (8.91)
(see Fig. 8.6a), and this process is very slow (see Fig. 8.6b). The curves inter-
sect because of normalization of the probability densities under consideration. It
seems that probability density P(¢; E) will approach the tail of the steady-state
probability density with further increasing time.

(b)

Figure 8.5 Probability distributions at § = 1 at times (a) t = 0.05 and (b) r = 0.25.
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ir 0.03

0.02

P(t; E)
P(t; E)

0.01

Figure 8.6 Probability distributions at § = 0 at time r = 10 for energy in intervals (a)
(0, 8) and (b) (6, 20).

Problem 8.7
Find the relationship between fields q(r, t) and p(r, t) whose moment functions
are given by the expressions

(" n) =exp{n(n+0,51, (p"@r, 1) =exp{nin—0,51.
Which field possesses the property of clustering?
Solution q(r,t) = 1/p(r, t) and clustering occurs for field p(r, 7).

Problem 8.8
Show that integral equation (8.70) is equivalent to the variational derivative
equation

LG(t, ) =G(t, T1)AG(t,/) (' <1t <1
8z(t)

with the initial condition

G(t, 1) 1o = 8. 7).

Problem 8.9

Construct the diffusion approximation for the problem on the dynamics of a
particle with linear friction under random forces, which is described by the
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stochastic system (1.12), page 8,

d d
d—tr(t) = (1), Ev(t) = =) +f(r, 1),

r(0) =rg, v(0) =vo.
Solution The one-time probability density of particle position and velocity

Pr,v,t) = (8(r(t) —r)d(v() —v))

satisfies the Fokker—Planck equation

0 d B d M d @) d
— 4+ v— —A—Vv | P@r,v,t) = — 1D;;’(v)— + D;;’(v)—{ P(r,v,1).
r 4 Yooy Yooy

ot | | ov; j
(8.93)
with the diffusion coefficients
T 1
DY) = /dre—“Bij (X [ —1]v, r),
0
(8.94)
1 r 1
) _ —A b
D’ (v) = X/dt[l —e ’]Bij(x [¢"7 — l]v,t).

0

Problem 8.10

In the diffusion approximation, find the steady-state probability distribution of
the velocity of a particle described by dynamic system (1.12), page 8, in the one-
dimensional case assuming that the force correlation function has the form

B 2 x| 7]
3 (x, 1) =07 expy——— — — -

Solution From Eq. (8.93) follows that steady-state probability density of par-
ticle’s velocity (i.e., probability density in limit # — o00) satisfies the equation

—AVP() = D(V)%P(V), (8.95)
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where, in accordance with Eq. (8.94),

D(v) = /‘dte_“B <% [ — 1], r).
0

For a sufficiently small friction (Atp < 1), the solution to Eq. (8.95) has the form

P(y) — a2 2 vt
(v) = Cexp —2 3 1+4-——11. (8.96)

o770 3 0

For small particle velocity |v|tgp < Iy, probability distribution (8.96) grades
into the Gaussian distribution corresponding to the approximation of the delta-
correlated (in time) random field f(x, r). However, in the opposite limiting case
[vlto > Iy, probability distribution (8.96) decreases significantly faster than
in the case of the approximation of the delta-correlated (in time) random field
f(x, t), namely,

P(y) — Av2|v|
(v) = Cexpy — 3 , (8.97)
3Uf lo

which corresponds to the diffusion coefficient decreasing according to the law
D(v) ~ 1/]|v|] for great particle velocities. Physically, it means that the effect of
random force f(x, f) on faster particles is significantly smaller than on slower
ones.




Lecture 9

Methods for Solving and Analyzing the
Fokker—Planck Equation

The Fokker—Planck equations for the one-point probability density (8.11), page 193,
and for the transitional probability density (8.16), page 195, are the partial differential
equations of parabolic type, so that we can use methods from the theory of mathemat-
ical physics equations to solve them. In this context, the basic methods are those such
as the method of separation of variables, Fourier transformation with respect to spatial
coordinates, and other integral transformations.

9.1 Integral Transformations

Integral transformations are very practicable for solving the Fokker—Planck equa-
tion. Indeed, earlier we mentioned the convenience of the Fourier transformation in
Eq. (8.11), page 193, if the tensor of diffusion coefficients Fy;(x, x; ) is independent
of x. Different integral transformations related to eigenfunctions of the diffusion oper-
ator

2

0x,0x]

L=

Fi(x,x; 1)

can be used in other situations.
For example, in the case of the Legendre operator

7 3(2 1)8
= — X — -,
0x 0x

it is quite natural to use the integral transformation related to the Legendre func-
tions. This transformation is called the Meler—Fock transform and is defined by
the formula

F(p) = fdxf(X)P—1/2+iu(X) (n > 0), 9.1)
1

Lectures on Dynamics of Stochastic Systems. DOI: 10.1016/B978-0-12-384966-3.00009-X
Copyright © 2011 Elsevier Inc. All rights reserved.
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where P_j/24,(x) is the complex index Legendre function of the first kind, which
satisfies the equation

E(X - 1)5P—1/2+m(x) =-\w+y P_1/24ip (). 9.2)

The inversion of the transform (9.1) has the form

oo

f) = /d/LMtanh(ﬂu)F(M)P—l/erm(X) (1 <x < 00), 9.3)
0

where F(u) is given by formula (9.1).
Another integral transformation called the Kontorovich—-Lebedev transform, is
related to the diffusion operator

-~ 0 ,0
L=—x"—
ox 0x

and has the form

o0

F(r) = /dxf(x)KiT(x) (r > 0), 9.4)

0

where K (x) is the imaginary index McDonald’s function of the first kind, which satis-
fies the equations

d? d
<x2— +x— — x>+ r2> Ki:(x) =0,

dx>  Tdx
9.5)
d ,d d
The corresponding inversion has the form
2 o
fx) = —- / dt sinh(w7)F (1)K (x). (9.6)
X
0

9.2 Steady-State Solutions of the Fokker-Planck Equation

In previous sections, we discussed the general methods for solving the Fokker—Planck
equation for both transition and one-point probability densities. However, the prob-
lem of the one-point probability density can have peculiarities related to the possible
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existence of the steady-state solution; in a number of cases, such a solution can be
obtained immediately. The steady-state solution, if it exists, is independent of initial
values and is the solution of the Fokker—Planck equation in the limit ¢t — ooc.

There are two classes of problems for which the steady-state solution of the
Fokker—Planck equation can be easily found. These classes deal with one-dimensional
differential equations and with the Hamiltonian systems of equations. We will consider
them in greater detail.

9.2.1 One-Dimensional Nonlinear Differential Equation

The one-dimensional nonlinear systems are described by the stochastic equation

d

Ex(t) =f(x) +z(0g), x(0) = xo, .7
where z(?) is, as earlier, the Gaussian delta-correlated process with the parameters

(zM) =0, (z(z(!))=2Ds(t —1) (D= o’).

The corresponding Fokker—Planck equation has the form

(I P iy — Do oiap 0.8
(a—t—i-af(x)) (1) = Do-g()=—g(OP(x, D). ©.8)

The steady-state probability distribution P(x), if it exists, satisfies the equation

d
JXP(x) = Dg(x)—-g()PX) 9.9)

(we assume that P(x) is distributed over the whole space, i.e., for —co0 < x < 00)
whose solution is as follows

_C LT
P(x)_|g(x)|exp{D dxg%c)}’ O-10

where constant C is determined from the normalization condition

e ¢]

/ dxP(x) = 1.

—00
In the special case of the Langevin equation (8.60), page 211,

J) = —hx, g) =1,



232 Lectures on Dynamics of Stochastic Systems

Eq. (9.10) grades into the Gaussian probability distribution

A A 2
Px) = 2D exp 2D . 9.11)

9.2.2 Hamiltonian Systems

Another type of dynamic system that allows us to obtain the steady-state probability
distribution for N particles is described by the Hamiltonian system of equations with
linear friction and external random forces

9
rz(t) = —H({ri}, {p;}),
” i 9.12)

d
Epi(t) = _B_riH({ri}’ ) —Ap; +1:©,

wherei=1, 2,..., N;

O
H(ri} Apih) = 3 == + U@, m)

i=1

is the Hamiltonian function; {r;}, {p;} stand for the totalities of all quantities r(¢) and

p@),ie.,
{rit =A{r1,....ra}, {pi} ={p1,---.PN}

A is a constant coefficient (friction), and random forces f;(f) are the Gaussian delta-
correlated random vector functions with the correlation tensor

< OV (/)) — 2D884p8(t — 1), D = o} . 9.13)

Here, o and B are the vector indices.

The system of equations (9.12) describes the Brownian motion of a system of N
interacting particles. The corresponding indicator function ¢ ({r;}, {p;}, t) satisfies the
equation

N

d
—so({rz} .0 +Z{H Pl — AZ—{pkw} ng{fkmw},

k=1 k=1

which is a generalization of Eq. (3.58), page 85, and, consequently, the Fokker—Planck
equation for the joint probability density of the solution to system (9.12) has the form

N
9
a_tp({ri}’ pi}. 0+ Z{H, P({ri), i), D)o
k=1
N
_AZE{”"P({”}’ ).} = Z P({rz} )0, 9.14)

k=1
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where

dp dy 3y g
{o. ¥} = —
8p 8rk 8pk ory
is the Poisson bracket for the kth particle.
One can easily check that the steady-state solution to Eq. (9.14) is the canonical
Gibbs distribution

A
P({ri}, {p:}) = Cexp {—l—)H({ri}, {Pi})}- 9.15)

The specificity of this distribution consists in the Gaussian behavior with respect to
momenta and statistical independence of particle coordinates and momenta.
Integrating Eq. (9.15) over all r, we can obtain the Maxwell distribution that des-
cribes velocity fluctuations of the Brownian particles. The case U(ry, ..., ry) = 0
corresponds to the Brownian motion of a system of free particles.
If we integrate probability distribution (9.15) over momenta (velocities), we obtain
the Boltzmann distribution of particle coordinates

A
P({ri}) = Cexp {_BU({ri})}- 9.16)

In the case of sufficiently strong friction, the equilibrium distribution (9.15) is
formed in two stages. First, the Gaussian momentum distribution (the Maxwell dis-
tribution) is formed relatively quickly and then, the spatial distribution (the Boltz-
mann distribution) is formed at a much slower rate. The latter stage is described by
the Fokker—Planck equation

N

1 d [oU({r;
P({rl} f = Zar ( a({ D piry, r))

N 32
2 —P(ri},n, (9.17)
k=1 k
which is usually called the Einstein—Smolukhovsky equation. Derivation of Eq. (9.17)
from the Fokker—Planck equation (9.14) is called Kramers problem (see, e.g., the cor-
responding discussion in Sect. 6.2.1, page 144), where dynamics of particles under
a random force is considered as an example). Note that Eq. (9.17) statistically corre-
sponds to the stochastic equation

d 1
Eri(t) _Xa_U({rl}) + fl(l) (9.18)

which, nevertheless, cannot be considered as the limit of Eq. (9.12) for A — oo.
In the one-dimensional case, Egs. (9.12) are simplified and assume the form of the
system of two equations

d d 0
X0 =y0. 2y =———U) =y + 0. 9.19)
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The corresponding steady-state probability distribution has the form

A 2
P(x,y) = Cexp {—BH()C, y)}, H(x,y) = y? + Ux). (9.20)

9.2.3 Systems of Hydrodynamic Type

In Sect. 1.1.3, page 10, we considered the general dynamics of simplest
hydrodynamic-type systems (HTS). Now, we consider these systems in terms of the
statistical description.

Hydrodynamic-type systems with linear friction are described by the dynamic
equations

%vi(t) = F;(») — ADv;(p) (i=1,...,N), 9.21)

where 1) is the friction coefficient of the i-th component of the N-dimensional vector
v I and F;(v) is the function quadratic in v and having the following properties:
(@) viFi(v) =0,
: : d v (1)
energy conservation holds at 1) = 0: EE 1 =0,E(t) = T;

d
®) —Fi(v) =0,
av,-
conditions of the Liouville theorem are satisfied at A = 0, and this equality
is the equation of incompressibility in the phase space.

Equilibrium Thermal Fluctuations in the Hydrodynamic-Type Systems

Here, we dwell on a class of phenomena closely related to the Brownian motion;
namely, we dwell on equilibrium thermal fluctuations in solids.

Microscopic equations describe the behavior of physical systems only in terms of
spatial scales large in comparison with the molecule free path in the medium and tem-
poral scales great in comparison with the time intervals between molecule collisions.
This means that macroscopic equations adequately describe the behavior of systems
only on average. However, in view of molecule thermal motion, macroscopic vari-
ables are in general terms stochastic variables, and a complete macroscopic theory
must describe not only system behavior on average, but also the fluctuations about the
average.

! In the general case, the dissipative term in Eq. (9.21) has the form A;vx. However, we can always choose
the coordinate system in which two positively defined quadratic forms — energy E = ",'2 /2 and dissipation
Aikvivk — have the diagonal representation. The form of Eq. (9.21) assumes the use of namely such a
coordinate system.
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Such a description can be performed in terms of macroscopic variables by supple-
menting the corresponding macroscopic equations with the ‘external forces’ specified
as the Gaussian random fields delta-correlated in time (this approach is closely related
to the fluctuation — dissipation theorem, or the Callen—Welton theorem). See [53, 54]
for the corresponding correlation theories of equilibrium thermal fluctuations in elec-
trodynamics, hydrodynamics, and viscoelastic media.

In HTS, equilibrium thermal fluctuations are described by Eq. (9.21) supplemented
with external forces f;(¢)

%vi(t) =Fiv) = D@ +fi()  G=1,...,N). 9.22)

External forces are assumed to be the Gaussian random functions delta-correlated in
time with the correlation tensor of the form

O @) = 285025 — 1) (f(D) =0). 9.23)

Note that one can consider Eqgs. (9.22) as the system describing the Brownian
motion in HTS. Such a treatment assumes that coefficients A are certain effective
friction coefficients. For example, at N = 3, system (9.22) describes (in the velocity
space) the rotary Brownian motion of a solid in a medium, and quantities AV v;(r) play
the role of the corresponding resistance forces. The probability density of solution
v(t) to Egs. (9.22), i.e., function P(v,t) = (§(v(r) — v)), satisfies the Fokker—Planck
equation

d Op 3 O a2
—P, 1) = _8_ {Fiw)P(v,D}+ A E {viP(v, )} + a(,) ") P(v H. (9.24)

l

The steady-state, initial data-independent solution to Eq. (9.24) must behave like
the Maxwell distribution that corresponds to the uniform distribution of energy over
the degrees of freedom

v2
Pyv)=C exp: 2kT} (9.25)

where k is the Boltzmann constant and 7 is the equilibrium temperature in the system.
Substituting Eq. (9.25) in Eq. (9.24), we obtain the expression for a(zl.)

o = 2k (9.26)

called the Einstein formula. Here, we used that, in view of conditions (a) and (b),

0
™ {Fim)P()} =
Vi
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Thus, Egs. (9.23) and (9.26) completely determine statistics of external forces,
and the nonlinear term in Eq. (9.22) plays no role for the one-time fluctuations of
v(#). Namely this feature constitutes the subject matter of the fluctuation — dissipation
theorem (the Callen—Welton theorem) in the context of HTS.

Note that Egs. (9.22) with the correlation relationships (9.23) describe not only
equilibrium thermal fluctuations in HTS, but also the interaction of small-scale
motions (such as microturbulence, for example) with the motions of larger scales.
If such an HTS allows the description in terms of phenomenological equations (9.22)
with A = A = const, 0(2,.) = o2 = const, the steady-state probability distribution of
v will have the form similar to distribution (9.25):

Ao,
P() = C exp _Fvi . 9.27)

Noises in Hydrodynamic-Type Systems Under the Regular Force

We illustrate statistical description of HTS by the example of the simplest system with
three degrees of freedom (S3), which is described by system of equations (1.23), page
14:

d

200 = V3(1) = vi(0) — vo(®) + R+ fo(1),

d

EVI(I) =vo@vi(®) —vi(®) +1f1(D), (9.28)
d

EVz(I) = —v(Ova(t) — 2 (1) + f2().

We assume that f;(¢) are the Gaussian random forces delta-correlated in time with the
correlation tensor

(finfi(t)) = 28028 (7).

In the absence of external forces, this system is equivalent to the Euler equations
of the dynamics of a gyroscope with isotropic friction, which is excited by a constant
moment of force relative to the unstable axis. The steady-state solution to this system
depends on parameter R (an analog to the Reynolds number), and the critical value of
this parameter is R = 1.

For R < 1, it has the stable steady-state solution

Viss =Vss =0, Vpss =R. (9.29)

For R > 1, this solution becomes unstable with respect to small disturbances of
parameters, and new steady-state regime is formed:

Voss =1, V255 =0, vigs==EVvR—-1 (9.30)
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Here, we have an element of randomness because quantity v ¢s can be either positive
or negative, depending on the amplitude of small disturbances.

As was mentioned earlier, the steady-state probability distribution at R = 0 has the
form

2
Ve
Py) = Cexp{——’2}. 9.31)
20
Assume now R # 0 and R < 1. In this case, we can easily obtain that fluctuations
of components relative to their steady-state values (V; = v; — v;5) satisfy the system
of equations

d . — ~ ~
— o0 = V(1) — V(1) — Vo (D) + fo(0),

d. o~ ~
Evl(f) =v@®vi() — (1 = Ryvi() + £ (1), (9.32)

%Vz(t) = Vo2 (1) — (1 4+ R)V2(1) + f2(1).

Statistical characteristics of the solution to system (9.32) can be determined using
the perturbation theory with respect to small parameter o2, The second moments of
components v; will then be described by the linearized system of equations (9.32); the
second moment being determined, mean values can be obtained by averaging system
(9.32) directly. The corresponding steady-state variances of fluctuations v; have the
form

2 2

[Go)=c [Fo)=1% [Bo)=%

1-R

(9.33)

Note that expressions (9.33) hold for R « 1. With increasing R, both intensity and
temporal correlation radius of component v increase, while the intensity of compo-
nent v, decreases. In this process, maximum fluctuations of quantity v, occur when
the dynamic system gets over the critical regime.

Consider now the case of R > 1. The steady-state probability distribution of com-
ponent v has two maxima near vi = £+/R — 1 (they correspond to the stable steady-
state positions) and a minimum v; = 0 that corresponds to the unstable position. This
probability distribution is formed by ensemble averaging over realizations of random
forces f; (). In a single realization, the system arrives with a probability of 1/2 at one of
the stable positions corresponding to distribution maxima. In this case, averaging over
time or ensemble averaging over the force realizations that bring the system to this
state will form the probability distribution near the maximum, and we can determine
statistical characteristics of the solution using the perturbation theory in parameter o2

Assume the system arrives at the state corresponding to the stable steady-state posi-
tion va5.5s = 0, v15.s = ~/R — 1. Then, fluctuations relative to this state will satisfy the
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system of equations

d . " " " ~
Emm=ém—ﬁm—zﬂv4mm—mm+ﬁm,

%Vl(t) =V (V1 (1) + VR — 1%(1) + £ (D), (9.34)

d.. ~ o~ .
EVz(I) = —Vo(O)V2(t) — 2v2() + f2(1).

For R > 1, the second moments of fluctuations V; are obtained from the linearized
system (9.34) and mean values are then determined by direct averaging of Eqs. (9.34).
Using this procedure, we obtain that, for R >> 1, the steady-state variances and corre-
lation coefficients of triplet components have the form

Gov2(D) = Vi (2(0)) =0, GOV (1) = —

<v(2,(r)> =302, (’G%(r)) = %02, (’6%(:)) = %2

=%

(9.35)

As we mentioned earlier, these statistical characteristics correspond either to ave-
raging over time, or to ensemble averaging over realizations of forces f;(¢) that bring
the system to the steady-state position. It should be noted that if the system has arrived
at one of the most probable states under the action of certain realization of forces f;(t),
it will be transferred into another most probable state after the lapse of certain time T
(the greater T, the greater R and the less o-2) in view of availability of sufficiently great
values of f;(r). This process simulated for a realization of random forces is shown in
Fig. 1.5 on page 14.

Consider now fluctuations of components v;(¢) at critical regime (i.e., at R = 1).
Equations for the fluctuations relative to the state vi cr = vact = 0, voct = R can be
obtained by setting R = 1 either in Eq. (9.32), or in Eq. (9.34). In this case, fluctuations
of component v, (¢) can be described in terms of the linearized equation (62 « 1), and
the corresponding steady-state variance is given by the formula

EORES

Components Vo(¢) and Vi (¢) are described by the nonlinear system of equations

d.. y By
Emm=—ﬁm—mm+ﬁm,
(9.36)

d
EVI ® =v@vi) + fi1(D),

and no linearization is allowed here.
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Averaging system (9.36), we obtain the following relationships for steady-state val-
ues of fluctuations

Fo@@) =0, Go®) = —(Rw).

As we noted earlier, intensity of fluctuations v increases in the critical regime and,
consequently, quantity (vo(¢)) increases. At the same time, the variance of fluctuation
Vo(#) remains nearly intact. Indeed, as follows from Egs. (9.36), the variance of steady-
state fluctuation Vo (7) is given by the formula

(Bo) =202

It becomes clear that fluctuations Vo(¢) and v (f) can be estimated from the simplified
system

%%mz—mm—%m+ﬁm

d._ -
pl (0 = Go() V1) + f1(1)

obtained by the replacement of quantity vo(¢) in the second equation of system (9.36)

by (Vo(1)).
Using this system, we obtain that steady-state fluctuations vo(¢) and v} (¢) satisfy
the expressions

(Ro) = - Gow) =o.

In a similar way, we obtain the estimate of the temporal correlation radius of quantity
’171 (1:

T~ 1/0.

Earlier, we considered the behavior of a triplet under the assumption that random
forces act on all variables. Let us see what will be changed if only one unstable compo-
nent vo(?) is affected by the random force (we assume that the force acting on compo-
nent vo(#) has regular (R) and random components). In this case, the dynamic system
assumes the form (R > 1)

d
Em@=—ﬁ@—m®+R+ﬂ&
9.37)

%vl(t) =vo@®)vi1(®) —vi(2).
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In system (9.37), we omitted the terms related to component v(¢), because one can
easily see that it will not be excited in the problem at hand.

Represent component vo(f) as vo(t) = 1 + Vo(¢). The system of equations (9.37)
assumes then the form

d . ~
— o) = i) = Vo) + R— 1) +£(),
(9.38)

d
Evl(t) =vo(Ov1(®),

from which follows that temporal evolution of component v () depends on its initial
value.
If v1(0) > 0O, then v{ () > 0 too. In this case, we can represent vy (¢) in the form

v (f) = e?®

and rewrite the system of equations (9.38) in the Hamiltonian form (9.19)

d. iU - d ~
EVo(t) = - 8<(p¢) — Vo) +f(1), EW) = vo(D), (9.39)
where

1
Ulp) = Eez“’ —~R-1Do.

Here, variable () plays the role of particle’s coordinate and variable v (¢) plays the
role of particle’s velocity.

The solid line in Fig. 9.1 shows the behavior of function U(g). At point ¢y =
In+/R — 1, this function has a minimum

1
Ulgo) = (R = D1 —In(R — 1]

corresponding to the stable equilibrium state vi = /R — 1. Thus, the steady-state
probability distribution of ¢(¢) and Vo (¢) is similar to the Gibbs distribution (9.20)

1 '\Q
P@o.¢) = C exp {—BH(VO, w)}, HGo. ¢) = %" +Up). (9.40)

From Eq. (9.40) follows that, for R > 1, the steady-state probability distribution is
composed of two independent steady-state distributions, of which the distribution of
component vo(?) of system (9.37) is the Gaussian distribution

N2
exp{—u}, (9.41)

P(vo) = D

1
N2nD
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Ulo) ,

Figure 9.1 Potential function U(g). The dashed lines show curve U(p) = %exp{Zq)} and
straight line U(p) = —(R — 1)g.

and the distribution of quantity ¢(¢) is the non-Gaussian distribution. If we turn back
to variable vy (f), we obtain the corresponding steady-state probability distribution in
the form

P(v1) = constv, exp ik 9.42)

As may be seen from Eq. (9.42), no steady-state probability distribution exists for
component v{ () in critical regime(R = 1), which contrasts with the above case when
random forces acted on all components of the triplet.

Earlier, we mentioned that two stages are characteristic of the formation of distri-
bution (9.40). First, the Maxwellian distribution with respect to vg (9.41) is rapidly
formed and the distribution with respect to ¢ is then formed at a much slower rate.
The second stage is described by the Einstein—Smolukhovsky equation (9.17) that, in
terms of variable v{, assumes the form

9 B ) , 9 9
GPonn =g {v1 [vl —(R— 1)]P(v1,t)} tolo {vla—vl[le(vl,t)]}.
(9.43)

This equation is the Fokker—Planck equation for the stochastic dynamic equation

0= 2 R—1
Zvi(0) = —n® [V = R= D]+ 0.

At critical regime R = 1, this equation assumes the form

%vl ) = 30 + 1 (OF @),

from which follows that, despite strong nonlinear friction, its solution is stochastically
unstable due to the specific form of the random term. Stochastic stabilization occurs,
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as we saw earlier, due to inclusion of random forces into the equations for other com-
ponents.

9.3 Boundary-Value Problems for the Fokker-Planck
Equation (Hopping Phenomenon)

The Fokker—Planck equations are the partial differential equations and they generally
require boundary conditions whose particular form depends on the problem under con-
sideration. One can proceed from both forward and backward Fokker—Planck equa-
tions, which are equivalent. Consider one typical example.

Consider the nonlinear oscillator with friction described by the equation

d&? d
d7x(t) + )»Ex(t) + wgx(® + B O =f(1) (B, A > 0) (9.44)

and assume that random force f(¢) is the delta-correlated random function with the
parameters

(f@) =0, (fOf())=2Ds—1) (D=o0}1).

At A = 0 and f(¢) = 0, this equation is called the Duffing equation.
We can rewrite Eq. (9.44) in the standard form of the Hamiltonian system in func-

tions x(¢) and v(t) = Etx(t)’

d 0 d 0
Ex(t) = RH()C, V), d—tv(t) = —aH(x, v) — Av 4 f(2),

where

v? wix? x4
H(x,v) = 5t Ux), U= - +'BZ

is the Hamiltonian.
According to Eq. (9.20), the steady-state solution to the corresponding Fokker—
Planck equation has the form

P(x,v) = Cexp {—%H(x, v)}. (9.45)

It is clear that this distribution is the product of two independent distributions, of
which one — the steady-state probability distribution of quantity v(¢) — is the Gaussian
distribution and the other — the steady-state probability distribution of quantity x(#) —is
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the non-Gaussian distribution. Integrating Eq. (9.45) over v, we obtain the steady-state
probability distribution of x(¢)

A a)(%x2 x*
P(X)ZCCXP —B T‘i‘ﬁz .

This distribution is maximum at the stable equilibrium point x = 0.
Consider now the equation

d? d
—3A0 +A—x(0) = 0px () + B0 =[(1) (B, 2> 0). (9.46)

In this case again, the steady-state probability distribution has the form (9.45), where
now

V2 (,()(2))(2 x4
H(x,v) = > +Ux), Uk = - +'BZ

The steady-state probability distribution of x(f) assumes now the form

2.2 4
P(x) = Cexp {—% (— wozx n ,3%) } (9.47)

and has maxima at points x = :I:,/a)(z)/ B and a minimum at point x = 0; the max-
ima correspond to the stable equilibrium points of problem (9.46) for f(#) = 0 and
the minimum, to the instable equilibrium point. Figure 9.2 shows the behavior of the
probability distribution (9.47).

As we mentioned earlier, the formation of distribution (9.47) is described by the
Einstein—Smolukhovsky equation (9.17), which has in this case the form

O pry =22 (VD) L 92 P(x, 1) (9.48)
—P(x, ) = —— X, — —P(x, 1). .
ar A Ox dx A2 0x2

This equation is statistically equivalent to the dynamic equation

d 10U(x)
—x(t) = ——
dtx() A 0x

1
+ 0. (9.49)

“Vo/B 3B

Figure 9.2 Probability distribution (9.47).



244 Lectures on Dynamics of Stochastic Systems

Probability distribution (9.47) corresponds to averaging over an ensemble of real-
izations of random process f (7). If we deal with a single realization, the system arrives
at one of states corresponding to the distribution maxima with a probability of 1/2. In
this case, averaging over time will form the probability distribution around the max-
imum position. However, after a lapse of certain time 7 (the longer, the smaller D),
the system will be transferred in the vicinity of the other maximum due to the fact that
function f(f) can assume sufficiently large values. For this reason, temporal averaging
will form probability distribution (9.48) only if averaging time ¢ > T.

2

o) A
Introducing dimensionless coordinate x — O and time ¢ — —1, we can
,
0
rewrite Eq. (9.48) in the form
O pieny = L (299 b ) + ” P(x, 1) (9.50)
—P(x, 1) = — X, —P(x, 1), .
ot ax \ ox Hax
where
BD U x? n x*
= —, X)) =——+ —.
SV 2"

In this case, the equivalent stochastic equation (9.49) assumes the form of Eq. (1.15),
page 10

oU(x)
0x

d
—x(t) = — 1). 9.51
" tX( ) +/(0) 9.51)
Estimate the time required for the system to switch from a most probable state
x = —1 to the other x = 1.
Assume the system described by stochastic equation (9.51) was at a point from the
interval (a, b) at instant 7. The corresponding probability for the system to leave this
interval

b
G(t; x0,10) = 1 — /dxp(x, t|x0, 10)

a

satisfies Eq. (8.21) following from the backward Fokker—Planck equation (8.20),
page 196, i.e., the equation

9 aU(xo) 9 92
Gt x0,10) = —— G x0, 10) — u— G (1 X0, 20)
dto dxg 0xp 3x0

with the boundary conditions

G(t;x0,1) =0, G(ta,10) =Gt b, 19) = 1.
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Taking into account the fact that G(¢; xo, t9) = G(¢ — ty; xp) in our problem, we can
denote (f — tp) = t and rewrite the boundary-value problem in the form

aU(xp) 0 92
3,0 x0) = — gG(r;xo)—ua—zG(r;xo),
0 o (9.52)

G0:x0) =0, G(t:a,) = G(t: b) = 1 (Tlingo G(t: xp) = o) .

From Eq. (9.52), one can easily see that average time required for the system to
leave interval (a, b)

o0
dG(T;
T(xp) = /dr r%
0

satisfies the boundary-value problem

d’T(xo)  dUxo) dT(xp)

-1, T(a)=T®)=0. 9.53
e do dwo (@) =T(b) (9.53)

Equation (9.53) can be easily solved, and we obtain that the average time required
for the system under random force to switch its state from xp = —1 to xp = 1 (this
time is usually called the Kramers time) is given by the expression

1

& 1
1 1 C 1
T=—/dsfdnexp{—[U@)—U(n)]}=ﬂ/dsexp{—U<s>},
M—l - 1% 1% o 1%

(9.54)
T 1
where C(u) = / d& exp {—U(E)}. For 4 <« 1, we obtain
1
T~ 27 exp {— },
4

i.e., the average switching time increases exponentially with decreasing the intensity
of fluctuations of the force.

9.4 Method of Fast Oscillation Averaging

If fluctuations of dynamic system parameters are sufficiently small, we can analyze
the Fokker—Planck equation using different asymptotic and approximate techniques.
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Here, we consider in greater detail the method that is most often used in the statistical
analysis.
Assume the stochastic system is described by the dynamic equations

d ~ e
- x(t) = A(x, ) + z2()B(x, ),
(9.55)

d N ~
Eqb(t) = C(x, ¢) + z(t)D(x, @),
where
$(1) = wot + ¢ (),

fNunctions A(x, a), B(x, g), C(x, g), and D(x, ¢~>) are the periodic functions of variable
¢, and z(¢) is the Gaussian delta-correlated process with the parameters

(z0) =0, (z2(0z())=2D8(t—1), D =o’w.

Variables x(f) and ¢ (f) can mean the vector module and phase, respectively. The
Fokker—Planck equation corresponding to system of equations (9.55) has the form

ad d ~ 0 ~
ap(xa ¢a t) = _EXA(X’ ¢)P(X, ¢’ t) - %C(xa ¢)P(}C, ¢7 t)

2
+D |:iB(x, é) + iD(x, 5)} P(x, $,1). (9.56)
ax Lo}

Commonly, Eq. (9.56) is very complicated for immediately analyzing the joint
probability density. We rewrite this equation in the form

0
a—tP(x,¢,t) ——A(x PIP(x, b, 1) — —C(x PIP(x, ¢, 1)

¢
2
_Dai (33 (x, d)) 9B, ¢)D( ¢)) P(x, ¢. 1)
. d

20x
aD(x, ) D% (x, §)
_D8¢< o B(x, ¢)+W)>P(x’¢’t)

2

9 5~ 9 U L
+D{@B (x, @) + 28x8¢B(x, P)D(x, P) + aTsZD (x, ¢)} P(x,¢,1).

9.57)

Now, we assume that functions A (x, 5) and C(x, 5) are sufficiently small and fluc-
tuation intensity of process z(f) is also small. In this case, statistical characteristics of
system of equations (9.55) only slightly vary during times ~ 1/wg. To study these
small variations (accumulated effects), we can average Eq. (9.57) over the period of
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all oscillating functions. Assuming that function P(x, ¢, ) remains intact under ave-
raging, we obtain the equation

—P(x ¢.1) = ——A(x ¢) P(x, ¢, 1) — —¢C(x ) P(x, ¢, 1)

3 [9B2(x, ¢) aB(x ) 9 DG, ¢) ~
D o2 B? 2 i B D i D? P t 9.58
+ {8_ (x, ) + m(X@ (x¢)+87¢2 (xd))} (x,¢,0, (9.58)

where the overbar denotes quantities averaged over the oscillation period.
Integrating Eq. (9.58) over ¢, we obtain the Fokker—Planck equation for function
P(x, 1)

2
ﬂp(x b= _iA(x Y] t)+D8 (aB ) . ang 2

2ok D(x, ¢>)) P(x,1)

-l—Da8 B2(x, ¢)—P(x 1). (9.59)

Note that quantity x(¢) appears to be the one-dimensional Markovian random pro-
cess in this approximation.

—_— =~ aD(x, 5) ~ —_—
If we assume that B(x, ¢)D(x, ¢) = B—B(x, ¢) = 0, and C(x, ¢) = const,
b
D2 (x, a) = const in Eq. (9.58), then processes x(¢) and ¢ (f) become statistically inde-
pendent, and process ¢ (f) becomes the Markovian Gaussian process whose variance
is the linear increasing function of time ¢. This means that probability distribution of

quantity ¢ (f) on segment [0, 27 ] becomes uniform for large ¢ (at C(x, ¢~S) =0).

Problems

Problem 9.1
Solve the Fokker—Planck equation

d 3 9
—p(x, tlxo, to) = D— (" — 1)—p(x, t|xo, t > 1),
8tp(x X0, t0) 8x(x ) 8xp(x lxo,%0) (x=1) ©9.60)

p(x, folxo, 19) = 8(x — xp).

Instruction Use the integral Meler—Fock transform.
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Solution

o0
1
px, tlxo, fo) = / dp putanh(mr (1) exp {—D (M2 + Z) (t— to)}
0
P_1/24i (X)P—1/2+4ip (x0).

If xo = 1 at the initial instant #yp = 0, then

(e¢]

1
P(x, 1) = /du u tanh(m ) exp {—D <M2 + Z) (t— to)} P_1/2+4ip (%).
0

Problem 9.2
In the context of singular stochastic problem (1.29), page 18, for A =1

d
d_tx(t) = -2 +f®). x(0) =xo, 9.61)
where f(t) is the Gaussian delta-correlated process with the parameters

(D) =0, (fOf())=2Ds(t—1) (D=0},

estimate average time required for the system to switch from state xo to state
(—00) and average time between two singularities.

Solution
X0 00 |
(T(x0)) = / g f dn exp{§ (£ - n3)},

12176 /1
(T(00)) = /7 3 r (g) ~ 4.976.

Problem 9.3
Find the steady-state probability distribution for stochastic problem (9.61).

Instruction Solve the Fokker—Planck equation under the condition that function
x(t) is discontinuous and defined for all times t in such a way that its value of
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—o00 at instant t — to — 0 is immediately followed by its value of oo at instant
t — to + 0. This behavior corresponds to the boundary condition of the Fokker—
Planck equation formulated as continuity of probability flux density.

Solution
Py =J / dE exp {% (53 - x3) } (9.62)
where
1
(T (c0))

is the steady-state probability flux density.

Remark From Eq. (9.62) follows the asymptotic formula

1

PO roone

(9.63)

for great x.

Problem 9.4
Show that asymptotic formula (9.63) is formed by discontinuities of function x(t).

Instruction Near discontinuous points ty, represent the solution x(t) in the form

x(t) = P

Problem 9.5

Derive the Fokker—Planck equation for slowly varying amplitude and phase of
the solution to the problem

d d
d—IX(t) =y(), d—ty(t) = —2yy(t) — (1 + 2(1)1x (), (9.64)
where z(t) is the Gaussian process with the parameters

z0) =0, (z0z(!)) = 20%108(t — ).
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Instruction Replace functions x(t) and y(t) with new variables (oscillation ampli-
tude and phase) according to the equalities

x(1) = A@®) sin (wot + ¢ (1)),  y() = woA(?) cos (wot + ¢ (1))

and represent amplitude A(t) in the form A(t) = @,

Solution

0 ——— 0 —-—— D3 ——
5 fwd. 0= —P(u ¢, 1) — ——P(u ¢.1)

DM _ 3D

g B+

S5 = _P(u, b, 0, (9.65)

where D = 021'0(0(2). From Eq. (9.65) follows that statistical characteristics of
oscillation amplitude and phase (averaged over the oscillation period) are statis-
tically independent and have the Gaussian probability densities

_ 2
T (= () }

1
V2mo2(1) exp {_ 202(t)
1 & — ¢0)? (.66)
P(¢,t) = ————=c¢exp }

/27063 (1) { 20,4 (1)

where

D , D
(u@®) =up — yt+ ZL o, = Zl,

3D
@O) =0, 030 ="1

Problem 9.6
Using probability distributions (9.66), calculate quantities (x(t)) and (xz(t)>.
Derive the condition of stochastic excitation of the second moment.

Solution Average value
(x(1)) = e V" sin(wot)

coincides with the problem solution in the absence of fluctuations.
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Quantity
< 2 1 (D=2y)t —3Dt/2
X (z)) =3¢ {1 —e cos(Zwot)}, (9.67)

coincides in the absence of absorption with Eq. (6.91) to terms about D/wy < 1.

Problem 9.7
Find the condition of stochastic parametric excitation of function (A"(t)).

Solution We have
1
(A"(t)) = <enu(t)) = Ag exp {—nyt + gn(n + 2)Dt},

and, consequently, the stochastic dynamic system is parametrically excited
beginning from moment function of order » if the condition

8y < (n+2)D
is satisfied.

Remark The typical realization curve of random amplitude has the form

D
A*(f) = Agexp {— (y - Z) t}

and exponentially decays in time if absorption is sufficiently small, namely, if

1<4¥ <14 ]
< D <1+ 2n,
which always holds for sufficiently great n, whereas all moment functions of
random amplitude A(f) of order n and higher exponentially grow in time. This
means that statistics of random amplitude A(¢) are formed mainly by large spikes
over the exponentially decaying typical realization curve. This fact follows from
the lognormal property of random amplitude A(?).
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Lecture 10

Some Other Approximate Approaches to
the Problems of Statistical
Hydrodynamics

In previous Lectures, we analyzed statistics of solutions to the nonlinear equations of
hydrodynamics using the rigorous approach based on deriving and investigating the
exact variational differential equations for characteristic functionals of nonlinear ran-
dom fields. However, this approach encounters severe difficulties caused by the lack
of development of the theory of variational differential equations. For this reason,
many researchers prefer to proceed from more habitual partial differential equations
for different moment functions of fields of interest. The nonlinearity of the input dyna-
mic equations governing random fields results in the appearance of higher moment
functions of fields of interest in the equations governing any moment function. As
a result, even determination of average field or correlation functions requires, in the
strict sense, solving an infinite system of linked equations.

Thus, the main problem of this approach consists in cutting the mentioned system of
equations on the basis of one or another physical hypothesis. The most known example
of such a hypothesis is the Millionshchikov hypothesis according to which the higher
moment functions of even orders are expressed in terms of the lower ones by the laws
of the Gaussian statistics. The disadvantage of such approaches consists in the fact
that the validity of the hypothesis usually cannot be proved; moreover, cutting the
system of equations may often yield physically contradictory results, namely, energy
spectra of turbulence can appear negative for certain wave numbers. Nevertheless,
these approximate approaches provide a deeper insight into physical mechanisms of
forming the statistics of strongly nonlinear random fields and make it possible to derive
quantitative expressions for fields’ correlation functions and spectra. It seems that the
Millionshchikov hypothesis provides correct spectra of the developed turbulence in
viscous interval [35].

We emphasize additionally that the mentioned approximate equations reveal many
nontrivial effects inherent in nonlinear random fields and have no analogs in the beha-
vior of deterministic fields and waves. Here, we illustrate these methods of analy-
sis by the example of an interesting physical effect, namely, that average flows of

Lectures on Dynamics of Stochastic Systems. DOI: 10.1016/B978-0-12-384966-3.00010-6
Copyright © 2011 Elsevier Inc. All rights reserved.
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noncompressible liquids superimposed on the background of developed turbulent
pulsations acquire quasi-elastic wave properties. This effect was first mentioned by
Moffatt [57] who studied the reaction of turbulence on variations of the transverse
gradient of average velocity. Moffatt noted that turbulent medium behaves in some
sense like an elastic medium; namely, variations of average velocity profile of a plane-
parallel flow satisfy the wave equation.

10.1 AQuasi-Elastic Properties of Isotropic and Stationary
Noncompressible Turbulent Media

Let u' (r, 1) be the random velocity field of developed turbulence stationary in time
and homogeneous and isotropic in space (we assume that (uT (r, t)) = 0). In actuality,
regular average flows are imposed on turbulent pulsations of liquid. We denote U(r, 1)
the velocity field of these regular flows. Because the turbulent pulsations and average
flows interact nonlinearly, we can represent the total velocity field in the form

ur,t)=U(r,1t) + uT(r, N +u(r ), (10.1)

Here, u' (r, ) is the unperturbed turbulent field in the absence of average flows and
u'(r, 1) is the turbulent field disturbance caused by the interaction with the regular flow
(we assume that (u’ (r, t)) =0).

Investigation of nonlinear interactions between regular flows and turbulent pulsa-
tions (and the analysis of turbulent pulsations ' (r, 1) by themselves, though) is very
difficult in the general case. However, in the case of weak average flows, i.e., under
the condition that

U(r, 1) < 2T(p),

1 2
where T(f) = 3 <[uT (r, t)] > is the average density of turbulent energy pulsation, we

can discuss the effect of turbulence on the average flow evolution in sufficient detail by
considering the linear approximation in small disturbances of fields U(r, f) and &’ (r, £)
under the assumption that the spectrum of turbulent pulsations #' (r, 1) is known.

The total velocity field (10.1) and its turbulent component u’ (r, ) satisfy the
Navier—Stokes equation (1.95), page 43. Hence, substituting Eq. (10.1) in Eq. (1.95)
and linearizing the equations in regular (average) field U(r, ) and fluctuation compo-
nent u’(r, t), we arrive at the approximate system of equations

0 0 0
a—tUi(r, 1+ a—rkTik(r, 1= —a—riP(r, 1), (10.2)
5, 5
D e 1) + = i, g, 1) — (i, Hugr, 1)1
ot ory
| T
il 290D g 2D 2 s, (10.3)

ar; ory or;
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where Ty (r, 1) = (u;(r, Hui(r, 1)) is the Reynolds stress tensor and P(r, f) and p/(r, 1)
are the average and perturbed turbulent pressure components, respectively. Here and
below, we neglect the effect of viscosity on dynamics and statistics of regular compo-
nent U(r, t) and perturbed field u/(r, 7). In addition, we will bear in mind that fields
U(r, 1) and u/(r, 1) satisfy the incompressibility condition (1.95), page 43,

divU(r,H) =0, divd'(r,t)=0. (10.4)

Being combined with Eq. (1.95), page 43, for turbulent pulsations u'(r,?),
Eq. (10.3) yields the following equation for the Reynolds stress tensor T (r, t)

iTik(r, nH+ {% (ui(r, Dug(r, Huy(r, 1))

at
n <u{(r, Dul (r, t)> %}:0 n (u,.T(r, Dul (r, t)> aU’g—:t)
D 3 (ul (r, yu (r, 1))
ary
- <[u{(r, ) ip/(r, 0+ u} (r, 1) ip/(r, t)]>. (10.5)
or; ory

Here,
wi(r, Dug (r, (e, 1) = ) (r, Dug (r, OU)(r, 1) + - - - .

Pressure pulsations p’ in this equations can be expressed in terms of perturbed
velocities U(r, t) and u/(r, 1),

p'r. o
=A@, r) {

2

ar,,dr),

m
N L0 (70 BUn (@, 1)
or ar

m

[tm @, Dun @, 1) = (@, Dun (', 1)]

3

where A~!(r,7) is the integral operator inverse to the Laplace operator.
Equations (10.2), (10.5), and the expression for pressure p’(r, t) form the system of
equations in average field U(r, f) and stress tensor Ty (r, ). These equations are not
closed because they depend on higher-order velocity correlators like the triple corre-
lator <ul-T(r, t)uZ(r, t)ué(r, t)). Assuming that such correlators only slightly affect the
dynamics of perturbations and taking into account conditions (10.4) and statistical
homogeneity of field uT(r, 1), we reduce the system of equations (10.2), (10.5) to the
form (z;(r, 1) = %Tik(r, 1))

0 a
_Ui(rs t)+Ti(r’ I)Z——P(r, t)’ (106)
at ar;
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2Ui(r, 1)
orjorg

9 9 oul (', 1) Uy (r, t
=2— |{ujr,t) — A", 1) u . 1) ’”(r, )
ory or; ary, 8}"1

T/ /
+ <u,.T(r, t)iA—l(r, r) (aul .0 BU’"(’, : ”)ﬂ . (10.7)
org ar, ar

m

a%ri(r, 1+ <u{(r, ul (r, t)>

This system of equations is closed in U(r, t). The coefficients in the left-hand side of
Eq. (10.7) and the integral operator in the right-hand side can be expressed in terms of
the correlation tensor of vortex field of unperturbed turbulence u ' (r, 1)

<u,.T(r, Dul t)> = / dq®;i(q)e ). (10.8)

In view of the fact that field T (r, 7) is the solenoidal field, we have

@;i(q) = Ajj(@)F(q),

where
4iqj
q
We will assume the energy spectrum of turbulent pulsations F(g) known. From

Eq. (10.8) follows in particular that the energy of turbulent pulsations is expressed
through the energy spectrum by the relationship

1 2 [
T = E<[uT(r, t)] >=4ﬂquq2F(q),
0

and coefficients in the left-hand side of Eq. (10.7) are given by the formula

2
(ul(r, tuj (r, t)) = 3T%. (10.9)

Finally, using Eq. (10.8), the right-hand side of Eq. (10.7) can be represented in the
form

- / dge " U,(q, Dgim(q), (10.10)

where U(q, ) is the spatial Fourier transform of average velocity field U(r, ) and
tensor g, (g) is given by the formula

gin(P) =2 f dq-T"PP [ (qi + pi) Au @) + (e + po) Aa @] F(@).  (10.11)
(q+p)
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From the obvious fact that tensor g;,(p) is invariant relative rotations in space, it

follows that it must have the form

PiPm
p?

8im(®) = A(p)dim + B(p) (10.12)

Moreover, the term proportional to B(p) disappears in Eq. (10.12) in view of Eq. (10.4)
(it expresses the property of incompressibility of average field U(r, t)) and the iden-
tity pU(p, t) = 0 following from Eq. (10.4), so that the right-hand side (10.10) of
Eq. (10.7) assumes the form

- / dge" Ui(q, DA(q).

Substituting this expression in the right-hand side of Eq. (10.7) and taking into
account Eq. (10.9), we rewrite Eq. (10.6), (10.7) in the form

a ad
&Ui(ra t) + ti(r7 t) = _a_rip(ra t)7
(10.13)

9 2
o, T D + STAUIr, 1) = ~A(=IV)Ui(r. ).

The kernel of the integral operator appeared in the second equation can be obtained
from comparison of Eq. (10.11) with (10.12). The result is as follows

F 2 2
A(p) = /dqﬁ |:p2 - %} |:q2 — (gp) — z(q;’z) ] . (10.14)

We can perform integration in Eq. (10.14) over angular coordinate to obtain the
expression

0 3
202 4 4 2 2y n
A(p)=27'[p2/qu(q) e U ’;) 1n"’ ”‘ . (10.15)
J 3p 4p 8qp q—r

We note additionally that Eq. (10.13) with allowance for Eq. (10.4) yields the identity
AP(r,t) = 0, so that P(r, 1) = Py = const. Then, eliminating quantity t;(r, f) from
system of equations (10.11) and (10.4), we arrive at a single equation in the vector
field of average velocity of flow U(r, 1),

92 2 ,
mU(r, ) — [gm +A(—1V)} U, 1) =0. (10.16)

The corresponding dispersion equation

0 (p) = %sz —A(p)
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can be rewritten in the form

o0
o) =2 [ dariar (g) ,
0
where
R | )62—13 14+x
fx) = + — ( ) In .
3 8 16x 1—x

Function f(x) has the following asymptotics

2/3, x L1,

TO=V 415 s

Moreover, the inequalities

Wi N

> > 4
_f(x)_E

hold for arbitrary x.

Thus, the time-dependent development of disturbances in average flow is governed
by the hyperbolic equation (10.16). As a result, the turbulent medium possesses cer-
tain quasi-elastic properties; namely, disturbances diffuse in the turbulent medium as
transverse waves showing dispersion property. The phase and group velocities of these
waves vary in the limits

12 /4
~T>c>, —T.
3 15

10.2 Sound Radiation by Vortex Motions

In the previous section, we considered the physical effect immediately related to sta-
tistical averaging of the nonlinear system of hydrodynamical equations in the case
of noncompressible flow. Here, we consider an effect related to weakly compressible
media; namely, we consider the problem on sound radiation by a weakly compressible
medium. This problem corresponds to the inclusion of random fields in the linearized
equations of hydrodynamics. Note that, within the framework of linear equations,
parametric action of turbulent medium yields the equations of acoustics with random
refractive index.

Turbulent motion of a flow in certain finite spatial region excites acoustic waves
outside this region. In the case of a weakly compressible flow, this sound field is as if it



Some Other Approximate Approaches to the Problems of Statistical Hydrodynamics 259

were generated by the static distribution of acoustic quadrupoles whose instantaneous
power per unit volume is given by the relationship

Ty(r. 1) = pov; (r, V] (r, 1),

where pg is the average density and viT(r, t) are the components of the velocity of
flow in turbulent region V inside which the turbulence is assumed homogeneous and
isotropic in space and stationary in time (we use the coordinate system in which the
whole of the flow is quiescent). Turbulent motions cause the fluctuating waves of
density p(r, f) that satisfy the wave equation

82 ) 82
(W—COA> p(r. 1) = a—T,-j(r, 1, (10.17)

L)

where cq is the sound velocity in the homogeneous portion of the medium, i.e., outside
the region of turbulent motions.
The solution to this equation has the form of the retarded solution

192 Ir—yl
r,t) = ——s-—— dyT;; , 11— .
P 47‘[C%87’i3rj/ y,,(y o )
%4

For distances significantly exceeding linear sizes of turbulent region V/, this solution
can be reduced to the asymptotic expression

1 rir . -
pr 1) = —4@ dyT;; (y,r— I y|>, (10.18)
ey x° co

where
. 92
Tij(y. 1) = ﬁTZj 0.

Correspondingly, average energy flux density of acoustic waves excited by turbulent
motions

c (e, n)
£0

qr,n =

is given by the expression

1 TiFirgr
16712c(5) 76

« /dy/dz<T,~j<y,t— |r_y|)Tkl <z,t— 'r_Z|)>. (10.19)
co co
v %

qr,n =
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Further calculations require the knowledge of the space—time correlators of the
velocity field. The current theory of strong turbulence is incapable of yielding the
corresponding relationships. For this reason, investigators limit themselves to vari-
ous plausible hypotheses that allow complete calculations to be performed (see, e.g.,
[58-60]). In particular, it was shown that, with allowance for incompressibility of flow
in volume V and the use of the Kolmogorov—Obukhov hypothesis and a number of
simplifying hypotheses for splitting space-time correlators, from Eq. (10.19) follows
that both average energy flux density and acoustic power are proportional to ~ M?>,
where

(2@, n)

co

M =

is the Mach number (significantly smaller than unity).

We note that this result can be explained purely hydrodynamically, by analyz-
ing vortex interactions in weakly compressible medium [61]. The simplest sound-
radiating vortex systems are the pair of vortex lines (radiating cylindrical waves) and
the pair of vortex rings (radiating spherical waves).

10.2.1 Sound Radiation by Vortex Lines

Consider two parallel vortex lines separated by distance 2/ and characterized by equal
intensities
: 3
k = =méo,
2
where £ is the vorticity (the size of the vortex uniformly distributed over the area of
infinitely small section o), so that the circulation about each of vortex line is

I' =2nk.

We will call these vortex lines simply vortices. In a noncompressible flow, these
vortices revolve with angular velocity

K

2h?

around the center of the line connecting these vortices (see Fig. 10.1a and, e.g., [62]).
Select the coordinate system with the origin at a fixed point and z-axis along

the vortex line. In this coordinate system, velocity potential ¢o(r,?) (vo(r,1) =

—ReV gy (r, 1)) and squared velocity v% (r, t) assume the forms

w =

go(r, 1) = ikIn [r2e2i9 i ez,-w,] ,

10.20
4xc2p? ( )

r* + W4 —2r2h2 cos 2(wt—0)

2
v()(rs t) =

Here re" is the radius-vector of the observation point.
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2h(t)

O
(a) (b)

Figure 10.1 Schematics of dynamics of (@) vortex lines and (b) vortex rings.

According to the Bernoulli equation, local velocity pulsations described by
Eq. (10.20) must produce the corresponding pressure pulsations; in the case of weakly
compressible medium, namely, under the condition that M < 1, where M = 2;1‘—60 is
the Mach number and cy is the sound velocity, these pressure pulsations will propagate
at large distances as sound waves.

Encircle the origin with a circle of radius R such that 7 <« R < A, where A is the
sound wavelength. This is possible because

P for Ml
Y > or < L

In region r < R, dynamics of flow approximately coincides with the dynamics
of noncompressible flow. In other words, the dynamics of flow is described by
Egs. (10.20) in this region.

In region r > R, equations of motion coincide with the standard equations of
acoustics (see, e.g., [63])

2
9
(T—c5A> or,) =0, prt) = P05 90 D). (10.21)

Here, ¢(r, 1) is the potential of velocity in the acoustic wave, p’(r, t) is the pressure
in the wave, and py is the density of the medium.

Taking into account the fact that velocity vy (r, ) depends on ¢ and 8 only in com-
bination 2 (wt — 6), we will seek the solution to Eq. (10.21) in the form

o(r.1) = f(r)e* @9, (10.22)

Substituting Eq. (10.22) in Eq. (10.21) and solving the resulting equation in function
f(r) with allowance for the radiation condition, we obtain

o(r, 1) = AH3 Qaor/co) @9, (10.23)

where H% (z) is the Hankel function of the second kind and A is a constant.
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For r > co/2w we have the standard divergent cylindrical wave with wavelength
A =mco/w

o(r, 1) = A | —<— exp{Ri(wt — wr/co — 0 — 37/8)}.
TTwr

In the opposite case r < A, we obtain

o 1) = it (i)ze”(“”—”.
’ 7 \or

Potential ¢(r, f) in region h < r < A must coincide with the oscillating portion of
potential py(r, t) (see, e.g., [63]), i.e., with

(p(l)(r t) — _iKh_ZEZi(wtfe).
0 ’ 2

This condition yields the following expression for constant A

7TK3

A=—7kM? = — .
4h2c‘%

Consequently, potential ¢(r, ¢) in the wave zone assumes the form

o@r, 1 = —kM>2 | ’T—rh exp{2i(wt — wr/cy — 6 — 37/8)}. (10.24)

The pressure in sound waves can be determined from potential (10.24) using
Eq. (10.21). The result is as follows

/ _ 32 |7 .
pr, 1) = —2kwpoM — exp{2i(wt — wr/co — 6 — 31 /8)}.
r

The sound intensity (energy radiated per unit time) can be obtained by integrating
along the circle of radius R > A

P

- (10.25)

€0 / 2 2 4
I=—q@d , =2 M
poyg ([p (r t)] > T 00

The radiated energy must coincide with the interaction energy of vortices located
in region r < R. Total energy in region r < R is

E= % dSv3(r. 1). (10.26)
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Substituting Eq. (10.20) in (10.26) and discarding infinite terms corresponding to the
energy of motion of vortices themselves (we assume vortices the point vortices), we
obtain the interaction energy in the form

Ei = 47k’ po In(R/h). (10.27)

The interaction energy can vary only at the expense of varying the distance between
vortices (h = h(t)), because the circulation remains intact due to the fact that we
consider nonviscous medium.

Differentiating Eq. (10.27) with respect to time, we obtain energy variation rate

2

d
1) = — npo%zh(t) (10.28)

which is just transferred into the energy of acoustic waves. Using Eq. (10.25) and
(10.28), we obtain that the distance between vortices satisfies the equation

_ e 10.29
— () ) (10.29)

Integrating Eq. (10.29) with allowance for the fact that

M=M® = 3 ey

we obtain
1/6
h() = ho [1 n 67TM0a)ot]

Thus, the intensity of radiated sound is proportional to M*, I ~ M*. It is obvious
that, in the case of statistically distributed system of vortex line pairs, this estimate
will remain valid for certain portion of the plane.

10.2.2 Sound Radiation by Vortex Rings

In a noncompressible flow, a vortex ring of intensity « causes the flow to move with a
velocity

2
yr, 1) = ga/dd)s%r,

0

which follows from the the Biot—Savart law (see, e.g. [62]). Here, s is the unit vector
tangent to the vortex ring (it is directed along the vortex vector), a is the radius of the
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ring, and r is the vector specifying observation point position relative to points lying
on the ring.

In the cylindrical coordinate system with origin at the center of ring and z-axis
directed along the ring axis, we have

2 2
—R
R = ’ia/dqu, V=0, v, = fa/d¢ﬂ, (10.30)
2 r3 2 r
0 0

where
1/2
r= (Rz—i—zz—l—az—ZRaCOS qb) .

Here (R, 0, 7) are the coordinates of the radius-vector of the observation point.

We now have two vortex rings of equal intensities and equal radii ag at distance
2hy. In this case, the front ring will increase in size, while the rear ring will decrease
and pursue the front ring (Fig. 10.1b). At a certain instant, it will penetrate through the
front ring, and the rings switch places. This phenomenon is called the game of vortex
rings. In a weakly compressible flow, these motions of rings produce local regions
of compression and rarefaction; these regions propagate in the medium and, for large
distances assume the form of spherical acoustic waves. To determine the structure of
radiated sound, we must know relative motions of rings in a noncompressible flow.

Assume rings have radii a;(f) and a;(¢) and are separated by distance 2A(7) at
certain instant z. The rates of variations of ring radii are equal to radial velocities
that rings induce at each other, and the rate of variation of the distance between the
rings is equal to the difference of the z-components of velocities induced by the rings.
Consequently, we have

cos ¢

d s
Eal(t) = 2Ka2(t)h(t)0fd¢M’

cos ¢

la1(0) —arx()P (10.31)

%az(l‘) = —2Ka](t)h(t)/d¢
0

e

d 1
o = =% [ado-aio] [ dp
0

2 lai(t) — ax (D)3’
where
2 2 2 172
la1(8) — ar (1)| = [al (+a2 (1) + 4h2(1) — 2a1(Dax (1) cos ¢] .

Equations (10.31) should be solved with the initial conditions at t = 0

a1(0) = a2(0) = ap, h(0) = ho.
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The first pair of equations immediately yields the relationship between aj(¢) and
as (t); namely,

at(t) + a3(1) = 243, (10.32)

This relationship shows that the moment of inertia of rings relative to the z-axis is
conserved.

The integrals in the right-hand side of Eq. (10.31) can be expressed in terms of
elliptic functions.

If rings are far from each other (y = ho/ag > 1), they interact only slightly, and
we can assume that, in the first approximation, they move independently with the
velocities determined by the ring areas. In the opposite limiting case y < 1 (namely
this case will be considered in what follows), the rings interact actively. The integrals
in the right-hand side of Eq.(10.31) are mainly contributed by the neighborhood of
point ¢ = 0. For this reason, we can replace cos ¢ in the numerators of the first pair
of equations by unity. Thus we obtain the second integral of motion

4R% () + [a1 () —ax () = 4k, (10.33)

Integral (10.33) means that the distance between points on different rings at the
same polar angle is the conserved quantity.

In view of the existence of integrals (10.32) and (10.33), we can reduce system
(10.31) to a single equation in variable 6(#) determined by the equalities

a|(t) = \/an cos (z -y sin@(t)), a(t) = x/ia() sin (z -y sin@(t)) ,
4 4
h(t) = hgcos6(r). (10.34)
With this definition, conservation laws (10.32) and (10.33) are satisfied automat-

ically (in the first order with respect to y). Substituting Eq. (10.34) in Eq. (10.31),
expanding the result in the series, and calculating the integral, we obtain

0(1) = ——1
S

Consequently, the ring radii and the distance between rings are given by the
expression

ai(t) = ao (1 + y sin(wn)) , ax(1) = ag (1 — y sin(w1))
h(t) = ho cos(wt), (10.35)

where
K

0=, (10.36)
21}

as in the above case of vortex lines.



266 Lectures on Dynamics of Stochastic Systems

We note that the infinitely thin rings move with an infinite velocity. However, actual
vortex rings move with a finite velocity significantly smaller than the sound velo-
city, but the dynamics of relative motion of rings only slightly differs from that we
just obtained. The fact that angular velocity (10.36) coincides with the corresponding
angular velocity in the case of vortex lines shows that the points lying on rings at equal
polar angles revolve relative the center point of the line connecting them at the rota-
tional speed coinciding with the rotational speed of vortex lines located at the same
distance and having the same intensity as the rings.

To study the structure of sound radiated by the system of rings, we need to know the
velocity field for large distances from the system. We associate the coordinate system
with the point located at the center of the segment connecting the centers of the rings.
The velocity of flow outside the rings is given by the formula

Szxrz

v, t) = —al(t)/d¢ Ly az(t)/d¢ (10.37)

Here, s1 and s, are the unit vectors tangent to the vortex rings and r; and r, are the
vectors specifying observation point position relative to points lying on the rings. For
large distances from the rings, the oscillating parts of the velocity have the form (in
the cylindrical coordinates)

)
vg)(t)_3_"R(4Z R?) <%_ 2)’ W =0,

T4 (R4 232 “
(10.38)
2 2
V(l)(l‘) _ 3k Z(2Z —3R ) (az_ 2)
z = 1 T RL232 17 %)
4 (R2+72)3%/
Introducing potential by the formula v") = —V¢1 we obtain
2 2
) . E R —ZZ 2 2
(1) = _4—(R2 +Z2)5/2h ay—a; ). (10.39)

Substituting Eq. (10.35) in Eq. (10.39) and changing to spherical coordinates, we can
rewrite Eq. (10.39) in the complex form

1 —3cos20 ,.
(1) _ 2 2iwt
(1 = lzaoy — 3 e, (10.40)

Now, we will proceed similar to the case of two vortex lines. We encircle the origin
by a sphere of radius L such that ag < L < A, where A is the wavelength of radiated
sound waves. We will use the fact that the motion of flow inside the sphere approx-
imately coincides with the motion of noncompressible flow. Outside the sphere, the
equations of motion will have the form of Eq. (10.21) with the only difference that
now A is the spatial Laplace operator.
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Represent potential ¢ in the form

@(r, 0) = f(r, 0)e*.

Substituting this expression in Eq. (10.21) and taking into account that we must obtain
divergent spherical waves for » > A , we obtain f(r, 6) in the form

where H ,(jr)l /z(z) is the Hankel function of the second kind and P, (z) is the Legendre

polynomial. Comparing potential ¢(r, #) for r < A with ¢ (r, 9), we obtain that
n =2 and

27 kyajw’?

3 Cg/z

Ay =22

Consequently, potential and pressure in the wave zone have the forms

(r,0) 2 € ) (1 3 cos? 8) exp 12i (1=~ 37
ro)=— —(1- xp {2i | wt———— )1},
¢ 3 2hoco r P co 4

'r.0) = 4dix K 2 apgw ( 3 0) , wr 3w
r, —_— — 3 cos ex wt————
P 3 o) 7 P P w 4)]

so that the angular distribution of energy radiated per unit time is

87 k3a % €\’ 2 \?2
10 1-3 o) .
©) = 9 h3 (Zhoco) ,00< cos )

Vortex rings radiate energy as a quadrupole; the main portion of energy is radiated in
a cone about z-axis with corner angle 106° in both positive and negative z-directions.
Integrating over 6, we obtain that total energy radiated per unit time is given by the
expression

647 K3ag K\’
== 00
45 hg 2hgco
Thus, intensity of sound radiated by a pair of vortex rings is proportional to M>. In
the case of statistically distributed system of pairs of vortex rings, this proportionality

will remain valid for certain portion of space, which agrees with estimates obtained
in [58-60].
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Part III

Examples of Coherent Phenomena in
Stochastic Dynamic Systems
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Lecture 11

Passive Tracer Clustering and Diffusion
in Random Hydrodynamic and
Magnetohydrodynamic Flows

11.1 General Remarks

Diffusion of such passive fields as scalar density (particle concentration) field and
magnetic field is an important problem of the theory of turbulence in magnetohydro-
dynamics. The basic stochastic equations for the scalar density field p(r, t) and the
magnetic field H(r, f) are the continuity equation

0

9
(8_ + U, t)) p(r,t) = ulAp@r,t), pr,0) = po@), (11.1)
t or

and the induction equation (1.59), page 30, subject to the dissipative effects

(3 + EU(r, t)) H(r,t) = <H(r, 1) - i) U(r,t) + ugAH(r, 1), (11.2)
at  dr ar

where 11, is the dynamic molecular diffusion coefficient, and up = c?/4mo is the
dynamic diffusion coefficient associated with the conductivity of the flow o.

In these equations, U(r, t) = uo(r, t) + u(r, t); ug(r, t) is the deterministic com-
ponent of the velocity field (mean flow), and u(r, f) is the random component. In
the general case, random field u(r, #) can be composed of both solenoidal (for which
divu(r, t) = 0) and potential (for which divu(r, t) # 0) components. Field H(r, t) is
here nondivergent, i.e., divH(r, ) = 0.

Dynamic systems (11.1) and (11.2) are conservative and both the total scalar mass

M=M(t) = /dr,o(r, 1 = /dr,oo(r) = const

Lectures on Dynamics of Stochastic Systems. DOI: 10.1016/B978-0-12-384966-3.00011-8
Copyright © 2011 Elsevier Inc. All rights reserved.
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and the magnetic flux

/drH(r, 1 = /drHo(r) = const

remain constant during the evolution. For homogeneous initial conditions, the fol-
lowing equalities are a corollary of the conservatism of dynamic systems (11.1) and
(11.2):

(o(r,0)) = po, (H(r 1) =Hoy,

where (---) denotes averaging over an ensemble of realizations of random field
{u(r, v)}. If initial conditions are homogeneous, a statistical average of a quantity
depending, for example, on magnetic field [ dr (f(H(r, 1)) changes over in the gen-
eral case to (f(H(r, 1))),

f dr (fH(r, 1)) & (FHT D)),

which means that quantity (f(H(r, r))) is a specific quantity per unit volume and is,
hence, an integral quantity. For example, quantity (Hz(r, t)) is the average specific
energy per unit volume in the case of homogeneous initial conditions, but it is the
average density of energy in the case of inhomogeneous initial conditions. Integral
quantities characterize dynamic systems at large, they allow separating the processes
of field generation, which offers a possibility of discarding dynamic details related to
advection of these quantities by random velocity field [64].

Our interest consists in the temporal evolution of different one-point statistical
characteristics of density field p(r, 1), its gradient p(r, r) = Vp(r, t), magnetic field
H(r, 1), and its different spatial derivatives from given initial distributions pg(r) and
H(r) (and, in particular, homogeneous ones, po(r) = po and Ho(r) = Hp). Such
characteristics are probability densities of these fields by themselves, isotropization
(decrease of anisotropy) of vector correlations, helicity of these vector fields, and their
dissipation.

The effect of dynamic diffusion can be neglected during the initial stages of the
development of diffusion. In this case, Eqs. (11.1) and (11.2) become simpler and
assume the form

0 ad au(r, 1)
( d d ) aU(r, 1) ( a )
LU DS\ He D + Hr o= (Hr o= \Uwr . (11.4)
ot or r or

In these conditions, such nonstationary and stochastic phenomena occur as mixing,
generation and rapid increase (in time) of smaller-scale disturbances (e.g., stochas-
tic (turbulent) dynamo), and, in certain situations, clustering in the phase or physical
space. Clustering of a field (such as tracer density, magnetic field energy, etc.) is the
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appearance of compact regions, where the content of this field is increased, which are
surrounded by regions with decreased content of this field.

For example, in the case of homogeneous initial conditions, the density field
remains constant in time if liquid is noncompressible (nondivergent velocity field)
and, consequently, the gradient of density is identically equal to zero at any spatial
point. On the contrary, in compressible flows (divergent velocity field), density field
is always clustered, which naturally results in great gradients of the density field. We
have seen a similar pattern in the example of the simplest problem whose solution is
given in Fig. 1.12, page 27. The characteristic time of the formation of cluster struc-
ture of the density field is determined by the relationship DP¢ ~ 1, where quantity DP
given by Eq. (4.59), page 108, depends on the potential component of spectral density
of the velocity field.

As for the magnetic field, clustering of its energy can occur under certain condi-
tions, and we have seen an example of such clustering in Fig. 1.14, page 33, in the case
of the simplest potential velocity field. However, general generation of magnetic field
occurs even in noncompressible flows of liquid; this generation causes intense vari-
ability of the field structure, and different moment functions of both magnetic field by
itself and its spatial derivatives increase exponentially in time. As a result, field dissi-
pation related to higher-order derivatives is rapidly increased at a certain time instant,
and the effects of dynamic diffusion become governing.

The above equations correspond to the Eulerian description of the evolution of the
density field and magnetic field.

Equations (11.3), (11.4) are the first-order partial differential equations and can be
solved by the method of characteristics. Introducing characteristic curves r(¢) satisfy-
ing the equations of particle motion

%r(t) =Uwrn, r@) =ro, (11.5)

we can change over from Eq. (11.3) to the ordinary differential equation

aU(r, 1)
or

%p(t) = - p (0, p(0) = po(ro). (11.6)
Solutions to Eqgs. (11.5) and (11.6) have an obvious geometric interpretation. They
describe the concentration behavior around a fixed tracer particle moving along tra-
jectory r = r(t). As may be seen from Eq. (11.6), the concentration in divergent flows
varies: it increases in regions where medium is dense and decreases in regions where
medium is rarefied.

Solutions to system (11.5), (11.6) depend on characteristic parameter rq (the initial
coordinate of the particle)

r(t) =r(tlro),  p(t) = p(tlro), (11L.7)

which we will separate by the bar. Components of vector rg are called the Lagrangian
coordinates of a particle; they unambiguously specify the position of arbitrary parti-
cle. Equations (11.5), (11.6) correspond in this case to the Lagrangian description of
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concentration evolution. The first of equalities (11.7) specify the relationship between
the Eulerian and Lagrangian descriptions. Solving it in ry, we obtain the relationship
that expresses the Lagrangian coordinates in terms of the Eulerian ones

ro =ro(r, 1). (11.8)

Then, using Eq. (11.8), to eliminate g in the last equality in (11.7), we turn back to
the concentration in the Eulerian description

p(r.1) = p(tlro(r,n) = /drop(tlro)j(tlro)3 (r(tlro) —r), (11.9)
where we introduced a new function called divergence

‘ )

which is the quantitative measure of the degree of compression (extension) of physi-
cally infinitely small liquid particles. One can easily obtain that it satisfies the equation

ar;(tro)
drok

J(tlro) = det||ju (tlro)|| = det

) .
D), o) = 1. (11.10)

d
—i(t —
dtj( [ro)

Comparing Eq. (11.6) with Eq. (11.10), we see that

po(ro)
p(tlro) = = - (11.11)
J(tlro)
Thus, we can rewrite Eq. (11.9) as the equality
plr.1) = /dropo(ro)3 (r(tlro) — 1) (11.12)

specifying the relationship between the Lagrangian and Eulerian characteristics. Delta
function in the right-hand side of Eq. (11.12) is the indicator function for the posi-
tion of the Lagrangian particle; as a consequence, after averaging Eq. (11.12) over
an ensemble of realizations of random velocity field, we arrive at the well-known
relationship between the average concentration in the Eulerian description and the
one-time probability density

P(r, tlro) = (8 (r(tlro) — 1))

of the Lagrangian particle

(p(r,0) = /dropo(ro)P (r, tlro).
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The relationship between the spatial correlation function of the concentration field
in the Eulerian description

(R(r1,r2, 1)) = (p@r1,Hp(r2, 1)),

where R(ry,ra, t) = p(ry, t)p(ra, t), and the joint probability density function of posi-
tions of two particles

P(ry,r2, tro1, ro2) = (8 (ri(tlro1) —r1) 8 (ra(tlro2) —r2))

can be obtained similarly

(R(ri,r2, 1) = /drm/drOZPO("Ol)PO("OZ)P(rly7'2,t|"017"02)~

For the nondivergent velocity field (div U(r, ) = 0), both particle divergence and
particle concentration are invariant, i.e.,

Jtlro) =1, p(tlro) = po(ro).
We assume in the general case that the random component of the velocity field
is the divergent (divu(r,t) # 0) statistically homogeneous Gaussian random field,
which is spherically symmetric (but generally not possessing reflection symmetry) in

space and stationary in time with zero-valued average ((u(r, f)) = 0) and correlation
and spectral tensors given by the formulas

Bij(r —r1, 7) = (ui(r, Duj(ry, 1)) = / dk Eyj(k, 7)™,

1 .
E;ik,7) = —— | drB;i(r, 1)e %",
ik, T) (2n)d/ i, T)

where d is the dimension of space. In view of the suggested symmetry condition,
correlation tensor By;(r, t) has vector structure (4.49), page 105, (r —ry — r)

Bjj(r,v) = Bj°(r, 7) + C(r, Degkr,
where

BE°(r. 1) = A(r, D)rirj + B(r, T)8;;
is the isotropic portion of the correlation tensor and g;j is the pseudotensor antisym-
metric with respect to an arbitrary pair of indices. The isotropic portion of the corre-

lation tensor corresponds to the spatial spectral tensor of the form

Eyj(k, 7) = Ej(k, T) + Ej(k, 7),
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where the spectral components of the tensor of velocity field have the following struc-
ture

kik;

kikj
Ejj(k, v) = E*(k, 7) (5, - k_2> Eftke, 7) = EP(k, 1) =5

Here, ES(k, t) and EP (k, ) are the solenoidal and potential components of the spectral
density of the velocity field, respectively.

Calculating statistical properties of the concentration field and its gradient, we will
approximate the velocity field u(r, ) by the random delta-correlated (in time) process.
In the framework of this approximation, correlation tensor Bj;(r, t) is approximated by
the expression

Bjj(r, t) = 2B;;(r)é (1), (11.13)
where
1 o o0
Bjj(r) = 5 / dtBij(r,t) = fdrBij(r, 7).
%0 0

For the Gaussian field u(r, t) correlation with functionals of it can be split by the
Furutsu—Novikov formula (8.10), page 193; in the case of delta-correlated field u(r, 1)
this formula becomes simpler and assumes the form

(11.14)

(. ORTE w(r, )] = / dr' Bu(r — ¥') <M>

Su(r',t —0)

where 0 <t <1t.

11.2 Particle Diffusion in Random Velocity Field

11.2.1 One-Point Statistical Characteristics

Thus, in the Lagrangian representation, the behavior of passive tracer is described in
terms of ordinary differential Equations (11.5), (11.6), (11.10). We can easily pass on
from these equations to the linear Liouville equation in the corresponding phase space.
With this goal in view, introduce the indicator function

PLag(r, p. ], tlro) = 8 (r(tlro) — r)é(p(tlro) — p)8(i(tlro) —j), (11.15)

where we explicitly emphasized the fact that the solution to the initial dynamic equa-
tions depends on the Lagrangian coordinates rq. Differentiating Eq. (11.15) with res-
pect to time and using Egs. (11.5), (11.6), and (11.10), we arrive at the Liouville
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equation equivalent to the initial problem

a ad 1) ( i tlro) aU@r,n (0 a . ( i tlro)

— 4+ —Uf(r, Lag(Fs 0, ], tF0) = ———— | 7=P — =/ | PLag(r, o, J, tiro),

a1 ar PLag\l’, P, ] 0 ar P) o 8]J PLagl, 0, ] 0
(11.16)

PLag(T, P, ], 1lro) = 8(ro —r)d(po(ro) — p)8(j — 1).

The one-time probability density of the solutions to dynamic problems (11.5), (11.6),
and (11.10) coincides with the indicator function averaged over an ensemble of real-
izations

P(ra /05j7 t|r0) = (‘PLag(ﬂ r, pv.]'ro))

Averaging Eq. (11.16) over an ensemble of realizations of random field u(r, 1),
using the Furutsu—Novikov formula (11.14), and taking into account the equality

) .
mfﬂug(ﬁﬂ,],ﬂr@
Bl 5( . asr—r) [0 d . « o)
={——38@—r — | —p - = o, 0,Jlr0),
arﬁ arﬁ 8,0'0 aJJ PLlag P, JIro

and Egs. (4.57), page 107, we arrive at the Fokker—Planck equation for the one-time
Lagrangian probability density P(r, p, j, t|ro) of particle coordinate r(¢|rp), of particle
density p(f|rp) and of the particle divergence j(t|rg):

9 29 282 '+82'2 P(r, p, J, tIro)
P = = 2——pj+ r. p.js 1lro),
55" 55 ot o p.J tlro

P(r, p.j,0lro) = 8(r —ro)8(p — po(ro))8(j — 1). (11.17)

ad
(a_DOA>P(",paJ’t|rO) ZDP(

The solution to Eq. (11.17) has the form
P(r, p,j, tlro) = P(r, tlro)P(j, tlro)P(p, t|ro). (11.18)

Function P(r, t|¥’) is the probability distribution of particle coordinates. This dis-
tribution satisfies the equation following from Eq. (11.17),

9 92
—P(r, tlrg) = Dy— P(r, t|ro), P(r,0lrg) = 8(r —ro),
ot or?

and, consequently, it is the Gaussian distribution

2

P(r, tlro) Dot s —r) : r—ro)*
r, tlrg) = ex —18(r—rg))=————expy————{(,
° P17 O = anDodn®? P 4Dt

(11.19)
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where d is the dimension of space.
Function P(j, t|rp) is the probability distribution of the divergence field in particle’s
neighborhood and satisfies the Fokker—Planck equation following from Eq. (11.17),

9 92
PG tlro) = Dpﬁsz(j, tlro). P, 0lrg) =8G — 1), (11.20)
]
which we rewrite in the form

] 3 (.9
—jP(, tlro) = DPj— | j— + 1 ) jP(.tlro), P(,0lro) =8G—1).  (11.21)
ot aj \" 9j

It is convenient to change the variables in Eq. (11.21) according to the formulas

j=¢", n=Inj (11.22)
so that

3 .0

o o

After the variable change (11.22), Eq. (11.21) in function

JPGLHF0) e = F(n. 1)

is reduced to the equation

O =2 (2 s 1) Fapn (11.23)
ar V=5 oy T '

with the initial condition

sm _ s(n). (11.24)

F(n,0) = jP(, 0lro)|j=en = €"8(e" — 1) = €" e

Consequently, the solution to problem (11.23), (11.24) is the Gaussian probability
distribution

1 2
F(n, 1) = 2ﬁexp{—$}. (11.25)

In Eq. (11.25) and below, we use the dimensionless time 7 = DPz. Considering now
function F(n, t) |77:1nj = jP(j, tlro), we obtain the solution to Eq. (11.20) in the form

82
PG, tlro) = exp {DPt— 218G — 1) =
952

1 . (Inj + 7)?
wl_
2j T P 47

1 In? (je)
_zjﬁexp{— y } (11.26)
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It should be emphasized that the obtained solution (11.18) means that coordina-
tes r(t|ro) and divergence j(t|rg) are statistically independent in the neighborhood of
a particle characterized by the Lagrangian coordinate ro. Moreover, the logarithmi-
cally normal distribution (11.26) means that quantity 5 (t|ro) = Inj(t|ro) is distributed
according to the Gaussian law with the parameters

(n(tlro)) = =7, o7 (1) =2t. (11.27)

In particular, the following expressions for the moments of the random divergency
field follow from distribution (11.26) (and immediately from Eq. (11.20), though)

("(tro)) = "™ V7, n=£1,£2,.... (11.28)

We note that average divergence is constant, (j(t|rg)) = 1, and its higher moments
increase with time exponentially.

Note additionally that, according to Eq. (11.11), page 274, and Eq. (11.28), we have
the following expression for the Lagrangian moments of density:

(p" tlro)) = pg (ro)e™ ™1,

according to which both average density and higher moments of density increase expo-
nentially in the Lagrangian representation. Consequently the random process p (t|rg)
is the logarithmically normal process and its probability density has the form

P(p, tlro) =

In* (pe™" /po(ro)) } (11.29)

1
2p4/T xp {_ 4t

This probability density can be obtained also as the solution to the Fokker—Planck
equation following from Eq. (11.17)

ad ad ad
—P(p, tlro) = —p*—P(p, tlro),  P(p,0lro) = 8(p — po(ro)).  (11.30)
ot ap dp

Rewrite Eq. (11.30) in the form

B 9 B]
a—pP(p, Tlrg) = ey (’03_ - 1) oP(p, T|ro),
T P P (11.31)

P(p,0lro) = 8(p — po(ro)).

Then, the variable change (11.22) reduces Eq. (11.31) in function

PP(P7 r|r0)|p:g'7 =F(77, T|r0)



280 Lectures on Dynamics of Stochastic Systems

to the equation

d a d
—F@,tlro) = — | — — 1) F(n, tlro) (11.32)
ot an \9n

with the initial condition
F(n,0lro) = pP(p, 0lro)| y—en = €"8(e" — po(ro)) = 8(n — In po(ro)). (11.33)

Consequently, the solution of problem (11.32), (11.33) is the Gaussian probability
distribution

2
(1 —In po(ro) — 1) } (1134)

1
F(n,rlro)zﬁexp<— a7

Considering now function F(n, f|r0)|,7:1n p = pP(p, T|rg), we obtain the solution
to Eq. (11.30) in form (11.29). In this case, the logarithmically normal distribution
(11.34) means that quantity n(¢|ro) = In p(¢|rp) is distributed according to the Gaus-
sian law with the parameters

(n(tlro)) =Inpo(ro) + 7. o7 (1) = 2t.

The above paradoxical behavior of statistical characteristics of the divergence and
concentration (simultaneous growth of all moment functions in time) is a consequence
of the lognormal probability distribution. Indeed, the typical realization curve of ran-
dom divergence is the exponentially decaying curve

JF)y=eT,
in accordance with Egs. (4.60), page 108.

Moreover, realizations of the lognormal process satisfy certain majorant estimates.

For example, with probability p = 1/2, we have

j(tlro) < 4e~ /2

throughout arbitrary temporal interval ¢ € (¢, t2).

Similarly, the typical realization curve of concentration and its minorant estimate
have the following form

pr(0) = pe,  pltlro) > Bt

We emphasize that the above Lagrangian statistical properties of a particle in flows
containing the potential random component are qualitatively different from the sta-
tistical properties of a particle in nondivergent flows where j(¢t|rp) = 1 and particle
concentration remains invariant in the vicinity of a fixed particle p(#|rg) = po(ro) =
const. The above statistical estimates mean that the statistics of random processes
Jj(tlro) and p(tjro) is formed by the realization spikes relative typical realization
curves.

At the same time, probability distributions of particle coordinates in essence coin-
cide for both divergent and nondivergent velocity fields.
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11.2.2 Two-Point Statistical Characteristics

Consider now the joint dynamics of two particles in the absence of mean flow. In this
case, the indicator function

@ry,r2, 1) =68 () —r) 8 (r2(t) —r2)

satisfies the Liouville equation

9 9 9
—or,r, ) =— | —u(r, ) + —ux(r, 1) | @1, r2, ).
ot ory ory

If we average the indicator function over an ensemble of realizations of field u(r, 1),
use the Furutsu—Novikov formula (11.14), page 276, and the equality

9 2
p(tr,rn) =— [—3(1’1 —r)+ —34(rp — i‘/)i| (t;r1,12),
ory;

8uj(r’, r— 0) 8r1j

then we obtain that the joint probability density of positions of two particles for
isotropic velocity field

P(ry,r2, 1) = {p(t;r1,12))

satisfies the Fokker—Planck equation

2 2

a
8_[P(r17r23t):|: }Bl](O)P(Lrl’rZ)

aruarlj + 31‘213?‘2/'
2

d
+2———Bj(ri —r))P(ry,r2, . (11.35)
0r1;01;

Multiplying now Eq. (11.35) by function é(r; — r —I) and integrating over r; and
rp, we obtain that the probability density of relative diffusion of two particles

P 1) = (8(ri (1) —r2(n) = D)

satisfies the Fokker—Planck equation

2

mDaﬁ(l)P(L 1), PWI,0)=48(-1p), (11.36)

0
—P, 1) =
ar( )

where

Dop(l) = 2 [Bup(0) — Bos(D)]

is the structure matrix of vector field u(r, 1), and [ is the initial distance between the
particles.
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In the general case, Eq. (11.36) hardly can be solved analytically. However, if the
initial distance between particles [y is sufficiently small, namely, if Iy < lcor, Where leor
is the spatial correlation radius of the velocity field u(r, f), we can expand functions
Dyg (1) in the Taylor series to obtain in the first approximation

3%2Bup(l)

Degh) = = a9,

lil;.
1=0

The use of representation (4.57), page 107, simplifies the diffusion tensor reducing it
to the form

Dos () = [(Ds(d + 1) + DP) 851 — 2 (D — DP) lallg:l, (11.37)

1
d(d+2)

where d is the dimension of space.
Substituting now Eq. (11.37) in Eq. (11.36), multiplying both sides of the resulting
equation by /", and integrating over I, we obtain the closed equation

d 1
n _ S P S 'Y
—tln(l (t)>— —( ) [(D d+1)+D )n(d+n—2)—2(D —D )n(n—l)],

whose solution shows the exponential growth of all moment functions (n =1, 2,...)
in time. In this case, the probability distribution of random process /(¢)/ly will be
logarithmic-normal.

Note that, multiplying Eq. (11.36) by §(/(#) — ) and integrating the result over [,
we can easily obtain that the probability density of the modulus of vector I(r)

P =IO —D) = /dlrS(Il(t)I —DP(, 1),
satisfies the equation

9 9 Dji(]) 3 N 92
—P =———p ——p —N()P
o () TR (l,t)+al ; (z,1)+812N(l) ),

where N() = [;;;D;(1)/ I?. Using this equation, we can easily derive the equation in
function (In [(?)),

d _ [ Di(D) N
7 (Inl@®) = < 2 2Z_Z>’

whose solution for the tensor D;;(I) of form (11.37) is as follows

<1 (@» ' pa—d—pra—ay
%W )|~ aa+2 '
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As a consequence, in accordance with Egs. (4.60), page 108, the typical realization
curve of the distance between two particles will be the exponential function of time

*(0) :loexp{ {D’d(@d—1)—DP (4—d)}t}, (11.38)

d(d+?2)

and it is the Lyapunov exponent of the lognormal random process [(t).
It appears that this expression in the two-dimensional case (d = 2)

I*(f) = Iy exp H (D® — DP) t}

significantly depends of the sign of the difference (D* — DP). In particular, for the
nondivergent velocity field (DP = 0), we have the exponentially increasing typical
realization curve, which means that particle scatter is exponentially fast for small dis-
tances between them. This result is valid for times

1 lCOr
"D In ),
R “( lo>

for which expansion (11.37) holds. In another limiting case of the potential velocity
field (D° = 0), the typical realization curve is the exponentially decreasing curve,
which means that particles tend to join. In view of the fact that liquid particles them-
selves are compressed during this process, we arrive at the conclusion that particles
must form clusters, i.e., compact particle concentration zones located merely in rar-
efied regions, which agrees with the evolution of the realization (see Fig. 1.1b, page 5)
obtained by simulating the behavior of the initially homogeneous particle distribution
in random potential velocity field (though, for drastically other statistical model of
the velocity field). This means that the phenomenon of clustering by itself is indepen-
dent of the model of a velocity field, although statistical parameters characterizing this
phenomenon surely depend on this model.
Thus, particle clustering requires that inequality

DS < DP (11.39)

be satisfied.
In the three-dimensional case (d = 3), Eq. (11.38) grades into

1
I(t) = lpexp {E (6DS — Dp) t},
and typical realization curve will exponentially decay in time under the condition

DP > 6D?,

which is stronger than that in the two-dimensional case.
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In the one-dimensional case

(1) = lpe P,

and typical realization curve always decays in time.

11.3 Probabilistic Description of Density Field in Random
Velocity Field

To describe the local behavior of tracer realizations in random velocity field, we need
the probability distribution of tracer concentration, which can be obtained only in the
absence of dynamic diffusion.

To describe the concentration field in the Eulerian description, we introduce the
indicator function

ot 0) =3(pr, 1) — p), (11.40)

which is similar to function (11.15) and is localized on surface p(r, t) = p = const in
the three-dimensional case or on a contour in the two-dimensional case. The Liouville
equation for this function coincides in form with Eq. (3.18), page 74,

oUu(r,t) 0

or  p [po(r, t; )], (11.41)

2 U2 ot p) =
5 TUE Do e tp) =

so that the on-point probability density of the solution to dynamic equation (11.13)
coincides in this case with the ensemble averaged indicator function of random velo-
city field which we assume, as earlier, to be the homogeneous and isotropic Gaussian
random field delta-correlated in time,

Pr,t; p) = (8(p(r, 1) — p)).

Averaging Eq. (11.41) with absent average flow over an ensemble of realizations
of field u(r, #) using the Furutsu—Novikov formula (11.14), page 276, and the equality
for variational derivative

0] aSr—r
(/’("J;,O)=—|:8(r—r’)_+_( )
a”j Brj

m ]90(", L, p)

following from Eq. (11.41) with the use of Eqgs. (4.56) and (4.57), page 107, we obtain
the equation for probability density of the concentration field

9 92
(a_z - DoA) P(r, t; plpo(r)) = D, a’jsz(h t; plpo(r)),

(11.42)
P(r,0; plpo(r)) = 8(p — po(r)),
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where the diffusion coefficients Dy (in r-space) and D, = DP (in p-space) are given
by Eqgs. (4.54) and (4.59), pages 107 and 108; the vertical bar separates the dependence
of the probability density of the Eulerian field p (r, f) on the initial distribution pg(r).
This equation corresponds to Eq. (8.55), page 207, with parameter @ = D,,.

Note that Eq. (11.42) can also be derived by using the following relationship bet-
ween the one-point probability density of concentration field in the Eulerian represen-
tation and the one-time probability density in the Lagrangian description

o0
P, 1: p) = f dro / JdiP(r, p.j. tiro). (11.43)
0

The solution to Eq. (11.42) has the form

3% ~
P(r, t; plpo(r)) = exp {Dotﬁ} P(r, t; plpo(r)),

where function 7’(1’, t; plpo(r)) satisfies the equation

0~ 92~
P01 plpo@) = D=5 0P, 15 pl oo (r)),
t o (11.44)

P(r, 0; plpo) = 8(p — po(r))

that depends on r parametrically and coincides with Eq. (11.20), page 278, for the
Lagrangian probability density of particle divergence (the only difference consists in
the initial condition). Consequently, the solution to this equation is as follows

5 1 In* (peP'/ po(r))
P(r, 1t r)=——exp{—m—>1, 11.45
(r, 1; plpo(r)) 29 JaDyi p{ 4D, ( )
and probability density of the Eulerian density field assumes the form
1 92 In? (pePr! / po(r))
P(r, t, r) = ———expiDot—expy — . (1146
(r, 1; plpo(r)) 20 /7D, p{ 0 8r2} P{ 4D, ( )

In the case of uniform initial tracer concentration pg(r) = pp = const the proba-
bility distribution is independent of r. Consequently, the Eulerian concentration field
is in this case the lognormal field; the corresponding probability density and integral
distribution function are as follows

_ 1 In® (pe” / po)
P(t; plpo) = YNz exp {——4T , .
(o po) '
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where Pr(z) is the probability integral (4.20), page 94, and we use the dimensionless
time T = DPr.

In the context of the one-point characteristics of density field p(r, ), the problem
is statistically equivalent in this case to the analysis of a random process; hence, all
moment functions beginning from the second one appear to be exponentially increas-
ing functions of time

(p@r, D) = po, (0", D)= ppe" ™", (11.48)

and in accordance with Egs. (4.60), page 108, the typical realization curve of the
concentration field exponentially decays with time at any fixed spatial point

p*(t) = poe” ",

which is evidence of cluster behavior of medium density fluctuations in arbitrary
divergent flows. The Eulerian concentration statistics at any fixed point is formed due
to concentration fluctuations about this curve.

Even the above discussion of the one-point probability density of tracer concentra-
tion in the Eulerian representation revealed several regularities concerning the tempo-
ral behavior of concentration field realizations at fixed spatial points. Now we show
that this distribution additionally allows us to reveal certain features in the space—time
structure of concentration field realizations.

For simplicity, we content ourselves with the two-dimensional case. As was men-
tioned earlier, the analysis of level lines defined by the equality p(r, f) = p = const
can give important data on the spatial behavior of realizations, in particular, on differ-
ent functionals of the concentration field, such as total area S(¢, p) of regions where
p(r, 1) > p and total tracer mass M (¢, p) within these regions. Average values of these
functionals can be expressed in terms of the one-point probability density:

(s, p)) =/d[>’/drP(r, 6P, (M, p)) =/5d5/drp(r, 6.  (11.49)
p p

Substituting the solution to Eq. (11.46) in these expressions and performing some
rearrangement, we easily obtain explicit expressions for these quantities

(S, p)) =/dr Pr(le_tln(pO(i;e_r>>,

(M, p)) = f dr po(r) P ( ¢12—T In (p 0(;)61)),

where probability integral Pr(z) is defined as Eq. (4.20), page 94. Taking into account
the asymptotic representation of function Pr(z) (4.23), page 95, we obtain that, for

(11.50)
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T > 1, the average area of regions where concentration exceeds level p decreases in
time according to the law

(8, p)) ~ e ™ | dry/po(@), (11.51)

JTTO

while the average tracer mass within these regions

(M(t, p)) ~ My — /%e*f/“fdr\/po(r) (11.52)

monotonously tends to the total mass

My = /drpo(r).

This is an additional evidence in favor of the above conclusion that tracer particles
tend to join in clusters, i.e., in compact regions of enhanced concentration surrounded
with rarefied regions.

We illustrate the dynamics of cluster formation with the example of the initially
uniform distribution of buoyant tracer over the plane, in which case po(r) = po =
const. In this case, the average specific area (per unit surface area) of regions within
which p(r, 1) > pis

s(t, plpo) = /dﬁP(z; Plpo) = Pr (h‘("(’%//’)>’

0

(11.53)

where P(t; p) is the solution to Eq. (11.44) independent of r (i.e., function (11.47),
and average specific tracer mass (per unit surface area) within these regions is given
by the expression

Ll 1n(poef/p)>
, =— dp P(t; =Pr| ———). 11.54
m(t, plpo)/po pO/p p P(t; plpo) r( N ( )
P

From Eqgs. (11.53) and (11.54) it follows that, for sufficiently large times, average
specific area of such regions decreases according to the law

1
JrT

irrespective of ratio p/pp; at the same time, these regions concentrate almost all tracer
mass

s(t, p) ~ e /4 (11.55)

m(t, p) ~ 1 — e T4, (11.56)

T
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Nevertheless, the time-dependent behavior of the formation of cluster structure essen-
tially depends on ratio p/pg. If p/po < 1, then s(0, p) = 1 and m(0, p) = 1 at the
initial instant. Then, in view of the fact that particles of buoyant tracer initially tend to
scatter, there appear small areas within which p(r, f) < p and which concentrate only
insignificant portion of the total mass. These regions rapidly grow with time and their
mass flows into cluster region relatively quickly approaching asymptotic expressions
(11.55) and (11.56) (Fig. 11.1).

Note that s(t*, p) = 1/2 at instant 7* = In (p/pp).

In the opposite, more interesting case p/po>1, we have s(0, p)=0 and
m(0, p) =0 at the initial instant. In view of initial scatter of particles, there appear
small cluster regions within which p(r, r) > p; these regions remain at first almost
invariable in time and intensively absorb a significant portion of total mass. With
time, the area of these regions begins to decrease and the mass within them begins
to increase according to asymptotic expressions (11.55) and (11.56) (Fig. 11.2).

As we mentioned earlier, a more detailed description of the tracer concentra-
tion field in random velocity field requires that spatial gradient p(r,f) = Vp(r,?)
(and, generally, higher-order derivatives) was additionally included in the conside-
ration.

The concentration gradient satisfies dynamic equation (1.50), page 28; conse-
quently, the extended indicator function

o, t;p,p) =8, ) —p)S (@, 1) —p)

for nondivergent velocity field satisfies Eq. (3.24). Averaging now Eq. (3.24) over an
ensemble of velocity field realizations in the approximation of delta-correlated velo-
city field, we obtain the equation for the one-point joint probability density of the
concentration and its gradient P(r, t; p, p) = (¢(r, t; p, p)) (this probability density is

Figure 11.1 Cluster formation dynamics for p/pg = 0.5.
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a function of the space-time point (r, t))

0
a—tP(r, t; p,p) = DoAP(r, t; p,p)

+ d(d+2)D (

2

9
d+1)—p? —
@+ 1)gP

P(r,0; p,p) =8 (por) — p) §(po(r) —p),

2
opiopi

2

Pkpl> P(r,t; p,p).
(11.57)

where the diffusion coefficients Dy (in r-space) and D® (in p-space) are given by

Egs. (4.54) and (4.59), pages 107 and 108.

In view of the fact that the random velocity field is nondivergent, we can represent

the solution to Eq. (11.57) in the form

PGt p.p) = / droP(r, 1iro)P(p, tlro).

(11.58)

where P(r, t|rg) and P(p, t|rg) are the corresponding Lagrangian probability densities
of particle position and its gradient. The first density is given by Eq. (11.19), and the

o
g
T
(a)
0.015 F .
w 001F |
0.015
0 5 10 15
T

(b)

Figure 11.2 Cluster formation dynamics for (a) p/pp = 1.5 and (b) p/po = 10.
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second one satisfies the equation

8P( tlro) ! Dd+ 1) - 2 i
p— s Va - —_— _ —
or PO =g ) X T “oprop

lpkpz) P(p, t|ro).
(11.59)

From Eq. (11.59) follows that average tracer concentration gradient is invariant

{p(r, 1) =po(ro).

As regards the moment functions of the concentration gradient modulus, they satisfy
the equations

9, , nd+nd-1) o, , . n
a_t(P (tlro)) = WD (p"@tlro)),  (p"(Olro)) = pjro)  (11.60)

that follow from (11.59).

Consequently, the concentration gradient modulus in the Lagrangian representation
is the logarithmic-normal quantity whose typical realization curve and all moment
functions increase exponentially in time. In particular, the first and second moments
in the two-dimensional case are given by the equalities

(Ip(tlro)) = poro)leP"/8,  (p*(tiro)) = p(ro)e”". (11.61)

In addition, from Eq. (11.57) with allowance for Eq. (4.38) it follows that average
total length of contour p(r,f) = p = const (remember that we deal with the two-
dimensional case) also exponentially increases in time according to the law

((t, p)) = lpeP™,

where [y is the initial length of the contour. Remember that, in the case of the nondi-
vergent velocity field, the number of contours remains unchanged; the contours cannot
appear and disappear in the medium, they only evolve in time depending on their spa-
tial distribution at the initial instant.

Thus, the initially smooth tracer distribution becomes with time increasingly inho-
mogeneous in space; its spatial gradients sharpen and level lines acquire the fractal
behavior. We observed such a pattern in Fig. 1.1a, page 5 that shows simulated results
(for quite other model of velocity field fluctuations). This means that the above general
behavioral characteristics only slightly depend on the fluctuation model.

Above, we studied statistical characteristics of the solution to Eq. (11.3) in the
Lagrangian and Eulerian representations and showed that, if the velocity field has
a nonzero potential component, clustering of the Eulerian concentration field occurs
with a probability of unity and, under certain conditions, clustering of particles in the
Lagrangian description can take place.



Passive Tracer Clustering and Diffusion 291

Along with dynamic equation (11.13), there is certain interest to the equation

0 d
(8—[ + Uf(r, t)8—r> pr,)=0, p@, 0)=p0@)

that describes transfer of nonconservative tracer. In this case, particle dynamics in
the Lagrangian representation is described by the equation coinciding with Eq. (11.5);
consequently, particles are clustered. However, in the Eulerian representation, no clus-
tering occurs. In this case, as in the case of nondivergent velocity field, average number
of contours, average area of regions within which p(r, r) > p, and average tracer mass
f dSp(r, t) within these regions remain invariant.

Above, we considered the simplest statistical problems on tracer diffusion in ran-
dom velocity field in the absence of regular flows and dynamic diffusion. Moreover,
our statistical description used the approximation of random delta-correlated (in time)
field. All unaccounted factors begin from a certain time, so that the above results hold
only during the initial stage of diffusion. Furthermore, these factors can give rise to
new physical effects.

11.4 Probabilistic Description of Magnetic Field and
Magnetic Energy in Random Velocity Field

Here, we consider probabilistic description of the magnetic field starting from dyna-

mic equation (11.4). As in the case of the density field, we will assume that random

component of velocity field u(r, t) is the divergent (divu(r, r) # 0) Gaussian random

field, homogeneous and isotropic in space and stationary and delta-correlated in time.
Introduce the indicator function of magnetic field H(r, t),

or,t; H) =65(H(r,1) — H).
It satisfies the Liouville equation (3.26), page 76,

i Haui(r, 1) _Hiau(r, 1)
0H; or or

0 0
(8_t +u(r, t)a) o, t; H) = —

] @(r,t; H)
(11.62)
with the initial condition
@(r,0;H) = §(Ho(r) — H).
The solution to this equation is a functional of velocity field u(r, 1), i.e.,
o(r,t; H) = o[r, t; Hy u(7, 7)1,
where 0 < t < ¢. This solution obeys the condition of dynamic causality

Solr,t; Hy u(r, v)]
Sui(r', 1)

=0forY <Oand? > r.
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Moreover, the variational derivative at ¥ = ¢ — 0 can be represented as

So(r,t H)  ~
————— =L@, r,t; Do, t; H), 11.63
a0 = ¢ Yo (r. t; H) (11.63)
where operator
—~ 0 asr—r) 0 as(r — 0
Lr e H = —sr—r)— - 00— 9 ) Br=r) 0 4 (164
arj ary 0H; arj 0H;

The one-point probability density of magnetic field is defined as the equality
P(r,t; H) = (¢(r, t; H)),.
Let us average Eq. (11.62) over an ensemble of realizations of field {u(r, f)} and
use the Furutsu—Novikov formula (11.14) to split the appeared correlations. Taking

into account equalities (11.63) and (11.64), and Eqgs. (4.54), (4.56) and (4.57), page
107, with parameters (4.59), page 108, we obtain then the desired equation

3 32 3 9 3,
— —Dy P(r,t; H) = {D\— ——HHy + Dy— —H; { P(r,t; H),

ot ar2 OH; 0H 0H; 0H,
(11.65)
where
b _ (¢ —2)DP —2D* @+ 1HD* +DP
= dd+2 = T T dd+2

are the diffusion coefficients and d is the dimension of space. Note that the one-point
probability density is independent of variable r in the case of homogeneous initial
conditions, and Eq. (11.65) assumes the form

9 3 9 3 9
2P H) = * HH,+D B2l peH 11.66
ol G { Vom, amy T P "} & H). (11.66)

Derive now an expression for the one-point correlation of the magnetic field
(W) = (Hi(r, Hj(r, 1))

in the case of homogeneous initial conditions. Multiplying Eq. (11.66) by H; and H;
and integrating over H, we obtain the equation

d
5%@#%M%@+wmwm,
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from which follows the equation for average energy

3 (E() = Zd;l (D* + DP) (E(1))
ot d ’

whose solution is
d—1
(E(1)) = Egexp 2T (D* +DP)1¢. (11.67)

Now, the solution to the equation in the magnetic field correlation is easily found and
has the form

W) _ 1, (W?m ~ édj) xp {_2<d+;>Ds —l—Dpt}.
0 +2

Eoy = a% (11.68)

Thus average energy exponentially increases with time, and this process is accom-
panied by isotropization of magnetic field, which also goes according to the
exponential law.

Introduce now the indicator function of energy of the magnetic field E(r,7) =
H?(r, 1),

@(r,t; E) = 8(E(r,1) — E),
in terms of which probability density of energy P(r, t; E) is defined as the equality
P, E) = S(EG 1) — B = (S0, 1) E)>H.
To derive an equation for this function, one should multiply Eq. (11.65) by function
S(H? — E) and integrate the result over H. The result will be the equation

] 92 9 a9
— —Dop— |P(r,t; E) = {a—E+D—E—E} P(r,t, E),

P(r,0; E) = 6 (E — Eo(r))
that coincides with Eq. (8.55), page 207, with the parameters

w=24"1 (DP —D%), D=4d—1)

(d+1)DP+ D"
d+2

d(d+2)
Parameter o can be both positive and negative. In the context of the one-point charac-

teristics, the change of the sign of @ means transition from E to 1/E.
The solution to Eq. (11.69) has the form

9% ) ~
P(r,t; E) = exp {Dot— ¢ P(r, t; E),
or?



294 Lectures on Dynamics of Stochastic Systems

where function ﬁ(r, t; E) satisfies the equation

9~ 5 9 9 )~
2B B = la—E+D—ELE\ B@r 1; E),
prl G E) {aaE +tP3E e } r. £ E)

P(r,0; E) = § (E — Ey(r)).

Then, dependence of function P(r, t; E) on parameter r appears only through the initial
value Ey(r),

P(r, 1; E) = P(1; E|Eo(r))

and, consequently, function P(1; E|Eo(r)) is the lognormal probability density of ran-
dom process E(t, |Ey(r)) parametrically dependent on r,

P(t; E|Eo(r) : I [/ Eg(r)] (11.70)
) r)) = ———¢€X _———— . .
0 TN T T 4Dt
Thus, the solution to Eq. (11.69) has the form
P(r.t: E) ! ol In’ [Ee*'/Eo(r)] (11.71)
r.t,E) = YN exp 1 Do Py exp{— D . .

Consequences of Eq. (11.69) or Eq. (11.71) are the expressions for spatial integrals
of moment functions

fdr(E"(r, n) = e"("D_a)t/drES(l‘),

which are independent of coefficient of diffusion Dy in r-space, and, in particular, the
expression for average total energy in the whole space,

/ dr(E(r, 1)) = e’ / drEo(r), (11.72)

where parameter

2d—1)
:D— = —
y o y

(DP + D%). (11.73)
In the case of spatially homogeneous initial distribution of energy Eo(r) = Ej,
probability density (11.71) is independent of r and is described by the formula

Pt E) =

I [Ee/ o] } (11.74)

1
2EN/ 7Dt P : 4Dt
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Thus, in this case, the one-point statistical characteristics of magnetic energy E(r, t)
are statistically equivalent to statistical characteristics of random process

t

E(t; @) = exp —at+/dr$(t) ,
0

where £(¢) is the Gaussian process of white noise with the parameters

(M) =0, (EMEW))=2DS8(t —1).

It satisfies the stochastic equation

%E(I; o) ={-a+ED}EWG; @), EQ;a)=Ep,

and its one-point probability density P(z; E, o) is described by the Fokker—Planck
equation

3 3 3 9
—P(t;E)=|(a—E+D—E—E|P(t; E), P(0;E) =3(E—Ep), (1175
o P E) (aaE +Do— 8E> (. E), P@O; E) =5( 0), (IL.75)

whose solution is given by Eq. (11.74).

A characteristic feature of distribution (11.74) consists in the appearance of a long
flat tail for Dt >> 1, which is indicative of an increased role of great peaks of process
E(t; @) in the formation of the one-point statistics. For this distribution, all moments
of magnetic energy are functions exponentially increasing with time

(£0) = Epexp { ~209 CETLES

DP — D%)t + 4n*(d — 1
a72 Ji+drd =D

and, in particular case of n = 1, the specific average energy is given by Eq. (11.67).
Moreover, quantity

(In (E@)/Eg)) = —at = —29— L (00 — DY)

d+2 ’

so that parameter {—«} is the characteristic Lyapunov exponent [14]. In addition, the
typical realization curve of random process E(t), which determines the behavior of
magnetic energy at arbitrary spatial point in separate realizations, is the exponential
function

d—1

E*(t) = Ege ™ * = Ege 22—
() 0e OXP{ 52

(D" — 1Y) t}
that can both increase and decrease with time. Indeed, for@ < 0 (DP < D?%), the typical

realization curve exponentially increases with time, which is evidence of general inc-
rease of magnetic energy at every spatial point. Otherwise, for « > 0 (DP > D?),
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the typical realization curve exponentially decreases at every spatial point, which
is indicative of cluster structure of energy field; the increase of moments of mag-
netic energy is determined in this case by occasional, but great peaks of magnetic
energy against the typical realization curve, which are characteristic of lognormal pro-
cesses. Figure 8.4, page 209, schematically shows random realizations of magnetic
field energy in random velocity field for different signs of parameter «.

The indicator function of magnetic field energy yields general understanding of the
spatial structure of the energy field. In particular, functionals of the energy field such
as the total volume (in the three-dimensional case) or area (in the two-dimensional
case) of the region in which E(r, t) > E,

o0
V(t, E) =/dr6(E(r, ) —E) =/dr /dES(E(r, n —E),
E
and the total energy contained in this region,
o
EWE) = f drE(r, 00 (E(r,f) — E) = / dr / EdE §3(E(r,t) — E),
E

whose averages are determined in terms of the one-point probability density (11.71),
are given in the general case by the equalities

(V(t,E)) = /dE/drP(r, t E),
E

(E(tE)) = / EdE / drP(r, 1, E).
E

The average values of these functionals are independent of the coefficient of diffu-
sion in r-space (coefficient Dy), and, using probability density (11.71), we obtain the
expressions (8.58), page 210

Ve, E)) = / drpr(Lln (EO(”eaf))
' V2Dt E '

(@, E) = e / dr Eo(r) Pr (%Dt In (EOE(') eaD_a)t))

where function Pr(z) is defined as (4.20), page 94.
Asymptotic expressions of function Pr(z) for z — oo and z - —o0 (4.23), page
95, offer a possibility of studying temporal evolution of these functionals. Namely,
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for « > 0, average volume asymptotically decays with time (# — 00) according to
the law

1 D
(V(t,E)) ~ - /;TEa/D,eWZMD/d’ \/EW-

On the contrary, for ¢ < 0, average volume occupies the whole space for t — oo.
In both cases, asymptotic behavior of total energy for t — oo has the form (because
a < 2D)

1 D/ E \@D-a/D .
E)) ~ e | drE 1= = —(@D—a)*t/4
(@ E) ~e / rEo(r) oD a)\/m <E0(r)) e ,

where parameter y is given by Eq. (11.73), which means that 100% of the total average
energy is contained in clusters for o > 0.

In the case of homogeneous initial conditions, the corresponding expressions with-
out integration over r present specific values of volume occupied by large peaks and
their total energy per unit volume:

(B, E)) = Pr( L (EO(r) e°">>
' V2Dt E ’

(&(t, E)) = Ege”' Pr ( 21Dt In <¥e(2D—a)t>>’

where parameter y = D — «.

If we take section at level E > Ey, then the initial values of these quantities will
be equal to zero at the initial instant, (L (0, E)) = 0 and (&(0, E)) = 0. Then, spatial
disturbances of energy field appear with time and, for t — oo, they are given by the
following asymptotic expressions:

D
L (ﬁ)a/ 1D (@ > 0)

jal/D
L /D (E) D (o _ o)

(11.76)

(T, E)) ~

and, because 2D — «) > 0,

1 D / E\@P-o)/D
(E(1, E))) ~ Ege?" | 1 — yoTp )\/ — (E—> ¢~ (@D—o)1/4D
—a)\ 0
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Thus, for ¢ > 0 (DP > D), the specific total volume tends to zero and specific
total energy contained in this volume coincides with average energy in the whole
space, which is evidence of clustering the magnetic field.

Fora < 0 (DP < D®), no clustering occurs and specific volume occupies the whole
space in which specific average energy increases with time.

11.5 Integral One-Point Statistical Characteristics of
Passive Vector Fields

Above, we derived the equations for the one-point probability densities of the density
field and magnetic field under the assumption that effects of dynamic diffusion are
absent. The one-point probability densities allow calculating arbitrary one-point cha-
racteristics of these fields. Combined with the ideas of statistical topography, they are
sufficient to obtain the conditions of possible formation of cluster structures. However,
the analysis of derivatives of these fields requires the knowledge of at least the two-
point probability densities. In principle, the equations for such probability densities
can be obtained in a standard manner, by using the general procedure for the linear
partial differential equations of the first order. However, this derivation requires very
cumbersome calculations, and examination of consequences of such description is a
very difficult task. Moreover, effects of dynamic diffusion cannot be included in such
probabilistic description.

We note however that, in the case of the delta-correlated random velocity field with
absent average flow, one can easily pass from linear Equations (11.1) and (11.2) to
closed equations for both average values of these fields by themselves and their higher
multi-point correlation functions.

For example, averaging Eq. (11.1), page 271, with the use of the Furutsu—Novikov
formula (11.14), page 276, and the expression for variational derivative

Sp(r, 1) d ,
A A Y. o
B —0) @ Trew )

following from Eq. (11.1), page 271, we obtain the equation for tracer average
density

9
o, o 0) = (Do + pp) Ap(r, 1), (11.77)

where coefficient Dy is given by Eq. (4.54), page 107. Under condition Dy > u (u <K
0212, where o2 is the variance and I is the spatial correlation radius of random
velocity field), Eq. (11.77) coincides with the equation for the probability distribution
of particle coordinates (11.19), page 277, and, consequently, diffusion coefficient Dy
characterizes only the scales of the region of tracer concentration in large and give
no data about the local structure of density realizations, as it was the case for the

diffusion in the nondivergent random velocity field. In the case of the homogeneous
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initial condition p(r, f) = pg, we obtain that (o (r, 1)) = oo too, because random field
p(r, 1) is the nonstationary homogeneous random field in this case, and average value
(p(r, 1)) is independent of r.

For this reason, it remains only one way to analyze the formulated problems,
which consists in studying the two-point correlation functions of the density field
R(r,r1,1) = {p(r,t)p(r1, 1)) and magnetic field Wj;(r,r1, 1) = <Hl-(r, HH;(r, t)). In
the case of the homogeneous initial conditions, these correlation functions depend on
difference (r — r1), which significantly simplifies the consideration. As we mentioned
earlier, all statistical averages in this case are the integral quantities, namely, the spe-
cific (per unit volume) quantities.

Various correlations of spatial derivatives of the fields under consideration can be
obtained by successive differentiation of the above correlation functions with respect
to spatial variables. The original stochastic equations must contain here dissipative
terms.

11.5.1 Spatial Correlation Function of Density Field

We start from Eq. (11.1) and first of all draw a stochastic dynamic equation in function
R(r,ry, 1) = p(r,0)p(ry, 1),

a a ad
E‘R(rarl’t) = _<8_Ml(r’ t)+ %M}(("],l‘))R(","],f)

i
92 92
+ 1y (ﬁ + 87%) R(r,ry, ). (11.78)

Average Eq. (11.78) over an ensemble of realizations of random velocity field.
Using then Furutsu—Novikov formula (11.14), page 276, we obtain that spatial corre-
lation function

(R(r_rlst)> = (R(rvrlst)> = (p(rs t)p(rlst)>

satisfies the following equality

a 0 a
—(R(r—ry,1) = —/dR (a—riBij(r —R) + 8r_1kBkj(r1 —R))

ot
RETLD N 4oy Risr — 11, ) (11.79)
X|{——— r—ri, b)), .
sujR, 1 —0)) Mo T
2
where (Ri(r —r1,1)) = i (R(r —ry, 1)), i.e.,, we use index notation for spatial
r

derivatives of function (R(r, t)). Note that (R (0, 1)) < 0.
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To calculate the variational derivative, omit in Eq. (11.78) the dynamic diffusion
term, which has no explicit dependence on the velocity field, and write it in the form

d a ad
5‘R(r’ ri, t) = _(Mi(rs t)a_r, +l/lk(r1, t)m) R(rvrlvt)
au;(r, t ad t
_ u;(r )+ uy(ry, 1) R(r. 1. 1),
al’i 8r1k

from which follows the equality

< SR(r,r1, 1) >

a ad
5”./'(R’t_ 0) = - <3(r—R)¥ +3(I‘1 —R)F> (R(r—rl, t))

J 1j
_ (88(r—R) n d6(r1 — R)

3}’/' 31‘1/'

)(R(r—rl,t)). (11.80)

Substituting now Eq. (11.80) in Eq. (11.79) and integrating the result over R, we obtain
the partial differential equation in the correlation function of the density field. This
equation can be rewritten in the form (r —ry — r)

3 3%[B;(r) + Bj;
- (RE.0) =~ [ -’é’f,ar, i1 R, 1y
Jjori
d[B;j(r) + Bji(n)] | _ 9[B;(r) + Bi(n)]
-, (R g i)

+ [2B;j(0) — Bjj(r) — B;i(") | (Rji(r, ) + 21 (Rpse(r, 1)).  (11.81)

In the special case of isotropic random velocity field, random density field p(r, ?)
will be the homogeneous isotropic random field. In this case the equation for the cor-
relation function becomes simpler and assumes the form

2

a 0
Y (R(r, D) =2up A (R(r, 1)) + aror,

Dij(r) (R(r, 1)),

where
Djj(r) = 2[B;j(0) — Bj;(r)]

is the structure matrix of vector field u(r, 1).

In the absence of dynamic diffusion, this equation coincides with the equation for
the probability density of relative diffusion of two particles.

Correlation function (R(r, t)) will now depend on the modulus of vector r, i.e.,
(R(r, 1)) = (R(r, 1)) and, as a function of variables {r, ¢}, will satisfy the equation

3(R(r, ) = ! i,,d—l [BDH(V)

—— + (20 + "pyw) 2| (ke o)
ot rd=1 9r ar g or T
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where d is the dimension of space, as earlier. This equation has the steady-state solu-
tion (R(r, 1)) = (R(r)) for t — o0 [65,66]

aD;;i(r")/ar
20+ r;rj/.D,-j(r’)/r’2

3

(R(r)) = ,03 exp /dr’

r

which corresponds to the boundary condition
R(00) = pj.

Note that quantity (R(0)) = (p?(r, 1)) 0o At 7 = 0 and, hence,

o
aD;; (¥ /ar
= p§ exp /dr’ i(r)/or > p3. (11.82)

2
I
(er.0) 20+ 7Dy 17

—0o0

0

Now, we turn back to the general case of random velocity field not having specular
symmetry (i.e., possessing helicity). Setting r = 0 in Eq. (11.81) and taking into
account Eq. (4.57), page 107, we arrive at the nonclosed equation

3
(E)_I - 2Dp> (R(0, 1)) =2, (Rie(0, D), (R(0,0)) = p3. (11.83)

To approximately solve Eq. (11.83), we construct an approximate procedure based
on the expansion of its right-hand side in series in small parameter u,. With this
goal in view, mark quantities (R(0, 1)),, and (R(0, 1)), by subscript 1 and rewrite
Eq. (11.83) in the form of nonclosed integral equation

t
(R(0, 1)), = p§exp {2DPt + f dt
0

2up
—(R(O, = (R (0, 7)), ¢ - (11.84)

At the initial step when dissipation can be neglected, the solution has the form

(RO. D) = (o2 1)) = p§e™™". (11.85)

which, naturally, coincides with Eq. (11.48) for n = 2 and depends only on the poten-
tial component of the spectral function of velocity field.

Then, we represent the right-hand side in the form of a series in parameter w. In the
first approximation the solution of the problem has the following structure

t
(R(0, 1), = pg exp { 2DPt + /d‘(
0

240

m (Rkk(o, T))O . (1186)
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Running a few steps forward, we note that, in view of the exponential increase with
time of all moment functions in the problem under consideration, solution (11.86)
exponentially increases for small times, reaches a maximum at time instant f,x, and
then rapidly decreases with time in accordance with physical meaning of the problem
under consideration.

Note now that a corollary of the structure of Eq. (11.81) is the fact that helicity of
the velocity field has no effect on statistics of the density field gradient. Indeed, all
coefficients of this equation contain only symmetric matrix [Bij(r) + Bji(r)], and all
odd-order derivatives of such a matrix with respect to r vanish atr = 0 (see Eq. (4.58),
page 107). Odd-order derivatives of function (R(r, f)) vanish at r = 0 in exactly the
same way. In view of these facts, we can say that helicity of the gradient of tracer

2
density is equal to zero, because it is determined by quantity <MM> =
ar; arjory

<R,‘jk(0, t)>

11.5.2 Spatial Correlation Tensor of Density Field Gradient and
Dissipation of Density Field Variance

ap(r, 1)
ory

Introduce now the vector of density field gradient pi(r, ) = ; then, the spatial

correlation tensor of density field gradient is defined by the equality

dp(r, 1) dp(r1, 1)

Pyr—ry, 1) = < o o

> = —(Ru(r—ry, 1)),

and variance of the density field gradient is given by the formula

2
oﬂo=«%ﬁﬁ>>z—mm&m. (11.87)
or

Note that, for r — o0, expression for steady-state variance of the density field
gradient follows from Eq. (11.83)

DP
0, (00) = — (R(0, 00)).
Hp

To determine temporal evolution of the spatial correlation tensor of density field
gradient, we differentiate Eq. (11.81) with to rx. As a result, we obtain the equation
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r—ri—r

3 ' .
D Rer, 1) = — B0 + Bi@)]

a1 oraran, Do
107
3%[B;i(r) + Bji(r)] 3%[Bji(r) + Bji(r)]
- (Ri(r. 1))y — — L (Ri(r. 1))g
or;org orjorg
3%[By;(r) + Bji(r)] d[B;;(r) + Bji(r)]
- (Ri(r, 1))y — ———— (Ri(r, ),
or;dr; ory
d[B;(r) + Bji(r)] d[B;(r) + Bji(r)]
——JTEJ——®WW%——J—%fL—mMLMO

— [2B;j(0) — Bjj(r) — B;i(") ] (Rjix (r. 1)) -

Vector (R (r, 1)) describes the spatial correlation of the density field and its gradi-
ent, and all terms of this equation are identically equal to zero atr = 0.

Differentiating this equation with respect to r; and setting r = 0, we obtain the
equation

D Ru(@.0)0 = 2B 1pq 1)
ot s 0~ 8r,-8rj8rk8rl ’ 0
3*B;;(0) 32B;;(0)

-2 J Ri(0, 1)), —2 J Ri (0, ¢
oriory ( Jl( ’ )>0 dar;or; < '/k( ’ )>O
3’Bj;(0) 92B;;(0)

— 2 R0, D)), — 22— (Ri(0, ¢
orgory (ﬂ( )>0 or;or; (Rua (0, D)o
azB"(O) 823"(0)

—2—L— (Ry(0, 1))g — 2——2— (R (0, 1)),.
arja’”k 31’]'3}’1

Using Eq. (4.57), page 107, we can rewrite this equation in the form

9 9*B;;(0)
— (Ru(0,1))g = —2————" (R(0, t
at( 10, ))o ariarjark3r1< 0,9)o
S
2————[(d + D)ow (Rii(0, 1))y — 2 (Ru(0, ¢
+ 25y 1@+ D3 (Ri(0.0) = 2 (Ru(©. )]
+2(4+d)DP (Ri(0,1)o +2 b [8ki (Rii (0, 1))o + 2 (Ru(0, 1)) o]
d kI\Y, 0 d(d+2) kil 1i\Y, 0 kI\Y, 0l
Then, because the source of the gradient field
4 0
9*B;;(0) =—%/dt ou(r, t)ABu(r,t—r) 5
0rior;orgdr d ar or
0

1
= 51)24)5,(,, (DY > 0)
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is isotropic, tensor (Ry;(0, ¢)) is also isotropic, i.e.,

1
(R0, 1)) = y (Rii(0, )¢ Sz

Consequently, the variance of the density field gradient (11.87) satisfies the equation

D3(d —1)+ (d+5)DP

d
— (Ric(0, D)o = =D (R(0, 1) + 2 (R (0, 1)),

at d
(11.88)
where the second moment of density field (R(0, 1)), is given by Eq. (11.85).
The solution to Eq. (11.88) has the form
)
D,” (R0, t
oy (1) = # [eAf - 1], (11.89)

D*(d — 1) + 5DP
where parameter A = 2$.

Note that this solution is generated by the potential component of spectral density
of random velocity field; however, in the case of weak compressibility (DP < D%)
the increment of the exponential increase in time of the solution coincides with the
increment of the variance of density field gradient in noncompressible flow of liquid
D'd—-1) .
—i

with the inhomogeneous initial distribution, because parameter A = 2 7

n
this case.
Now, we turn back to Eq. (11.86) and use Eq. (11.89) to rewrite it in the final form

@
<p2(t)>l = oZexp {21)1’: - 2“‘;3” [eA’ —1 —At]}. (11.90)

This solution has a maximum at
ADP

Atmax ~ In &
/Lng)

and quantity (R(0, 7)) reaches at this moment the value

2P
,( ADP \* 2DP
(RO, D) imax ~ 05 | —— P [
mopDp

The condition

t << tmax

is the applicability condition of neglecting the effects of dynamic diffusion. For ¢ >
tmax function (R(0, 7)) rapidly decreases with time. As we mentioned earlier, quantity
(R(0, 1)) in the general case tends to steady-state value (11.82) for r — oo.
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Let us demonstrate that the suggested method of describing temporal dynamics of
statistical characteristics with inclusion of the effects of dynamic diffusion remains
valid in more general cases, such as describing dynamics of the variance of density
gradient (11.87). To obtain this dynamics, we must include the term with dynamic
diffusion in Eq. (11.88) and replace subscript 0 with subscript i. As a result, we arrive
at the equation

d
o (Ru(0,0),, = =D (RO, 1), + B (Rik(0, 1), + 24t (Rugar(0, 1)y,

D¥(d — 1)+ (d +5) D?
d

where coefficient B = 2

. Rewrite this equation in the form

(Riki (0, 1)),

0
9 — _p®
(R (0, f)>u = Dp (R(0, t))ﬂ + |:B +2u, (R (0, t))u

o :| (Rik(0, 1)),

The corresponding solution has the form

t t
(R (0, 1)), = —DS / dt> (R(0, 1)), exp f dn [B + 21,

0 [5)

(Riknn (0, tl));L}
(Rik (0, 11,

and, consequently, in the first approximation in the coefficient of molecular diffusion,
we obtain the expression

t

t
(R (0, 1)), = —DS) / dty (R0, 1)) exp / dt) [B+2up

15}

Ry (0, t1)>0]
(R (0, 1)

where quantity (R(0, 7)), is described by Eq. (11.90). As for quantity (Rik;(0, 7))g, it
satisfies the equation without effects of dynamic diffusion, which can be derived by
the standard procedure.

Extension to the Case of Inhomogeneous Initial Conditions

We considered a number of problems on dynamics of statistical characteristics of the
density field and its gradient and solved them in the simplest statement (with the homo-
geneous initial conditions) with the minimal set of governing parameters concerning
only statistical characteristics of the homogeneous velocity field, which is assumed to
be the field delta-correlated in time. In this case, all fields under study are also spa-
tially homogeneous random fields, but they are nonstationary in time. This means that
statistical averages like Fy;(r,r1, 1) = < fi(r, Of(r1, t)) depend only on the difference of
spatial coordinates (r — r) and, consequently,

0 0
L Fyrr ) = —=Fy(r,r1. ),
ar i, r, 0 ar i, r, 0
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. . ofir, 0\ . . I
i.e., atr = ry, quantity {fi(r, 1) e independent of r and satisfies the identity
r
8 r, ofi(r, t
<i(", i )> <j flg; )>, (11.91)

which we widely used in derivation of all equations. This relationship significantly
simplified the analysis of both dynamic system by itself and obtained results, because
majority of terms vanished at » = r{, which means the absence of advection of statis-
tical characteristics in the considered problems. Namely this fact allowed us to com-
pletely solve the considered problems and without very cumbersome calculations.

In the case of inhomogeneous initial conditions, solutions of all problems lose the
property of spatial homogeneity, and the equations become very cumbersome. How-
ever, the solutions obtained above yield certain data in this case, too. Indeed, property
(11.91) holds also for integral (integration by parts)

/drf,(r 1) f/( ) —/drjj-(r, t)aﬁ;: )

Therefore, it is clear that the density field for inhomogeneous initial conditions with
absent dynamic diffusion will be described, instead of Eq. (11.85), by the solution of
the form

f dr <,02(r, t)>0 - / dr 02 (r) P (11.92)

and Eq. (11.89) will be replaced with the expression

/ ar (V. 07), / dr (V po(r)? &

n ’? dr (pz(r, t)>0 [eAf - 1], (11.93)

D¥(d — 1)+ (d + 5)DP
y .

Thus, we can assert that the obtained relationships and associations between dif-
ferent quantities become the integral ones in the context of inhomogeneous problems
and form, in figurative words, a skeleton (reference points) that provide a background
for the dynamics of complicated stochastic motions. In addition, for inhomogeneous
problems, all terms vanished in the above consideration have the divergent (‘flow-
like”) form.

In the same way, we can easily draw an analog of Eq. (11.86) for the variance
of density field with inclusion of variance dissipation in the case of inhomogeneous
problems. For example, solution (11.86) is replaced with the expression for the whole

where B =2
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temporal interval

2
dr/drkVp@w»)o

/dr <,02(r, t))o

where functions in the right-hand side are given by Eqs. (11.92) and (11.93).

’

t
/dr <p2(r, t)>1 = /dr,og(r) exp { 2DPt — 2Mp/
0

Diffusion of Density Field with Constant Gradient

As we mentioned earlier, in the presence of velocity field fluctuations, the initially
smooth distribution of tracer becomes increasingly inhomogeneous with time, there
appear changes within increasingly shorter scales, and concentration spatial gradients
sharpen. In actuality, dynamic diffusion smooths these processes, so that the men-
tioned behavior of tracer concentration holds only for limited temporal intervals.

In the presence of dynamic diffusion, the tracer diffusion is described in terms
of the second-order partial differential equation (11.1), page 271. Problems in which
mean concentration gradient assumes nonzero values allow a more complete analysis
for the nondivergent (noncompressible) velocity field.

This case corresponds to solving Eq. (11.1) with the following initial conditions
(here, we again content ourselves with the two-dimensional case)

po() = Gr, py(r) =G.
Substituting the concentration field in the form
p(r. 1) =Gr+p(r, 1),

we obtain the equation for fluctuating portion p(r, r) of the concentration field

(3% + %u(r, t)) o, ) =—-Gu@r,t)+ ulAp, 1, pkr 0 =0. (11.94)

Unlike the problems discussed earlier, the solution to this problem is the random
field statistically homogeneous in space, so that all one-point statistical averages are
independent of r and steady-state probability densities exist for + — oo for both con-
centration field and its gradient.

In this case, Eq. (11.94) easily yields the equation

d ~
(7" r.0) = n(n = DDYG? ("2, 1) = untn = 1) (7", 0. 1))
(11.95)

where

~ d -
p(rvt) = _p(rvt) :p(rst)_G
ar
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In the steady-state regime (for t — 00), we obtain from Eq. (11.95) that

<,6ﬂ*2(r, NF(r, t)) = DOTGZ (5”*2(r, t)). (11.96)

For n = 2 in particular, we obtain the expression for the variance of concentration
gradient fluctuations

» DoG?
lim <p2(r, t)> el (11.97)
— o0 M

Rewrite now Eq. (11.95) in the form

d
(7", 0) = n(n = DDyG? (ro. 0520 0) (11.98)
where
I
frn=1-2 Gz”z(” 1.

Consequently, the variance of concentration is given by the expression ({p(r, 1)) = 0)

t

<,52(r, t)) — 2D,G? / dr (f(r, 7)). (11.99)

0

Note that the correlation function of field p(r, 1),
L, 0) = (p(r1,0)pr2, 1)), r=r1—ra
satisfies the equation
31“(r, 1) = 2G;G;Bj;(r) + 2 [B;(0) — Bjj(r) + usj;] 8—21"(r, )
at or;0r;
that follows from Eq. (11.94); consequently, its steady-state limit

r'ry = [1_1)1210 L, 1)

satisfies the equation

2

Bl
GiGiB;j(r) = — [B,;,(O) — Bjj(r) + uéij] WF(r). (11.100)
i07j

Setting r = 0 in this equation and taking into account Egs. (4.54), page 107, we
arrive at equality (11.97). If we differentiate Eq. (11.100) two times with respect to r
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and then set » = 0 and take into account Egs. (4.56) and (4.57), page 107, we obtain
the equality

I
12 <(Aﬁ(r, z))2> = 30Dy + WG, (11.101)

Exact equalities (11.97) and (11.101) can appear practicable for testing different
numerical schemes and checking simulated results. However, the calculation of the
steady-state limit (Z)Q(r, t)) for t — oo requires the knowledge of temporal behavior
of the second moment (ﬁq(r, t)), which can be obtained only if dynamic diffusion
is absent. In this case, the probability density of the concentration gradient satisfies
Eq. (11.57); in the problem under consideration, this equation assumes the form

aP(rtp) 1DS(3 azpz 2 . >P(rtp)
. , 1 =3 Y - pkpl , 15 )
at 8 ap? dpidp; (11.102)
PO,r;p)=356(@ —G).
Consequently, according to Eq. (11.61), we have
([ii(r, r)|2) -G {eDsf— 1}. (11.103)

The exact formula (11.97) and Eq. (11.103) give a possibility of estimating the time
required for quantity (i)a(r, t)) to approach the steady-state regime for t — oo; namely,

D
DST0~ln< °+“).
m

As a consequence, we obtain from Eq. (11.99) the following estimate of the steady-
state variance of concentration field fluctuations

D0+M)
)

D
im (720 ) ~ 22062
Jim (7. 0) ~ 2326 m

Taking into account the fact that Dy ~ Cfuz‘L'() and Dy/D% ~ l% (cru2 is the variance of
velocity field fluctuations and tp and [y are this field temporal and spatial correlation
radii, respectively), we see that time Ty, in view of its logarithmic dependence on
dynamic diffusion coefficient u, can be not very long,

? 7
Ty =~ 20 In (M>’

0,70 M

and quantity

2
~ T
(p2> ~ Gzl(z) In <—G'ju 0) for u <« cruzto.
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11.5.3 Spatial Correlation Function of Magnetic Field

As was mentioned earlier, in the general case of the divergent random velocity field,
we can calculate one-point statistical characteristics of magnetic field and magnetic
energy, such as their probability densities. Under the neglect of dynamic diffusion,
this technique is, in principle, applicable for calculating different quantities related to
the spatial derivatives of magnetic field. However, the corresponding equations appear
to be very cumbersome, and their use for derivation of comprehensible consequences
is hardly possible.

In the analysis of different moment functions, we can take into account the coeffi-
cient of dynamic diffusion. However, in the general case of the divergent velocity field,
all equations will be very cumbersome again. For this reason, we restrict ourselves to
the nondivergent velocity field (divu(r, t) = 0), i.e., we will analyze statistical charac-
teristics of spatial derivatives of magnetic field in a noncompressible turbulent flow.
Inclusion of compressibility only changes the coefficients of the corresponding equa-
tion, but not the basic tendency of the behavior of moment functions.

Rewrite the vector equation (11.2) in the coordinate form,

(r, 1) LS

a ad ou;
a‘Hi(rr t) = _8_”(“/(("’ t)Hi(rv t) + a—rka(ra t) + MH arzHi(r’ t)9

and introduce function Wj(r,ry;t) =H;(r, )Hy(r1,1). This function satisfies the
equation

d d 0
_WU(r’ ri; ) = — | —wm 0+ —w(ry, 1) (Sin(sjm
ory d

at Ik
du;(r, t ou;(ri, t)
+ i« )Sjm ] Sin}an(rarIQt)
ary, 0 1m
2 92
+ UH Py + B_r% Wii(r, r; D). (11.104)

In view of solenoidal property of the velocity field, Eq. (11.104) can be rewritten in
the form

d 0 0
—Wum(r,ri; 0 = {_ (”k(r» 1) — + u(ry, t)m) SnsOmr

ot ory
du,(r, t uy,(r, t
+ n )Bmt+ m(r1 )(Sns Wii(r,ry; 1)
ory ary;
2 92
+ UH m-f-a—r% Wii(r, ry; 0). (11.105)

Equation (11.104) is convenient for immediate averaging, and Eq. (11.105) is con-
venient for calculating the variational derivative.
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As earlier, we assume that field u(r, 7) is the homogeneous (but generally not
isotropic) Gaussian field stationary and delta-correlated in time with correlation func-
tion (11.13), page 276 and use the Furutsu—Novikov formula (11.14), page 276 to split
correlations. Then, averaging Eq. (11.104) over an ensemble of realizations of random
field u(r, ) and using the variational derivative in the form

<5an(r’ ri; t)>

9 9
=1 (80— R == +5(r1 = R)—— ) 6,
SMq(R, t—0) { < r )arq +4(r1 )Brlq) nsOmt
d8(r —R) a8(r1 — R)
+ 8”‘]5"11 + l—smqans} (WS[(I‘, r; l‘))

ory oryy

following from Eq. (11.105), we obtain the partial differential equation (r —ry — r)

9 L 3%By;(r) ) 0[Bix(0) — Bix(r)] o .
5 (Wy(r, t)) =-2 8rk8rm <ka(r7 t)) -2 ars 8_rk <WY/(r’ t)>
MO BN Dy ey
ory ory
32
+ [2Big(0) — Biy(r) — Byi(r)] oo (Wii(rs D) 4 21 (Wi 555 1),
(11.106)

where (Wjj.ss(r; 1)) is the dissipative tensor,

82
(Wigiss (s 0) = 5 (Wigw: 0)-

Setting r = 0 in Eq. (11.106), we obtain the unclosed equation in the one-point
correlation,

8°B;(0)

d
Py (Wi(n) = —2 orear Win(®) + 2 (Wijiss(0; 1))

Then, taking into account the solenoidal portion of Eq. (4.57), page 107, (DP = 0), we
arrive at the unclosed equation in the correlation of the form

3 _2d+1)D° A } o
= (W) = P 8 (E(D)) ) (Wi (@) + 21m (W55 (05 1)),
(11.107)

where (E(1)) = (H2 (r, t)) is the average energy of magnetic field. Setting i = j in
Eq. (11.107), we obtain the equation in average energy

0 2(d - 1)D*

5 (E(t)) = — (E(D) —2unD(@),
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where quantity D(¢) describing dissipation of average energy of the nonstationary ran-
dom magnetic field is defined by the equality,

82
D) = ([rotH(r. 02) = =2 (Hr. DH(r1. D)y =

82
=32 (Wiir = r1, D)y, = = — (Wiijj(0, 1), (11.108)
where Wiy (r,r1,t) = H;(r, t)Hy(r1, t) and the derivatives of this function are denoted
by additional indices after semicolon ‘;’. As in the case of the analysis of statistical
characteristics of the density field, we mark all quantities by subscript © and rewrite
this equation in the form

31 (E(t))ﬂ _ 2(d — l)DS 2UE
o B d  (E0),

Dy (o).

Then, we expand the right-hand side of this equation in series in parameter p. In
the first approximation, we have the equation

0 (EM); 2d-D1D* 2

R T 4 (E(t)) Do,

where quantities with subscript O correspond to the solution of the problem under the
neglect of the effect of dynamic diffusion. Thus, in the first approximation, the solution
to the problem has the structure

(E(D)1 = Epexp

t
M—/d 21 Do(1) b. (11.109)

d (E(t ))

At the initial evolutionary stage when dissipation can be neglected, the solution to
the problem exponentially increases,

2d—1)
(E(t))o = Eo exp {TD z}, (11.110)

and the equation in correlation (11.107) in the absence of dynamic diffusion grades
into the equation with a given source, and the solution of the latter equation has the
form

W)y _ 1, <—Wij(0) - 1&-) exp<—2 <d+ 1)DS > (11.111)

(Et)yy d " Ey d' d+2

i.e., magnetic field in noncompressible turbulent flow of a liquid becomes rapidly
isotropic (fast isotropization of magnetic field). Note that compressibility of the ran-
dom flow increases the rate of average energy increase and makes isotropization of
magnetic field faster (cf. with Eq. (11.68), page 293).
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11.5.4 On the Magnetic Field Helicity

In what follows, we neglect dynamic diffusion and omit subscript 0. Here, we derive
an equation for quantity

9
(Wi (s 1)) = ar,

OH(r,
(Wi (s 1)) = <M >

H,(r,t
3}”/‘ p(l)

with the goal of calculating magnetic field helicity
H() = ik (Wiizj(0; 1)) = (H - rotH).

Rewriting Eq. (11.106) in the form

2 _
B B ~ Bu®) o
0rn,0ry, ary ary
a[Bnp 0) - Bnp(r)] d

-2 — (Wis(rs t
o arn( ks (r; 1))

d
— (Wip(r; ) = =2

oy (W (r; 1)

2

d
+ [2Bnq(0) — By (r) — Bqn(r)] rar. (Wkp(r; t))
q9"n

and differentiating it with respect to r;, we obtain the equation

3[Bug(r) + Bgr(r)]  9°
ot or; 0rgdry

3By, (r 92By, (r
2 DB ®@ gy iy — 2B
01, 01,07} 01,01y,

0* By (r) , 3[Bin(0) — B ()] 9 N
+ 2W (Wonpin(r; 1)) =2 or . (Wanpej ()

d[Byp(0) — Byp(r)] 0 (-
2 orm ary Mo 0)
2

B
+ [2B1g(0) — Byg(r) — Bgu(r)] o (Wi 1) (11.112)
qYr'n

0
PV (Wkp;j(r§ f)) = - <Wkp(r; l))

(an;j(r; t))

3%B,,,(r)
0rmar;

+2 <ka;n(r; t)) -

Then, setting r = 0, we pass to the equation in the one-point correlation

d 3By, (0) 3%By,(0)
— (Wipj(0; 1) = =2 =L (W (03 1)) — 22— (Wi 0;
31 Wipsj(0:0) 1T Wm0 1) =27 (W (0: 1)
82B1, (0 32B,,,(0
12 B ® gy )4 2B O )

01y, dr; 01y or;
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Using Eq. (4.57), page 107, for the solenoidal portion of the correlation function,
we obtain the equation

3 (W (0; t)) = _zw (Wom(0; 1)) + 4D—S (W (0; t))
ar VP Sy dd+2) VP
(d+ 1)D*

“dd 2 UWi(©:0) + (Wi (©: )]

Now, we must draw an equation for function (ij; x(0; t)) + (ij; p(0; t)). It has the
form

33B;(0) 33By;(0)
01y drydry — 0ry0ry, 01y

(d+ 1)D*
d(d +2)

d
2 )+ 0] = -

2(d + 3)D$
dd+2)

:| (Wi (05 1))

[(Wipsk(0: 1)) + (Wi (0: 1))] — 4 (Wip:(0: ).

Thus, we arrive at the system of equations in functions (Wkp; i (0; t)) and
[(ij; «(0; t)) + (ij; p(0; t))] with zero-valued initial conditions, or to the second-order
equation

32 2(d+5D° 9 d—-1 2 (0
(G~ Sy 51 S T W00
_ Byp0) (0 2(d+3)D°
T T 0ndr,dr \3r d(d+2)
4d+ 1D 93B;,(0) N 3°By(0)
d(d+2)

) (Wom (0; 1))

0r,0rydry ~ 0r,0ry,0rp

with the source resulting from to the absence of reflection symmetry in the right-hand
side.

Expand function C(r) in the correlation function of velocity field (4.59), page 108,
C(r) = C(0) — ar? + ---, and use Eq. (4.58), page 107. We will solve Eq. (11.113)
proceeding from the increasing exponents of the one-point correlation function of
magnetic field (11.110) and (11.111)

1
(Wum (0; 1)) = ;lénm (E(®)o-
In this case, Eq. (11.113) becomes simpler and assumes the form of the equation

3>  2d+5D° d=1 r 2 )
(57~ “aar2) 3 Saarn PT) Wt

d+3)(d-—1
= 8aDS$8kpj (E(D)o,
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which can be rewritten in the form

9 4D\ [0  2(d— 1)DS @43 d—1)
(a_z_ d )(5+ dd+2) )(W"’"’(O’ )= 8aD g (E Do

(11.114)

Equation (11.114) has two characteristic exponents, positive one, corresponding to
the increasing exponent, and negative, corresponding to the damped solution. We will
seek the increasing solution to Eq. (11.114) in the form

4D"
(Wi (0; 1)) = U(t)exp{ y t}.

Here, function U(¢) satisfies the simpler ‘abridged’ equation

WO, @+d=DE+3) 2(d — 3)D*
or RT3 g 0P\ T

We mentioned that helicity is equal to zero in the two-dimensional case. In the three-
dimensional case, we have

U(t) = 20aexyEot

and, consequently, the main exponentially increasing solution assumes the form

S

4D
(Wi (0; 1)) = U (1) exp{ 3 z} = 20aegyj (E(1))o 1. (11.115)

Taking into account Eq. (1.54) (in the three-dimensional case gjxer; = 6), we
obtain the final expression for helicity of magnetic field

Ho(t) = 120 (E(t)) 1. (11.116)

11.5.5 On the Magnetic Field Dissipation

Dissipation of magnetic field is defined by Eq. (11.108), and calculation of its value
requires knowledge of quantity

dH(r, 1)

0
(Wkp;js((); t)) = 3_}’5 (Wkp;j((); t)) = < 31'531”]‘

Hp(rl s t)>

r=r|
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To derive an equation for this quantity, we differentiate Eq. (11.112) with respect
to ry and set r = 0. The result is the equation for the one-point correlation

aﬁt(wkp;,-sw; H) = —2% (Wi (0; 1))
- 2% (Wom:5(0; 1)) — 2% (Wom:(0; 1))
+ 2% (Wi (05 1)) + 2% (Wi (0: 1))
- 2% (Womyjs (05 1)) + 2% (Wanpsns (05 1))
12 LB® )42 By 0n)
01y, 07y ’ 01y, 07} ’
+ 2% (Wi jn (05 1)) — 2% (Wip:gn (0; 1)).

Convolve all functions with respect to indices k = p and j = s and take into account
Eq. (4.57), page 107, for the noncompressible flow of liquid. As a result, we arrive at
the equation of the form

9 3* By (0)
— (Wiess(0; 1)) = =2 ———— (W (05 ¢
3l‘< kk,AA( )) 8rn8rm8rs8rs( nm( )>
3B (0) 33Bra(0)
4 (Wns(0; 1)) + 22— (W, (0; £
8Vnarmars( s )>+ 3I‘m3rs3rs( miin )>
3B (0) 4(d+1)D°
2 (Wi (0; 1)) 4 2 (Wi (05 1)).
+ Brm3rs3rs< km,n( ))+ d+2) < mm,ss( )>

Now, we content ourselves with excitation sources increasing exponentially in
time,

3*Bu(0) N Y O)
37077 W (0: ))o = _28rn8r,,8rx8rs (E@)o
—Z/df ([Aur, t+ )] [Au@, H]) (E())o = —2D§j) (E®))o,
0

where DY = [ dk k*ES (k).
Consider now the terms related to helicity (they are nonzero only in the three-
dimensional case). Using Eqs. (11.115) and (1.54), we obtain the equation of the form

(8 4d+1)D?

_turh ) (Wigess (0 1)) = —2DS (E(1))o — 4800(d — 2)e® (E(1))o 1,
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where we introduced factor (d — 2) in the last term to emphasize that it vanishes in the
two-dimensional case. In accordance with Eq. (11.108), we can rewrite this equation
in terms of dissipation Dy (¢),

3 9
(3_t - A) Do(t) = [205;‘) + 4800(d — 2)a28—:| Eoe, (11.117)
g
where
4(d+1)Ds 2(d — 1
A= L’ g= ¥D§
d+2) d

Integrating Eq. (11.117), we obtain the expression for dissipation

[e(A—gn _ 1]

mm=w?wmmm_@

+4800(d — 2)a® (E(1))g [e(A—g” —1-(-g r],

A-g?
where positive parameter
2(d*+d+2)D°
A—g=——-——"-"
dd+2)

Retaining here only increasing exponents, we obtain the final expression for temporal
evolution of dissipation,

4800(d — 2)a? (E(t
Do(t) ~ [2D§_‘}> + = 2)e ] (EDDo -, (11.118)
Aa-g A-9
In the three-dimensional case d = 3 and, hence,
2
3) N 4) o 15 (E(l))o 28

The structure of the three-dimensional solution shows that dissipation of magnetic
field for great times is determined by helicity of the velocity field and average mag-
netic field energy (11.110) in absence of helicity.

In the two-dimensional case d = 2, helicity is absent and, consequently,

@ D(4) .
Dy () ~ FHS (E(0)oeP!. (11.120)

In this case, energy dissipation is determined only by average energy.

As may be seen from Eqgs. (11.119) and (11.120), dissipation increases in time much
faster than average energy does.

Now, we turn back to the original problem on dynamics of average energy subject
to dissipation. Substituting Eq (11.118) in Eq. (11.109) and integrating over time, we
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obtain the solution to the problem in the form

2d -~ HD*
d

X ﬁ [e(A_g)t — 1]}

As may be seen from this formula, average energy decays very rapidly for t — oo.
Maximum value of average energy is achieved at instant

2400(d — 2)0(2:|

(E(D) = Eoexp { A—2g)

— 4y [D,‘;” +

" d—1)(A—g)?Ds
A=9 " 2aup [D}j) (A — g) +2400(d — 2)a2]'

D tmax & (11.121)

In the three-dimensional case, we have

. 15 1,6D5) 20664
= ——1n ~
max 28 MH [DS]2 [DS]3
1 021'0 . ..
—1In — 3,8 in the presence of helicity,
~1 2 nu

1 021’0 . ..
—In in the absence of helicity,
2 2up

i.e., average energy reaches the maximum in the presence of helicity much faster than
in the absence of helicity.
In the two-dimensional case of plane-parallel flow of a liquid, we have

1 DS 1
D¥tmax = = In D] NEIn

021’0
7 .
2/,LHD1(7)

2up

Applicability condition of the neglect of the effect of dynamic diffusion is, evi-
dently, the condition

! < tmax.

Above, we considered problems with the homogeneous initial conditions. In the
case of the inhomogeneous initial conditions, solutions to all these problems cease to
possess the property of spatial homogeneity, and equations assume very cumbersome
forms. However, similar to the case of the density field, the obtained solutions give
certain data in this case, too. For example, for the average energy of magnetic field in
the case of inhomogeneous initial conditions under the neglect of dynamic diffusion,
we obtain the expression (11.72), page 294,

/dr (E(r, 1))y = /drEo(r) exp {2% (DS + Dp) t}.
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Problems

Problem 11.1

Derive the Fokker—Planck equation for particle position in random nondivergent
velocity field with allowance for the two-dimensional plane-parallel average flow
ug(r,t) = v(y)l, wherer = (x,y), I = (1, 0).

Instruction Particle motion is described by the stochastic system of equations
d (0 =vQ) +ui(r, 0 d ® (r, 1)
—x(1) =v uy(r,t), — =ur(r, ).
dt y 1 dty 2

Solution

(i + v(y)i> P(t;r) = DoAP(t; r). (11.122)
Jat 0x

Problem 11.2
Show that Eq. (11.122) is statistically equivalent to a particle whose dynamics is
described by the equations

d d
750 =v0) +m@®, =y =), (11.123)

where u;(t), i = 1, 2 are the statistically independent Gaussian delta-correlated
processes with the characteristics

@®) =0, (uiOw(1)) = 28;Do8(t — 1.

Problem 11.3
Integrate Egs. (11.123) and evaluate statistical characteristics of particle posi-
tion in the case of linear shear v(y) = ay.

Solution

t
y(®) =yo+w2(0), x(t) =x0+wi(?) +de(y+W2(f)), (11.124)
0
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where w;(t) = fot dtu; (t) are independent Wiener processes with the characte-
ristics

w(H) =0, (wid)w;(")) = 2Dod; min{z, £'}.

In all cases, coordinate y(f) has the Gaussian probability density with the
parameters

) =yo.  (0) =33+ 200

For the linear shear, Eqgs. (11.124) correspond to the joint Gaussian probability
density with the parameters

y®) =y0, (x(@®) = x0+ ayot,

1 2.2
o2.(1) = <(x(t) — &) )—200t<1 tai+ o’ )
050 = (00 = ©N?) = 2D,
Cfxz) @) = {(x(@®) — x(®)) () — y®))) = 2Dt (1 + at).

Problem 11.4

Derive the equation for the joint Eulerian probability density of the density
and density gradient fields in random Gaussian divergent, homogeneous, and
isotropic in space and delta-correlated in time velocity field.

Solution Averaging the Liouville equation (3.24), page 75, over an ensemble of
realizations of the velocity field, we obtain the equation of the form

8P(r t:p,p)=|D A+2DP ” + DP G + ! DL (p)
TSR S It e R Ry a2p dd+2 P
1 2d+1) 3 32
———DPIP DY — p? | P(r, 1;
+d(d+2) P +——— 7 appaper 43p } (r. 5, 0,p),
(11.125)

where operators I (p) and Ir (p) are defined by the formulas

D= @+ =222 (L) —a 2
P » —p w257 o —p T PP

92 3 \?
Z?(p):@p2+(d2+4d+6) (51:) +(d2+2d+2)%p
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and diffusion coefficients Dy, DP, and D® are given by Eqs. (4.54) and (4.59),
pages 107 and 108.

For the nondivergent velocity field (DP = 0) Eq. (11.125) becomes simpler
and assumes the form

9 1 -~
— —DoA ) P(r,t; p,p) = ————D L3 (p)P(r, t; p, p). 11.126
(81‘ 0 ) (r.t; p,p) ddT2) (p)P@r,t, p,p) ( )

Problem 11.5

Derive the Fokker—Planck equation for the gradient of particle concentration in
nondivergent random velocity field in the case of the two-dimensional average
linear shear uo(r, t) = ayl, wherer = (x,y),l = (1, 0).

Instruction In the Lagrangian description, the particle concentration gradient in
nondivergent velocity field satisfies the equations

d - dun(r, )
d—th(tlro) = —px (tlro) o

d  (tlro) (tlro) — pe (tlr) 24020
d _ _ ,
ZPylro px(tlro) — pi (tlro 2

p(O0lro) =po(ro) = Vpo(ro).

Solution

9 p(p. tlre) = 8 Ips(32 0, P P(p. tlro)
—P(p,tlrg) = {apy— + = —p” — , t|ro),
ar P10 Px apy 8 8p2p apkf)plpkpl p-1iro

P(p.0lro) =8 (p — po(ro)). (11.127)

Problem 11.6

Starting from Eq. (11.127), study the behavior of statistical characteristics of
particle concentration gradient in nondivergent velocity field in the case of the
two-dimensional average linear shear uy(r, t) =ayl, where r=(x, y), [=(1, 0).

Solution Average gradient of tracer concentration field coincides with the prob-
lem solution for absent fluctuations of the velocity field

(Px(®) = px(0),  (py(1)) = py(0) — apx(O)r.
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The second moments of the gradient satisfy a closed system of equations with
the cubic characteristic equation in parameter A

(k + lDS>2 (r—D%) = 220
2 2

whose roots essentially depend on parameter «/D*. For o/ D® « 1, the approxi-
mate expressions for the roots are as follows

2

S 2 1 S . ] S .
rM=D+ A2=—§D + i|o, Ag:—zD — i|a|.

3Ds’

Consequently, random factor completely determines the problem solution for
times DSt >> 2. This means that the effects of velocity field fluctuations pre-
dominate the effects of the weak gradient of linear shear. In the opposite limit
a/D® > 1, the approximate expressions for the roots have the form

3 1/3 3 /3

A = (EazDs) hy = (EazDs) eGP,
3 13

Ay = <§a2DS> e i@

Because real parts of A, and A3 are negative, the asymptotic solution of the sys-

1/3
tem for second moments for (%azDS> t > 1 has the form

<p2(t)> ~ exp { <§a2Ds> 1/3 t},

from which follows that even small fluctuations of velocity field appear the gov-
erning factor in the case of shears characterized by strong gradients.

Problem 11.7

Derive the equation for the joint Eulerian probability density of the concen-
tration and concentration gradient fields in random nondivergent velocity field
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in the case of the two-dimensional average linear shear uo(r,t) = ayl, where

r=,y),l=(,0).

Solution

9 9
—P@r,t;p,p) = | —ay— + DoA | P(r,t; p,p)
Jt ax

+ o —+—1DS(3—2 2—2 : ) P(’ Lp )
9 ; 9 .
pxa ! 3 9 4 Aprd lpkpl p

The solution to this equation can be represented in the form of integral (11.58),
page 289, where Lagrangian probability densities P(r, t|ro) and P(p, t|ro) satisfy
Egs. (11.123) and (11.127).
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Lecture 12

Wave Localization in
Randomly Layered Media

12.1 General Remarks

The problem of plane wave propagation in layered media is formulated in terms of the
one-dimensional boundary-value problem. It attracts the attention of many researchers
because it is much simpler in comparison with the corresponding two- and three-
dimensional problems and provides a deeper insight into wave propagation in random
media. In view of the fact that the one-dimensional problem allows an exact asymp-
totic solution, we can use it to trace the effect of different models, medium parameters,
and boundary conditions on statistical characteristics of the wavefield.
The problem in the one-dimensional statement was given in Lecture 1.

12.1.1 Wave Incidence on an Inhomogeneous Layer

Assume the layer of inhomogeneous medium occupies the portion of space
Ly < x < L. The unit-amplitude plane wave is incident on this layer from region
x > L. The wavefield in the inhomogeneous layer satisfies the Helmholtz equation

2
%u(x) + K ()ulx) = 0, (12.1)

where k2(x) = k*[1 + e(x)] and function &(x) describes the inhomogeneities of the
medium. In the simplest case of unmatched boundary, we assume that k(x) = k, i.e.,
&(x) = 0 outside the layer and (x) = &1(x) + iy inside the layer, where ¢ (x) is the
real part responsible for wave scattering in the medium and y <« 1 is the imaginary
part responsible for wave absorption in the medium.

The boundary conditions for Eq. (12.1) are formulated as the continuity of function

u(x) and derivative d—u(x) at layer boundaries; these conditions can we written in the
x
form

id id
(1 + %a> u(x) L = 2, (1 — %a> M()C)

Lectures on Dynamics of Stochastic Systems. DOI: 10.1016/B978-0-12-384966-3.00012-X
Copyright © 2011 Elsevier Inc. All rights reserved.

=0. (12.2)

x=Lgy
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For x < L, from Eq. (12.1) follows the equality

d
kyl(x) = ES(X)’ (12.3)

where S(x) is the energy flux density,

: _i[ d ., d ]
() = o | 400 - () — () —u() |,

and /(x) is the wavefield intensity, /(x) = lu(x)|%. In addition,
S() =1— R, S(Lo) = |Tul,

where R;, is the complex reflection coefficient from the medium layer and 77 is the
complex transmission coefficient of the wave. Integrating Eq. (12.3) over the inhomo-
geneous layer, we obtain the equality

L
IRLI> + | T2 +ky/dx1(x) =1. (12.4)
Lo

If the medium causes no wave attenuation (y = 0), then conservation of the energy
flux density is expressed by the equality

IRLI> + | T = 1.

The imbedding method provides a possibility of reformulating boundary-value
problem (12.1), (12.2) in terms of the dynamic initial-value problem with respect to
parameter L (geometric position of the right-hand boundary of the layer) by consider-
ing the solution to the problem as a function of this parameter. For example, reflection
coefficient Ry, satisfies the Riccati equation

d ik
T RL = 2ikR1 + %e(L) (1+R)*, Ry =0, (12.5)

and the wavefield in medium layer u(x) = u(x; L) satisfies the linear equation

E;iLu(x; L) = iku(x; L) + %S(L) (1 +Rp)u(x; L), ulx;x)=1+R,. (12.6)



Wave Localization in Randomly Layered Media 3

From Eqgs. (12.5) and (12.6) follow the equations for the squared modulus of the
reflection coefficient W, = |Ry|? and the wavefield intensity /(x; L) = |u(x; L)|?

d ky
T We=—"5[4We+ (Re+Rp) (1+ W]

ik .
- el (RL—R}) (1 —Wp), Wz, =0,

ad ky
a—LI(x; L= - (2+RL+R})I(x; L)
ik
+ el (RL — R})I(x; L), 1(x;x) = |1 + R, (12.7)

or, after rearrangement,

d ky 4Wp + (R +R}) 1+ W,
_ mda—wy=_* L+ (R +Rp) 1+ Wp)
dL 2 1-w,
ik .
- el (RL —R}), (12.8)

ad ky ik
oL InI(x;L) = - (2+RL+R))+ Esl(L) (RL—R}).

In the case of non-absorptive medium, Eq. (12.8) can be integrated in the analytic
form; the resulting wavefield intensity inside the inhomogeneous layer is explicitly
expressed in terms of the layer reflection coefficient.

L+R |2 (1 =W,
I ny = 1F 1|_(W 24 (12.9)

12.1.2 Source Inside an Inhomogeneous Layer

Similarly, the field of the point source located in the layer of random medium is des-
cribed in terms of the boundary-value problem for Green’s function of the Helmholtz
equation

d2
ﬁG(x; x0) + K*[1 4 £(x)1G(x; x0) = 2ik8 (x — xo),
X

=0. (12.10)
x=L

d ik ) G(x;
(54—1) (x; x0)

d
=0, (— — ik) G(x; xg)
dx

X :LO

Note that the source at the layer boundary xo = L corresponds to boundary-value
problem (12.1), (12.2) on wave incidence on the layer, i.e.,

G(x; L) = u(x; L).
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The solution of boundary-value problem (12.10) has the structure

X0
exp ikfwl )ds |, xo=zx
G (x; x0) = G (x0; X0) - - (12.11)
exp ik/Kﬁz (6)ds |, xo=ux

X0

where the field at the source location, by virtue of the derivative gap condition

dG(x; xp) dG(x; xo)

= 2ik,
dx dx !

x=x0—0

x=x0+0
is determined by the formula

2
Y1 (xo) + Y2 (x0)

and functions ¥;(x) satisfy the Riccati equations

G (x0; x0) =

d
T =ik[ui-1-em] vido =1,
x (12.12)

d
=k —1-e@] @=L

Introduce new functions R;(x) related to functions ¥;(x) by the formula

1 —R;i (%)

, =1,2.
14+ R; (x)

Yi(x) =

With these functions, the wavefield in region x < x¢ can be written in the form

G (xixgy = L ERLCON +Ro o)l ik]()dgl — Ry ()
YT TSR o) Re (o) P 14+ Ry ()

, (12.13)

X

where parameter Ry (L) = Ry is the reflection coefficient of the plane wave incident
on the layer from region x > L. In a similar way, quantity R>(xp) is the reflection
coefficient of the wave incident on the medium layer (xg, L) from the homogeneous
half-space x < xg (i.e., from region with ¢ = 0).

Problems with perfectly reflecting boundaries at which either G(x;xp) or

d . . . .
d—G(x; xp) vanishes are of great interest for applications. Indeed, in the latter case,
X

we have R, (xog) = 1 for the source located at this boundary; consequently,

L =R €) < Xo. (12.14)

X0
2
Gref (X; X)) = ——ex ik | dda——— |, x<
ref (X520) = 7 ) P /$1+R1(s>
X
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In addition, the expression for wavefield intensity
1(x; x0) = |G(x; x0)|*

follows from Eq. (12.10) for x < xg

d
kyI (x; xo) = d—xS(x; X0), (12.15)

where energy flux density S(x; xp) is given by the expression

i

S (x; x0) = T

d N d
G (x;x0) -G (x; x0) — G™ (x; x0) =G (x; x0) |-
dx dx
Using Eq. (12.13), we can represent S(x; xg) in the form (x < xp)

114 R; (6))?

X0
S (x; x0) = S(xo; —hy | d
(x; x0) = S(x0; X0) exp Vx/ 51 IRy (£)°

where the energy flux density at the point of source location is

[1— IR (x0) I*] 11 + R2 (x0) |7
1 — Ry (x0) R2 (x0) |

S(xo; x0) = (12.16)

Below, our concern will be with statistical problems on waves incident on random
half-space (Ly — —o0) and source-generated waves in infinite space (Ly — —oo,
L — 00) for sufficiently small absorption (y — 0). One can see from Eq. (12.15) that
these limit processes are not commutable in the general case. Indeed, if y = 0, then
energy flux density S(x; xp) is conserved in the whole half-space x < xo. However,

integrating Eq. (12.15) over half-space x < xq in the case of small but finite absorption,
we obtain the restriction on the energy confined in this half-space

X0
e [P =R (o) P]IT 4Ry (x0) P
ky_[O dxI(x; xg) = S(xo; xg) = TRy (o) Ry (o) I (12.17)

Three simple statistical problems are of interest:

*  Wave incidence on medium layer (of finite and infinite thickness).
*  Wave source in the medium layer or infinite medium.
* Effect of boundaries on statistical characteristics of the wavefield.

All these problems can be exhaustively solved in the analytic form. One can easily
simulate these problems numerically and compare the simulated and analytic results.

We will assume that €1 (x) is the Gaussian delta-correlated random process with the
parameters

(e1(D) =0, (e1(Le1L)) = Be(L — L) = 20218 (L — L), (12.18)
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where %2 <« 1isthe variance and [ is the correlation radius of random function £ (L).
This approximation means that asymptotic limit process /p — 0 in the exact problem
solution with a finite correlation radius /o must give the result coinciding with the
solution to the statistical problem with parameters (12.18).

In view of smallness of parameter 082, all statistical effects can be divided into two
types, local and accumulated due to multiple wave reflections in the medium. Our
concern will be with the latter.

The statement of boundary-value wave problems in terms of the imbedding method
clearly shows that two types of wavefield characteristics are of immediate interest.
The first type of characteristics deals with quantities, such as values of the wavefield at
layer boundaries (reflection and transmission coefficients Ry, and 77), field at the point
of source location G(xp; xp), and energy flux density at the point of source location
S(xo; x0). The second type of characteristics deals with statistical characteristics of
wavefield intensity in the medium layer, which is the subject matter of the statistical
theory of radiative transfer.

12.2 Statistics of Scattered Field at Layer Boundaries

12.2.1 Reflection and Transmission Coefficients

Complex reflection coefficient of wave reflection from a medium layer satisfies the
closed Riccati equation (12.5).

Represent reflection coefficient in the form R; = Wie'L, where VWi is the
modulus and ¢; is the phase of the reflection coefficient. Then, starting from
Eq. (12.5), we obtain the system of equations for squared modulus of the reflection
coefficient W, = pz = |Rz|? and its phase

d .
EWL = =2kyWp + ke (L)y W (1 — Wr)singr, W, =0,
L+ W, (12.19)

2V WL

d
d—L¢L=2k+k81(L){1+ cos¢L}, ¢, =0.

Fast functions producing only little contribution to accumulated effects are omitted in
the dissipative terms of system (12.19) (cf. with Eq. (12.7)).
Introduce the indicator function

p(L; W) =5(W, — W)

that satisfies the Liouville equation

d 0
—o(L; W) =2ky — {Wo(L; W
aLw( ) J/aW{ @(L; W)}

- keﬂL)% {JW(l — W) sindro(L; W)} . (12.20)



Wave Localization in Randomly Layered Media 7

Average this equation over an ensemble of realizations of function ¢ (L) and and
split the correlations using the Furutsu—Novikov formula (8.10), page 193, that takes
in the case under consideration the form

RIL, Ly 81(x)]>. (12.21)

L
(e1(DRIL, Lo; e1(0]) = f dL'B.(L— L) < 5o )
Lo

This formula holds for arbitrary functional R[L, Lo; €1 (x)] of random process &1 (x)
for Lo < x < L. In the case of the Gaussian delta-correlated process ¢1(x) with para-
meters (12.18), Eq. (12.21) becomes simpler and assumes the form

(e1(L)RIL, Lo; e1(0)]) = 05210< R[L, Lo; 81(X)]>- (12.22)

de1(L—0)

As a result we obtain the equation for the probability density of reflection coefficient
squared modulus P(L; W) = (¢(L; W))

L
ad a a , ,
ﬁP(L, W) = 2kym {(WP(L; W)} — kW/dLBg(L—L)«/W(l —-W)
Lo
Sp _Sp(Ly W)
X <cos oL 881(L/)¢(L’ W) + sin ¢L—581(L/) > (12.23)

where B, (L — L) is the correlation function of random process &1 (L). Substituting the
correlation function (12.18) in this equation and taking into account the equalities

Sp(L;Ww) 9 o _
Se1(L—0) kBW {W(l W) singro(L; W)},

dpL

_ + Wr
561 L —0) _k{ MV C°S¢L}

following immediately from Eqs. (12.20) and (12.19), we obtain the unclosed equation
for probability density P(L; W)

3 3
Sp P W) = 2ky o (WP W))
- kzofl()% (1—W) <[ﬁcos¢L + % (1 + W) cos? ¢L] o(L; W)>
2oty Lwa—wy 2 [ﬁ(l — W) <sin2¢ (L: W))]
¢ 0w oW L ’

In view of the fact that the phase of the reflection coefficient

oL = k(L — Lo) + ¢r,
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rapidly varies within distances about the wavelength, we can additionally average
this equation over fast oscillations, which will be valid under the natural restriction
k/D > 1. Thus we arrive at the Fokker—Planck equation

3 3 3
—P(L; W) = 2ky —WP(L; W) —2D—W (1 — W) P(L; W
s L W) Yo VP& W) aw ¢ ) P(L; W)

9 , 0
D—W (1 —W)>—P(@L: W), P(Ly,W)=58W —1
+Do ( )8W( ) (Lo, W) ( )

(12.24)
with the diffusion coefficient
B
Representation of quantity Wz, in the form
WL=Z2—:L1, u, = t—xz u > 1. (12.25)

appears to be more convenient in some cases. Quantity uy, satisfies the stochastic
system of equations

d
EML = —ky (u% — 1) + ke (L) uz —1lsingr, u, =1,

d
—¢p =2k +ke(L) {1+

————cos ¢y ¢,
dL ,/u% -1

and we obtain that probability density P(L; u) = (§(ur — u)) of random quantity uy,
satisfies the Fokker—Planck equation

¢L0 = 01

N . 9/, o
TP =ky (u - 1) P(Liw) + Do ( - 1) SP(Liu).  (12.26)

Note that quantity inverse to the diffusion coefficient defines the natural spatial
scale related to medium inhomogeneities and is usually called the localization length

hoc = 1/D.

In further analysis of wavefield statistics, we will see that this quantity determines the
scale of the dynamic wave localization in separate wavefield realizations, although the
statistical localization related to statistical characteristics of the wavefield may not
occur in some cases.
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Nondissipative Medium

If the medium is non-absorptive (i.e., if y = 0), then Eq. (12.26)) assumes the form
a 3 a
PGy u) = —— (1 = 1) = P(r; ), (12.27)
au ou

where we introduced the dimensionless layer thickness n = D(L — Lg).
The solution to this equation can be easily obtained using the integral Meler—Fock
transform (see Problem 9.1, page 247). This solution has the form

r 1
P, u) = /duutanh(nu) exp {— (;ﬁ + Z) n} Py, (), (12.28)

where P_1 /24, (x) is the first-order Legendre function (conal function).
In view of the formula

b/
/(1 +x),, ) = —cosh(,urr)Kn('u)’
1

where
1|, 1\?
Kn+1(u)=g % +(n—§> K,(w), Ki(n) =1,

representation (12.28) offers a possibility of calculating statistical characteristics of
reflection and transmission coefficients Wy = |Rz|*> and |T7)> = 1 — |R.)? =
2/(14uy); in particular, we obtain the expression for the moments of the transmission
coefficient squared modulus

oo

h

(17} = n/dM’:OSSIEZ((Z:))K( Yo~ U114, (12.29)
0

Figure 12.1 shows coefficients
Weh = (IRe?) and  (ITe) =1~ (IR.P)
as functions of layer thickness.

For sufficiently thick layers, namely, if n = D(L — Lg) > 1, Eq. (12.29) yields the
asymptotic formula for the moments of the reflection coefficient squared modulus

(IT |2"> (@ = DUF YT 1y
2 Tn— 1)1 gy
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0.8
0.6

04r/ ~

0.2 N

AT, ARLIP)

DL

Figure 12.1 Quantities (|RL|2> and (|TL|2> versus layer thickness.

As may be seen, all moments of the reflection coefficient modulus |77 | vary with layer
thickness according to the universal law (only the numerical factor is changed).

The fact that all moments of quantity |77 | tend to zero with increasing layer thick-
ness means that |R;| — 1 with a probability equal to unity, i.e., the half-space of
randomly layered nondissipative medium completely reflects the incident wave. It is
clear that this phenomenon is independent of the statistical model of medium and the
condition of applicability of the description based on the additional averaging over
fast oscillations related to the reflection coefficient phase.

In the approximation of the delta-correlated random process €1(L), random pro-
cesses W and uy, are obviously the Markovian processes with respect to parameter L.
It is obvious that the transition probability density

p(”y L|1/l/, L/) = <8(ML — u|uL/ = u’))

also satisfies in this case Eq. (12.27), i.e.,

9 aa 0 2 0 oy
a_Lp(”’”” L) = D@ (u - 1) ap(u,Lw L)

with the initial condition
pu, L\, L) =8 —u).
The corresponding solution has the form

o]

_ 2 g/
plu, L', L) = /dﬂ,utanh(ﬂﬂ)e D1/ L)Pf%ﬂu(M)Pf%er(u’).

0
(12.30)

AtL' = Ly and ' = 1, expression (12.30) grades into the one-point probability
density (12.28).
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Dissipative Medium

In the case of absorptive medium, Egs. (12.24) and (12.26) cannot be solved ana-
Iytically for the layer of finite thickness. Nevertheless, in the limit of half-space
(Lo — —o0), quantities Wy, and u;, have the steady-state probability density inde-
pendent of L and satisfying the equations

2(,3—1+W)P(W)+(1—W)Z%VP(W)zo, 0<W<1,

d (12.31)
BP(w) + —Pu) =0, u>1,
du
where 8 = ky /D is the dimensionless absorption coefficient.
Solutions to Eqgs. (12.31) have the form

28 28W Bu—
P(W) = — =Y P = plu=1) 12.32
W) (1_W)26XP{ 1_w} (W) = pe (12.32)

and Fig. 12.2 shows function P(W) for different values of parameter §.

The physical meaning of probability density (12.32) is obvious. It describes the
statistics of the reflection coefficient of the random layer sufficiently thick for the
incident wave could not reach its end because of dynamic absorption in the medium.

Using distributions (12.32), we can calculate all moments of quantity Wy = IRz |2.
For example, the average square of reflection coefficient modulus is given by the
formula

1 [e'¢)

(W) =/dWWP(W) =/duZ

0 1

IP(u) =1+ 28> Ei(-28)
+1 ’

Figure 12.2 Probability density of squared reflection coefficient modulus P(W). Curves I to
3 correspond to B = 1, 0.5, and 0.1, respectively.
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where Fi(—x) = — fx > %e‘t (x > 0) is the integral exponent. Using asymptotic

expansions of function Ei(—x)

Inx x k1),

Bi(-w=1 _1/ 1
—e = <1 — —) x> 1),

X

X

we obtain the asymptotic expansions of quantity (W) = (lRL|2>

{l—mln(l/ﬁ), g1,
(W) =~ (12.33)

1/2p), B> 1.
To determine higher moments of quantity W, = |Ry|?, we multiply the first equa-

tion in (12.31) by W" and integrate the result over W from 0 to 1. As a result, we
obtain recurrence equation

n<W"+1> — 208 +n) (W) + n<W"*1) —0 (=12 ... (12.34)

Using this equation, we can recursively calculate all higher moments. For example,
we have forn = 1

(W) =26+ 1) (W) — 1.

The steady-state probability distribution can be obtained not only by limiting pro-
cess Lo — — 0o, but also L — oo. Equation (12.24) was solved numerically for two
values B = 1.0 and § = 0.08 for different initial conditions. Figure 12.3 shows
moments (Wr), <W£) calculated from the obtained solutions versus dimensionless
layer thickness n=D(L — Lp). The curves show that the probability distribution

1.0

0.735
0.589

(R, ™, n=1,2

0.227

0.109

Figure 12.3 Statistical characteristics of quantity Wy, = |RL|2. Curves / and 2 show the sec-
ond and first moments at 8 =1, and curves 3 and 4 show the second and first moments at
B =0.08.
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approaches its steady-state behavior relatively rapidly (n ~ 1.5) for 8 > 1 and much
slower (n > 5) for strongly stochastic problem with g = 0.08.

Note that, in the problem under consideration, energy flux density and wavefield
intensity at layer boundary x = L can be expressed in terms of the reflection coeffi-
cient. Consequently, we have for § < 1

(S, L))y =1—(Wr)=28In(1/B8), {UL,L)) =1+ (W) =2. (12.35)

Taking into account that |77| =0 in the case of random half-space and using
Eq. (12.4), we obtain that the wavefield energy contained in this half-space

L
E=D / dxl(x; L),

—00

has the probability distribution

2 2
PE) = BPOW)ly—(1-pr) = 73 exP {‘E“ - ﬁE)} 6(1 — BE), (12.36)

so that we have, in particular,
(E) =2In(1/B) (12.37)

for B < 1.
Note that probability distribution (12.36) allows the limit process to 8 = 0; as a
result, we obtain the limiting probability density

2 2
P(E) = 5 exp {_E} (12.38)

that decays according to the power law for large energies E. The corresponding integ-
ral distribution function has the form

2
F(E) = exp{—E}.

A consequence of Eq. (12.38) is the fact that all moments of the total wave energy
appear infinite. Nevertheless, the total energy in separate wavefield realizations can be
limited to arbitrary value with a finite probability.

12.2.2 Source Inside the Layer of a Medium

If the source of plane waves is located inside the medium layer, the wavefield and
energy flux density at the point of source location are given by Egs. (12.14) and
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(12.16). Quantities R (xp) and Ry (xg) are statistically independent within the frame-
work of the model of the delta-correlated fluctuations of €1 (x), because they satisfy
dynamic equations (12.12) for nonoverlapping space portions. In the case of the infi-
nite space (Lyp — —oo, L — 00), probability densities of quantities R (xp) and R> (xg)
are given by Eq. (12.32); as a result, average intensity of the wavefield and average
energy flux density at the point of source location are given by the expressions

1
(I(xo; x0)) = 1+ i (S(xo; x0)) = 1. (12.39)
The infinite increase of average intensity at the point of source location for § — 0
is evidence of wave energy accumulation in a randomly layered medium; at the same
time, average energy flux density at the point of source location is independent of
medium parameter fluctuations and coincides with energy flux density in free space.

For the source located at perfectly reflecting boundary xo = L, we obtain from
Egs. (12.14) and (12.16)

(let(L; L)) = 4 (1 + %), (Sret(L; L)) = 4, (12.40)
i.e., average energy flux density of the source located at the reflecting boundary is also
independent of medium parameter fluctuations and coincides with energy flux density
in free space.

Note the singularity of the above formulas (12.39), (12.40) for 8 — 0, which shows
that absorption (even arbitrarily small) serves the regularizing factor in the problem
on the point source.

Using Eq. (12.17), we can obtain the probability distribution of wavefield energy
in the half-space

X0

E:D/dxl(x;xo).

—00

In particular, for the source located at reflecting boundary, we obtain the expression

P 2 1 2 (,_PE 2
= —_—2=C P —_— N
=N T EVETT | E 4
that allows limiting process § — 0, which is similar to the case of the wave incidence
on the half-space of random medium.

12.2.3 Statistical Energy Localization

In view of Eq. (12.17), the obtained results related to wave field at fixed spatial points
(at layer boundaries and at the point of source location) offer a possibility of mak-
ing certain general conclusions about the behavior of the wavefield average intensity
inside the random medium.
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For example, Eq. (12.17) yields the expression for average energy contained in the
half-space (—o00, xq)

X0

1
(E)=D / dx (I(x; x0)) = B (S(xo; x0))- (12.41)

—0o0

In the case of the plane wave (xo = L) incident on the half-space x < L, Eqs. (12.35)
and (12.41) result for 8 < 1 in the expressions

(E) =2In(1/B), (I(L;L)=2. (12.42)
Consequently, the space segment of length
Dlg =1In(1/8),

concentrates the most portion of average energy, which means that there occurs the
wavefield statistical localization caused by wave absorption. Note that, in the absence
of medium parameter fluctuations, energy localization occurs on scales about absorp-
tion length Dlns = 1/8. However, we have lps > lg for B < 1. If B — 0, then
lg — 00, and statistical localization of the wavefield disappears in the limiting case
of non-absorptive medium.

In the case of the source in unbounded space, we have

1 1
p B
and average energy localization is characterized, as distinct from the foregoing case,
by spatial scale D|x — xo| = 1 for 8 — O.
In a similar way, we have for the source located at reflecting boundary

0= 50 iy =4 (143,
from which follows that average energy localization is characterized by a half spatial
scale D(L —x)| = 1/2 for 8 — O.

In the considered problems, wavefield average energy essentially depends on para-
meter B and tends to infinity for 8 — 0. However, this is the case only for average
quantities. In our further analysis of the wavefield in random medium, we will show
that the field is localized in separate realization due to the dynamic localization even
in non-absorptive media.

12.3 Statistical Theory of Radiative Transfer

Now, we dwell on the statistical description of a wavefield in random medium (statisti-
cal theory of radiative transfer). We consider two problems of which the first concerns
waves incident on the medium layer and the second concerns waves generated by a
source located in the medium.
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12.3.1 Normal Wave Incidence on the Layer of Random Media

In the general case of absorptive medium, the wavefield is described by the boundary-
value problem (12.1), (12.2). We introduce complex opposite waves

d
u(x) = up(x) + uz(x), Eu(x) = —ik[u1 (x) — uz(x)],

related to the wavefield through the relationships

up (x) = ! [H—ii}u(x), uy (L) =1,
2 k dx

ur () = = [1 - ii}u(x), u (L) = 0,
2 k dx

so that the boundary-value problem (12.1), (12.2) can be rewritten in the form

(di + ik) up (x) = —%8()6) [ur ) +uz 0], w (L) =1,
X 2

d ik
(—d —ik) 1 (x) = —= () [u) () + 12 (O], w2 (Lo) = 0.
x 2

The wavefield as a function of parameter L satisfies imbedding equation (12.6). It
is obvious that the opposite waves will also satisfy Eq. (12.6), but with different initial
conditions:

%ul(x; L) =ik (1 + %S(L) (1 +RL)) uy(x; L), wup(x;x) =1,

aa—Luz(x; L) =ik (1 + %S(L) (1 +RL)) up(x; L),  uz(x; x) = Ry,

where reflection coefficient Ry, satisfies Eq. (12.5).
Introduce now opposite wave intensities

Wi L) = lu(x; D)I* and  Wa(x; L) = |ua(x; L)

They satisfy the equations

0 ik
g D) = —ky Wi L) + Se(L) (RL — R}) Wi(x: L),

3 ik
S V2 D) = —kyWas L) + Se(L) (RL — R}) Wa(x; L),

Wiax) =1, Wax:x) = [R%

(12.43)



Wave Localization in Randomly Layered Media 17

Quantity Wy =|R.|*> appeared in the initial condition of Eqs. (12.43) satisfies
Eq. (12.7), page 327, or the equation

d ik
d—LWL = —2kyW — Eel(L) (RL—R;) (1 —Wp), W, =0. (12.44)

In Egs. (12.43) and (12.44), we omitted dissipative terms producing no contribution
in accumulated effects.

As earlier, we will assume that &1 (x) is the Gaussian delta-correlated process with
correlation function (12.18). In view of the fact that Eqs. (12.43), (12.44) are the first-
order equations with initial conditions, we can use the standard procedure of deriving
the Fokker—Planck equation for the joint probability density of quantities Wy (x; L),
W (x; L), and W,

P(x; Ly Wi, Wo, W) = (§(W1(x; L) — W))S(Wa(x; L) — W2)8(W — W)).
As a result, we obtain the Fokker—Planck equation

b
—P(x; L; Wy, Wo, W
3L (x 1, Wa, W)

0 d 0
= ky <—W1 + =W+ 2—W> P(x; L; Wi, Wa, W)

W, A oW
ol Lw 2 a(1 W) | PG L; Wy, Wa, W)
— — I — - x; ; 9 9
aw, T aw, 2T aw b2
ol Lwir 2lw- 2 W)2WP( LW, W) (12.45)
— — Wy — — (1 - x; Ly Wy, :
aw; LT aw, P aw b2

with the initial condition
P, x; Wi, Wo, W) = 6(Wy — 1)6(W2 — W)P(x; W),

where function P(L; W) is the probability density of reflection coefficient squared
modulus Wy, which satisfies Eq. (12.24). As earlier, the diffusion coefficient in
Eq. (12.45)is D= kzagzlo /2. Deriving this equation, we used an additional averaging
over fast oscillations (u(x) ~ e that appear in the solution of the problem at ¢ = 0.

In view of the fact that Eqgs. (12.43) are linear in W, (x; L), we can introduce the
generating function of moments of opposite wave intensities

1 1
O Ly, A, W) = /dW1 /sz WfL_AWQP(X; L; Wy, Wa, W), (12.46)
0 0
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which satisfies the simpler equation

0 d
— Ly, A, W) =—k —2—W Ly, AW
aLQ(x 2 ) V(M W )Q(x j )

B
—D[M+W(1—W)}Q(x;L;u,)\,W)

2
+D [M - % (1— W)] WO Ly i, A, W) (12.47)

with the initial condition
Q(x; x3 ju, A, W) = WP(x; W).

In terms of function Q(x; L; i, A, W), we can determine the moment functions of
opposite wave intensities by the formula
1
<W{H(x; LW (x; L)> = / AWO(x: L ., h W). (12.48)
0

Equation (12.47) describes statistics of the wavefield in medium layer Lo < x < L.
In particular, at x = Ly, it describes the transmission coefficient of the wave.

In the limiting case of the half-space (Lp — —o0), Eq.(12.47) grades into the
equation

] d

ad

9 2
+ [u — o - W)} WO(E; i, A, W) (12.49)

with the initial condition
Q0; , », W) = WP(W),

where & = D(L — x) > 0 is the dimensionless distance, and steady-state (indepen-
dent of L) probability density of the reflection coefficient modulus P(W) is given by
Eq. (12.32). In this case, Eq. (12.48) assumes the form

1

(Wi @wi©) = [ awoee: i w) (12:50)

0

Further discussion will be more convenient if we consider separately the cases of
absorptive (dissipative) and non-absorptive (nondissipative) random medium.



Wave Localization in Randomly Layered Media 19

Nondissipative Medium (Stochastic Wave Parametric Resonance and Dynamic
Wave Localization)

Let us now discuss the equations for moments of opposite wave intensities in the
non-absorptive medium, i.e., to Eq. (12.49) at § = 0 in the limit of the half-space
(Lyp — —o00). In this case, Wy, = 1 with a probability equal to unity, and the solution
to Eq. (12.49) has the form

OCx, Ly i, A, W) = 8(W — 1= D=0,

so that
(Wi s WS ;1)) = ePHO-D ),

In view of arbitrariness of parameters A and u, this means that
Wi L) = Wa(x; L) = W(x; L)

with a probability equal to unity, and quantity W (x; L) has the lognormal probability
density. In addition, the mean value of this quantity is equal to unity, and its higher
moments beginning from the second one exponentially increase with the distance in
the medium

(W L) =1, (W'aLD)=ePt=Dn =23 ...
Note that wavefield intensity /(x; L) has in this case the form
I(x; L) =2W(x; L) (1 + cos ¢y), (12.51)

where ¢, is the phase of the reflection coefficient.

In view of the lognormal probability distribution, the typical realization curve of
function W(x, L) is, according to Eq. (4.61), page 109, the function exponentially
decaying with distance in the medium

W*(x, L) = e PE), (12.52)

and this function is related to the Lyapunov exponent.
Moreover, realizations of function W(x, L) satisfy with a probability of 1/2 the
inequality

W(x, L) < 4e P02

within the whole half-space.

In physics of disordered systems, the exponential decay of typical realization curve
(12.52) with increasing § = D(L—x) is usually identified with the property of dynamic
localization, and quantity

lloc =

1
D
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is usually called the localization length. Here,

d
—1 .
loe = 3L (32(x; L)),

where
»(x; L) =InW(x; L).

Physically, the lognormal property of the wavefield intensity W(x; L) implies the
existence of large spikes relative typical realization curve (12.52) towards both large
and small intensities. This result agrees with the example of simulations given in
Lecture I (see Fig. 1.10, page 20). However, these spikes of intensity contain only
small portion of energy, because random area below curve W(x; L),

L
S(L) =D / dxW(x; L),

—00

has, in accordance with the lognormal probability distribution attribute, the steady-
state (independent of L) probability density

sy — | 1
©=gool-3]

that coincides with the distribution of total energy of the wave field in the half-space
(12.38) if we set E = 28§. This means that the term dependent on fast phase oscillations
of reflection coefficient in Eq. (12.51) only slightly contributes to total energy.

Thus, the knowledge of the one-point probability density provides an insight into
the evolution of separate realizations of wavefield intensity in the whole space and
allows us to estimate the parameters of this evolution in terms of statistical characte-
ristics of fluctuating medium.

Dissipative Medium

In the presence of a finite (even arbitrary small) absorption in the medium occupying
the half-space, the exponential growth of moment functions must cease and give place
to attenuation. If 8 > 1 (i.e., if the effect of absorption is great in comparison with
the effect of diffusion), then

P(W) =2Be 2PV,

and, as can be easily seen from Eq. (12.49), opposite wave intensities Wi (x; L) and
W (x; L) appear statistically independent, i.e., uncorrelated. In this case,

1 1
(Wi(§)) = exp {—ﬂs (1 + B>}’ (a6 = 5 exp {_,35 (1 N %) }
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Figures 12.4-12.7 show the examples of moment functions of random processes
obtained by numerical solution of Eq. (12.49) and calculation of quadrature (12.50)
for different values of parameter 8. Different figures mark the curves corresponding

Figure 12.4 Distribution of wavefield average intensity along the medium; (a) the transmitted
wave and (b) the reflected wave. Curves / to 5 correspond to parameter 8 = 1, 0.1, 0.06, 0.04
and 0.02, respectively.

3
B 2 2
QA+ QN
= N 4

1 3

Figure 12.5 Distribution of the second moment of wavefield intensity along the medium;
(a) the transmitted wave and (b) the reflected wave. Curves / to 5 correspond to parameter
B =1,0.1,0.06, 0.04 and 0.02, respectively.

w9

Figure 12.6 Distribution of the third moment of transmitted wave intensity. Curves I to 5
correspond to parameter § = 1, 0.1, 0.06, 0.04 and 0.02, respectively.
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Figure 12.7 Correlation between the intensities of transmitted and reflected waves. Curves /
to 5 correspond to parameter § = 1, 0.1, 0.06, 0.04 and 0.02, respectively.

to different values of parameter 8. Figure 12.4 shows average intensities of the trans-
mitted and reflected waves. The curves monotonically decrease with increasing &.

Figure 12.5 shows the corresponding curves for second moments. We see that
<W12(O)> =1 and (W%(O)) = (lRL|4) at £ = 0. For 8 < 1, the curves as functions
of & become nonmonotonic; the moments first increase, then pass the maximum, and
finally monotonically decay. With decreasing parameter 8, the position of the maxi-
mum moves to the right and the maximum value increases.

The fact that moments of intensity behave in the layer as exponentially increasing
functions is evidence of the phenomenon of stochastic wave parametric resonance,
which is similar to the ordinary parametric resonance. The only difference con-
sists in the fact that values of intensity moments at layer boundary are asymptoti-
cally predetermined; as a result, the wavefield intensity exponentially increases inside
the layer and its maximum occurs inside the layer. Figure 12.6 shows the similar
curves for the third moment (Wl3 (& )), and Fig. 12.7 shows curves for mutual corre-
lation of intensities of the transmitted and reflected waves (AW (&) AW, (§)) (here,
AWL(E) =W, (§) — (W, (§))). For B > 1, this correlation disappears. For 8 < 1, the
correlation is strong, and wave division into opposite waves appears physically sense-
less, but mathematically useful technique. For 8 > 1, such a division is justified in
view of the lack of mutual correlation.

As was shown earlier, in the case of the half-space of random medium with 8 = 0,
all wavefield moments beginning from the second one exponentially increase with the
distance the wave travels in the medium. It is clear, that problem solution for small
B (B < 1) must show the singular behavior in § in order to vanish the solution for
sufficiently long distances.

One can show that, in asymptotic limit 8 < 1, intensities of the opposite waves
are equal with a probability equal to unity, and the solution for small distances from
the boundary coincides with the solution corresponding to the stochastic parametric
resonance.

For sufficiently great distances &, namely

€>>4<n—l>ln<£),
2 p
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quantities (W”"(&)) are characterized by the universal spatial localization behavior [67]

- ~ 1 1 1 —£/4
o agtn(}) e

which coincides to a numerical factor with the asymptotic behavior of moments of the
transmission coefficient of a wave passed through the layer of thickness & in the case
B =0.

Thus, there are three regions where moments of opposite wave intensities show
essentially different behavior. In the first region (it corresponds to the stochastic
wave parametric resonance), the moments exponentially increase with the distance
in medium and wave absorption plays only insignificant role. In the second region,
absorption plays the most important role, because absorption ceases the exponential
growth of moments. In the third region, the decrease of moment functions of opposite
wave intensities is independent of absorption. The boundaries of these regions depend
on parameter 8 and tend to infinity for § — 0.

12.3.2 Plane Wave Source Located in Random Medium

Consider now the asymptotic solution of the problem on the plane wave source in
infinite space (Lo — — 0o, L — oo) under the condition 8 — 0. In this case, it appears

convenient to calculate average wavefield intensity in region x < xq using relationships
(12.15) and (12.16)

e 10 St 19 )
B (I(x; x0)) = Dox (§Cx; x0)) = Dox (¥ (x; x0)),
where quantity

|1+ R:|?

¥ (x; x0) = exp —ﬁD/S "R

satisfies, as a function of parameter xp, the stochastic equation

B] |1 11+ Ry 2
— VY x) =—BD———=¥(x;5x0), Yx) =L
dx0 — Ry 1?
Introduce function
@ (x; x05 u) = P (x; x0)8 (Uyy — 1), (12.53)

where function u;, = (1 + Wr)/(1 — W) satisfies the stochastic system of equa-
tions (12.25). Differentiating Eq. (12.53) with respect to xp, we obtain the stochastic
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equation

9
Fy w(x;xo;u)=—ﬂD{u+ u2—1c05¢x0}<p(x;xo; u)
X0

+ ﬂD% {(u2 - 1) @(x; X035 u)}
- kal(xo)% {\/u2 — 1 sin 0 (x; x0; u)}. (12.54)

Average now Eq. (12.54) over an ensemble of realizations of random process €1 (xp)
assuming it, as earlier, the Gaussian process delta-correlated in xy. Using the Furutsu—
Novikov formula (12.22), page 331, the following expression for the variational
derivatives

WAL L Vi = Tsin gyt 205 ).

deq(xo)
)
¢XO — 1+ A Cosd)xO’
Se1(xo) 2 — 1
0

and additionally averaging over fast oscillations (over the phase of reflection coeffi-
cient), we obtain that function

D(E; u) = (@(x; x05 W) = (¥ (x; x0)8 (yy — w)),

where £ = D|x — x|, satisfies the equation
. 9 (2 .
SO0 = —pud i)+ o (1P 1) @i
d (5 9 .
- (w-1) (1) (12.55)

with the initial condition
®(0; u) = P(u) = Be PU=D,

The average intensity can now be represented in the form

[e0]

a
B I(x; x0)) = — s du®(§;u) = ﬂ/dlm@(é u).

Equation (12.55) allows limiting process § — 0. As a result, we obtain a simpler
equation

~ 0 5~ 9 50 ~
—‘D(E u) = —u®E; u) + —u @& u) + —u"—0(&; w),

D0; u) = e ™.
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Consequently, localization of average intensity in space is described by the quadrature

e¢]

Dloe(€) = / duud (& u),

1

where

i ) — i G50
Dioc(§) = g‘_rf})ﬁ {(x; x0)) = gl—rﬁ) (I(x0; x0))

Thus, the average intensity of the wavefield generated by the point source has for
B « 1 the following asymptotic behavior

1
{I(x; x0)) = E‘MOC(S)-

Equation (12.56) can be easily solved with the use of the Kontorovich-Lebedev
transform; as a result, we obtain the expression for the localization curve

2 1) Sinh@T) ()¢ (12.57)

o0
Do ( )=2nfdrr<r + -
toe 5 ) 4 ) cosh®(rn7)

For small distances &, the localization curve decays according to relatively
fast law

Dloc(E) ~ e, (12.58)

For great distances £ (namely, for & > 72), it decays significantly slower, according
to the universal law

T[zﬁ 1 e7$/4

(bloc(";:) ~ 3 E\/E

(12.59)

but for all that

e ¢]

/déq)loc(é) = 1.

0

Function (12.57) is given in Fig. 12.8, where asymptotic curves (12.58) and (12.59)
are also shown for comparison purposes.

A similar situation occurs in the case of the plane wave source located at the reflect-
ing boundary.
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(Dloc(f)

Figure 12.8 Localization curve for a source in infinite space (12.57) (curve a). Curves b and
¢ correspond to asymptotic expressions for small and large distances from the source.

In this case, we obtain the expression

(Irer (x; L)) _ l _ .
ﬁl_l)nom = Zq)loc(f), & =D(L —x). (12.60)

12.4 Numerical Simulation

The above theory rests on two simplifications — on using the delta-correlated approxi-
mation of function &1 (x) (or the diffusion approximation) and eliminating slow (within
the scale of a wavelength) variations of statistical characteristics by averaging over
fast oscillations. Averaging over fast oscillations is validated only for statistical cha-
racteristics of the reflection coefficient in the case of random medium occupying a
half-space. For statistical characteristics of the wavefield intensity in medium, the cor-
responding validation appears very difficult if at all possible (this method is merely
physical than mathematical). Numerical simulation of the exact problem offers a pos-
sibility of both verifying these simplifications and obtaining the results concerning
more difficult situations for which no analytic results exists.

In principle, such numerical simulation could be performed by way of multiply
solving the problem for different realizations of medium parameters followed by ave-
raging the obtained solutions over an ensemble of realizations. However, such an
approach is not very practicable because it requires a vast body of realizations of
medium parameters. Moreover, it is unsuitable for real physical problems, such as
wave propagation in Earth’s atmosphere and ocean, where only a single realization
is usually available. A more practicable approach is based on the ergodic property
of boundary-value problem solutions with respect to the displacement of the problem
along the single realization of function &1 (x) defined along the half-axis (Lg, 00) (see
Fig. 12.9).

This approach assumes that statistical characteristics are calculated by the formula

(F(Lo; x, x0; L)) = élim Fs(Lo; x, x0; L),
— 00
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Figure 12.9 Averaging over parameter A by the procedure based on ergodicity of imbedding
equations for a half-space of random medium.

where

5
1
Fs(Lo; x, x0; L) = E/dAF(LO'FA;x‘i‘A,xO'FA;L'F A).
0

In the limit of a half-space (Ly — —o00), statistical characteristics are indepen-
dent of Ly, and, consequently, the problem have ergodic property with respect to the
position of the right-hand layer boundary L (simultaneously, parameter L is the vari-
able of the imbedding method), because this position is identified in this case with
the displacement parameter. As a result, having solved the imbedding equation for the
sole realization of medium parameters, we simultaneously obtain all desired statistical
characteristics of this solution by using the obvious formula

8

1
(Fxx0; L)) = EfdsF@,on X E (L —x0)+ (0 — )
0

for sufficiently large interval (0, §). This approach offers a possibility of calcu-
lating even the wave statistical characteristics that cannot be obtained within the
framework of current statistical theory, and this calculation requires no additional
simplifications.

In the case of the layer of finite thickness, the problem is not ergodic with respect
to parameter L. However, the corresponding solution can be expressed in terms of two
independent solutions of the problem on the half-space and, consequently, it can be
reduced to the case ergodic with respect to L.

As an example let us discuss the case of the point source located at reflect-
ing boundary xp = L with boundary condition dG(x; xo; L)/dx|x= =0. Figure 12.10
shows the quantity (l..f(x; xo)) simulated with 8=0.08 and k/D =25. In region
& =D(L—x) < 0.3, one can see oscillations of period 7 = 0.13. For larger £, simulated
results agree well with localization curve (12.60).
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2.0L

(hes(X;L))
(her(L;L))

Figure 12.10 Curve [ shows the localization curve (12.57) and circles 2 show the simulated
result.

Problems

Problem 12.1

Derive the probability distribution of the reflection coefficient phase in the prob-
lem on a plane wave incident on the half-space of nondissipative medium (see,
for example, [67])

Instruction In this case, reflection coefficient has the form Ry = exp{i¢r}, where
phase ¢ satisfies the imbedding equation following from Eq. (12.19)

%‘m =2k +key (L) (1 +cosdr), ¢, =0. (12.61)

The solution to Eq. (12.61) is defined over the whole axis ¢y (—o00, 00).
A more practicable characteristic is the probability distribution in interval
(—m, ), which must be independent of L in the case of the half-space. To obtain
such a distribution, it is convenient to consider singular function z; = tan (¢1,/2)
instead of phase ¢r. The corresponding dynamic equation has the form

d 2
=k (1422) + k1), 2y =0.

Solution Assuming that £1(L) is the Gaussian delta-correlated random func-
tion with the parameters given in Eq. (12.18)), we obtain that probability den-
sity P(z, L) = (§(z — z)) defined over the whole axis (—oo, 0co) satisfies the
Fokker—Planck equation

9 9 92
—P(z,L) = —k— (1 +27) P(z, L) + 2D—P(z, L).
oL (z, L) Bz( +ZL> (z, L)+ 32 (z, L)

For the random half-space (Lo — —00), the steady-state (independent of L) solu-
tion to the Fokker—Planck equation can be obtained as P(z) = limy— _oo P(z, L)
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and satisfies the equation

d ) d?
- (1 4z )P(z) + 2P =0, (12.62)

where

k Koy
K= —, = .
2D 2

The solution to Eq. (12.62) corresponding to constant probability flux density
has the form

Y 3
P(Z)=J(K)/d$exp{—lc§ |:1+%+Z(Z+§):|},

where J(«) is the steady-state probability flux density,

¢ 3
J k) = \/§/§_1/2d§exp{—/< (S + %)}
0

The corresponding probability distribution of the wave phase over interval
(—m, ) is as follows

1 2
P@§) = —°

P(2)

z=tan(¢/2)

For « > 1, we have asymptotically

P(z) = pee g

which corresponds to the uniform distribution of the reflection coefficient phase
1
Pp)=—, —-m<¢<m.
2
In the opposite limiting case k < 1, we obtain

3 1/6 1 1 «xz°
VAN S ol O
P@) = (4) ﬁF(l/é)F<3’ 3 )

where I"(u, 2) is the incomplete gamma function. From this expression follows
that

iy 13 3\ 1/6 | 3 \2/3
@ =« <Z> JaT(1/6) (3)

for k|z|> > 3 and |z] — oo.
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Problem 12.2
In the diffusion approximation, derive the equation for the reflection coefficient
probability density.

Solution The equation for the reflection coefficient probability density has the
form of the Fokker—Planck equation (12.22) with the diffusion coefficient

k2 k2
Dk, Iy =5 / dEB (§) cos (2kE) = =B, 2h)

—0o0

where ®.(q) = ffooo dEB,(£)e'% is the spectral function of random process
£1(x). Applicability range of this equation is given by the conditions

D(k, lp)! 1, = — 1
(k, lo)lo < o D(k,lo)>>

Problem 12.3

Derive the equation for the reflection coefficient probability density in the case
of matched boundary.

Instruction In the case of matched boundary, reflection coefficient satisfies the
Riccati equation

Ry = 2ikRy — kyRe + 2 (1-R). Ry=0,

dL 2 0
where £(L) = 8/1 (L). For the Gaussian process with correlation function B, (x),
random process &(x) is also the Gaussian process with correlation function

82

Be(x =) = [(E()) = — 5 Belx =),
Solution The equation for the reflection coefficient probability density has the
form of the Fokker—Planck equation (12.22) with the diffusion coefficient

k2
Dk Io) = @ (2K).




Lecture 13

Caustic Structure of Wavefield
in Random Media

Fluctuations of wavefield propagating in a medium with random large-scale (in
comparison with wavelength) inhomogeneities rapidly grow with distance because
of multiple forward scattering. Perturbation theory in any version fails from a cer-
tain distance (the boundary of the region of strong fluctuation). Strong fluctuations of
intensity can appear in radiowaves propagating through the ionosphere, solar corona,
or interstellar medium, in occultation experiments on transilluminating planet’s atmo-
spheres when planets shadow natural or artificial radiation sources, and in a number
of other cases.

The current state of the theory of wave propagation in random media can be found
in monographs and reviews [2, 68, 69]. Below, we will follow works [68, 69] to
describe wave propagation in random media within the framework of the parabolic
equation of quasi-optics and delta-correlated approximation of medium parameter
fluctuations and discuss the applicability of such an approach.

13.1 Input Stochastic Equations and Their Implications

We will describe the propagation of a monochromatic wave in the medium with
large-scale inhomogeneities in terms of the complex scalar parabolic equation (1.89),
page 39,

0 ] k
au(x, R) = %{ARu(x, R) + izs(x, R)u(x,R), (13.1)

where function ¢(x, R) is the fluctuating portion (deviation from unity) of dielectric
permittivity, x-axis is directed along the initial direction of wave propagation, and vec-
tor R denotes the coordinates in the transverse plane. The initial condition to Eq. (13.1)
is the condition

u(0, R) = up(R). (13.2)

Because Eq. (13.1) is the first-order equation in x and satisfies initial condition
(13.2) at x = 0, it possesses the causality property with respect to the x-coordinate (it

Lectures on Dynamics of Stochastic Systems. DOI: 10.1016/B978-0-12-384966-3.00013-1
Copyright © 2011 Elsevier Inc. All rights reserved.
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plays here the role of time), i.e., its solution satisfies the relationship

Su(x,R
L/) =0 for ¥ <0,x >x. (13.3)
de(x', R")
The variational derivative at ¥ — x — 0 can be obtained according to the standard
procedure,
Su(x, R ik
L)/ = Z5(R—R)u(x, R). (13.4)
de(x—0,R) 2
Consider now the statistical description of the wavefield. We will assume that ran-
dom field e (x, R) is the homogeneous and isotropic Gaussian field with the parameters

(e(x, R)) =0, By(x—x,R—R)=(e(x,R)e(x,R).

As was noted, field u(x, R) depends functionally only on preceding values of field
&(x, R). Nevertheless, statistically, field u(x, R) can depend on subsequent values
&(x1, R) for x; > x due to nonzero correlation between values ¢(x’, R") for x’ <x and
values €(&, R) for & > x. Itis clear that correlation of field u(x, R) with subsequent val-
ues €(x’, R') is appreciable only if x' — x ~ [, where /|| is the longitudinal correlation
radius of field e(x, R). At the same time, the characteristic correlation radius of field
u(x, R) in the longitudinal direction is estimated approximately as x (see, e.g., [33,34]).
Therefore, the problem under consideration has small parameter /| /x, and we can use
it to construct an approximate solution.

In the first approximation, we can set /;/x — 0. In this case, field values u(&;, R)
for & < x will be independent of field values &(n;, R) for n; > x not only functionally,
but also statistically. This is equivalent to approximating the correlation function of
field e(x, R) by the delta function of longitudinal coordinate, i.e., to the replacement
of the correlation function B, (x, R) whose three-dimensional spectral function is

oo
1 o
®:(q1,q) = oy / dx [ dR B, (x, R)e 1%~k (13.5)
—00

with the effective function Bgff(x, R),

B.(x,R) = B"(x, R) = §()AR), AR) = / dxBe(x, R) (13.6)

—00

Using this approximation, we derive the equations for moment functions

m n
Mun(; Ry, ... ,Ru; R, ..., R) = <]_[ ]_[ u (x; Ry) u* (x; R;)>. (13.7)

p=1g=1

In the case of m =n, these functions are usually called the coherence functions of
order 2n.
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Differentiating function (13.7) with respect to x and using Eq. (13.1) and its com-
plex conjugated version, we obtain the equation

%an(x;Rl,...,Rm;R’l,...,R;)
. m n
=§c ZARP_ZAR; Myn(; Ry, ...,Ru; R, ..., R))
p=1 g=1
k " n m n
+i§< Y e Ry) =Y e . R) | | [T ]u:Ry)u* (x:Ry) >
p=1 g=1 p=1g=1

(13.8)

To split the correlator in the right-hand side of Eq. (13.8), we use the Furutsu—
Novikov formula together with the delta-correlated approximation of medium para-
meter fluctuations with effective correlation function (13.6) to obtain the following
relationships

. _ 1 / / (SM (X; Rp)
(G, Bu (x; Ry)) = E/dR A(R_R)<m>7

(13.9)
Se(x—0,R")

(ex. Rou (xR, )) = %/dR’A(R—R’)<M>.

If we additionally take into account Eq. (13.4) and its complex conjugated version,
then we arrive at the closed equation for the wavefield moment function

a
a_men(x;Rlv"'sRm;R/lv "'»R;I)

. m n
i
=% ZARp _ZAR; Myn(x; Ry, ... ,Ry; Ry, ... R})
r=1 q=1

k2
- gQ(Rl’ e 7Rm;R/]7 e ’R;)an(-x;Rl’ e 7Rln;R/]1 e sR;rl)v
(13.10)
where
m m m n
OR:....RuiRy....R) =S AR ~R)-2) A(R,» —R;)
i=1 j=1 i=1 j=1
n n

+3 Y4 (R;—R;). (13.11)

i=1 j=I
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An equation for the characteristic functional of random field u(x, R) also can be
obtained; however it will be the linear variational derivative equation.

Draw explicitly equations for average field (u(x, R)), second-order coherence
function

(xR, R) = (n(x, R.R)), (xR R) = u(x, Ru*(x,R),
and fourth-order coherence function
T4(x, Ri, Ra, RIRY) = (u(x, Ry)u (x, Ro) u*(x, R))u* (x, RY)),

which follow from Egs. (13.10) and (13.1) form = 1, n = 0;m = n = 1; and
m = n = 2. They have the forms

0 R)) = i A R k2A 0 R
7y W R)) = e AR (u(x, R)) — = A(0) (u(x, R)) ,
(u(0, R)) = up(R), (13.12)

9 ' k?
FZ(X,R,R/) = : (AR - AR’) FZ(X’R5R/) - _D(R _RI)FZ(X’R9 R/)’
ox 2k 4

[2(0, R, R") = ugR)uj(R), (13.13)

9 Fyx Ri, Ro, R}, R,
a 4(—x’ 1, 2 1 2)
i
= 5 (BRy + Bk, — Ay — Agy) Tulx Ri. Ra. ) R)
k2
- gQ(RlaR2,R/17R/2)F4(x,RI,R21R/17R/2),

[4(0.Ri. Ro, R}, RY) = uo(R1)ug (Ry) (R (RY), (13.14)
where we introduced new functions

D(R) = A(0) — A(R),
O\, Ry, R|,R)) = D(R| —R)) + D(R> — R)) + D(R; — R))
+D(Ry —R}) — D(Ry — R1) — DR, — R))

related to the structure function of random field &(x, R).
Introducing new variables

1 1
R>R+-p. R—>R—-p.
A ge 2
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Eq. (13.13) can be rewritten in the form

9 i k2
— — —V&rV, | 2(x, R, p) = ——D(p)T2(x, R, p),
(ax VR p) 2(x, R, p) 1 (P)T2(x, R, p)

(13.15)

1 1
200, R, p) = yo(R, p) = uo (R + 5/’) Uy (R/ - 5/’)-

Equations (13.12) and (13.15) can be easily solved for arbitrary function D(p) and
arbitrary initial conditions. Indeed, the average field is given by the expression

(u(x, R)) = up(x, R)e™ 7%, (13.16)

where ug(x, R) is the solution to the problem with absent fluctuations of medium para-
meters,

up(x, R) = /dR’g(x,R — RHuy(R)).

The function g(x, R) is free space Green’s function for x > x’

g (x,R; x’,R’) =exp (i xz—kx ) AR) 8 (R —R/)
_ K ik (R~ R')’ 13.17
=i a0 (1347

. 2 . _— .
and quantity y = %A(O) is the extinction coefficient.
Correspondingly, the second-order coherence function is given by the expression

x R £
a(x, R, p)=quyo (q,p—q%) exp lqR—X/déD P=ay (13.18)
0

where

Yo (q, p) = / dRyo(R, p)e R,

@2n)?

The further analysis depends on the initial conditions to Eq. (13.1) and the fluctu-
ation nature of field e(x, R). Three types of initial data are usually used in practice.
They are:

* plane incident wave, in which case ug(R) = up;
* spherical divergent wave, in which case up(R) = 6(R); and
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incident wave beam with the initial field distribution

2 kR2

where a is the effective beam width, F is the distance to the radiation center (in the case of
free space, value F = oo corresponds to the collimated beam and value F' < 0 corresponds
to the beam focused at distance x = |F|).

In the case of the plane incident wave, we have
uo(R) = ug = const, (R, p) = luol>, 0 (q. p) = luol*8(q),

and Egs. (13.16) and (13.18) become significantly simpler
(ux, R)) = uge™ 27, Ta(x, R, p) = lupl?e™ 530 (13.20)

and appear to be independent of plane wave diffraction in random medium. Moreover,
the expression for the coherence function shows the appearance of new statistical scale
Pcon defined by the condition

1
Zksz (Peon) = 1. (13.21)

This scale is called the coherence radius of field u(x, R). Its value depends on the
wavelength, distance the wave travels in the medium, and medium statistical parame-
ters.

In the case of the wave beam (13.19), we easily obtain that

uoPa? L[ p2 (ko \* ,
Yo(q, p) = i Pyl 2T\ F )

Using this expression and considering the turbulent atmosphere as an example of ran-
dom medium for which the structure function D(R) is described by the Kolmogorov—
Obukhov law (see, e.g., [33,34])

D(R) = NC?R?  (Rpin < R < Rmax),

where N = 1.46, and Cg is the structure characteristic of dielectric permittivity fluc-
tuations, we obtain that average intensity in the beam

(I(x,R)) = I'2(x, R, 0)

is given by the expression

(I(x, R))

o0
2|ug|?k2a* 2kaRt 37N 2a 3
= W;'% dtly <L) exp -2 — ]T—Cgkzx <_a) P13 ,
x°g=(x) J xg(x) 32 g(x)
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where

1 1)?
— 2.4 Z —
g(x)—\/l—f-ka <x+F>

and Jo(?) is the Bessel function. Many full-scale experiments testified this formula
in turbulent atmosphere and showed a good agreement between measured data and
theory.

Equation (13.14) for the fourth-order coherence function cannot be solved in the
analitic form; the analysis of this function requires either numerical, or approximate
techniques. It describes intensity fluctuations and reduces to the intensity variance for
equal transverse coordinates.

In the case of the plane incident wave, Eq. (13.14) can be simplified by introducing
new transverse coordinates

Ri=R,—R =R, —R,, Ro=R,—R =R,—R),.
In this case, Eq. (13.14) assumes the form (we omit here the tilde sign)

2 2
k
C4(x, Ry, Ry) — ZF(RI s R)T4(x, Ry, R>),

(13.22)

9 i
R Ry =+
ox R R = o

where
F(R{,Ry) = 2D(R;) +2D(R>) — D(R1 + Ry) — D(R| — Rp).

We will give the asymptotic solution to this equation in Sect. 13.3.1, page 371.

13.2 Wavefield Amplitude-Phase Fluctuations. Rytov’s
Smooth Perturbation Method

Here, we consider the statistical description of wave amplitude—phase fluctuations.
We introduce the amplitude and phase (and the complex phase) of the wavefield by
the formula
u(x, R) = A(x, R)e SR = pxR)
where

¢(x,R) = x(x,R) +iS(x, R),

x(x, R) = InA(x, R) being the level of the wave and S(x, R) being the wave ran-
dom phase addition to the phase of the incident wave kx. Starting from parabolic
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equation (13.1), we can obtain that the complex phase satisfies the nonlinear equa-
tion of Rytov’s smooth perturbation method (SPM)

i

) k
Sp ARD (L R) + i (Vi (xR +ie(x. R). (13.23)

d
—¢(x,R) =
ax(ﬁ(x )
For the plane incident wave (in what follows, we will deal just with this case), we
can set ug(R) = 1 and ¢ (0, R) = 0 without loss of generality.
Separating the real and imaginary parts in Eq. (13.23), we obtain

d 1 1
ax(x, R) + ﬂARS(x, R) + Z [Vrx(x, R)][VRS(x,R)] =0, (13.24)
aS( R) La (x, R) 1[V xR + : [VRS(x, R)? k( R)
—S&x,R) — — xR — — X, — X, = —g(x, R).
ox T 2k RX %R 2
(13.25)
Using Eq. (13.24), we can derive the equation for wave intensity
I(x,R) = xR
in the form
d 1
a—I(x, R) + %VR [/(x, R)VRS(x,R)] = 0. (13.26)
X

If function ¢ (x, R) is sufficiently small, then we can solve Eqs. (13.24) and (13.25)
by constructing iterative series in field e(x, R). The first approximation of Rytov’s
SPM deals with the Gaussian fields x (x, R) and S(x, R), whose statistical characte-
ristics are determined by statistical averaging of the corresponding iterative series.
For example, the second moments (including variances) of these fields are determined
from the linearized system of equations (13.24) and (13.25), i.e., from the system

9 |
—xo0(x, R) = ——AgSo(x, R),
0x 2k (13.27)

9 1 k
—So(x,R) = —A R + —e(x, R),
™ o(x, R) 7 RrRX0(x, R) + 2<*3(x )

while average values are determined immediately from Eqs. (13.24) and (13.25). Such
amplitude—phase description of the wave filed in random medium was first used by
A.M. Obukhov more than 50 years ago in paper [70] (see also [71]) where he pio-
neered considering diffraction phenomena accompanying wave propagation in ran-
dom media using the perturbation theory. Before this work, similar investigations were
based on the geometrical optics (acoustics) approximation. The technique suggested
by Obukhov has been topical up untill now. Basically, it forms the mathematical appa-
ratus of different engineering applications. However, as it was experimentally shown
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later in papers [72,73], wavefield fluctuations rapidly grow with distance due to the
effect of multiple forward scattering, and perturbation theory fails from a certain dis-
tance (region of strong fluctuations).

The liner system of equations (13.27) can be solved using the Fourier transform
with respect to the transverse coordinate. Introducing the Fourier transforms of level,
phase, and random field ¢ (x, R)

. 1 .
Xo(x. R) = / dgxg (e, g0 = — / dRxo(x, R)e X,

(2m)

So(x,R) = / dgSy ()R, S (x) = (21)2 f dRSy(x, R)e %, (13.28)
T

ex,R) = /dng(x)eiqR7 gq(x) = %/ng(x’ R)eiiqR,
(2m)

we obtain the solution to system (13.27) in the form

X

0 k g
X0 = E/désq(é)smﬁ(x—%‘),

0
X

O(r) — k d ¢
g0 = 5,/ &eq(&) cos E(X—f)-

0

(13.29)

For random field ¢(x, R) described by the correlation and spectral functions (13.6)
and (13.5), the correlation function of random Gaussian field g4(x) can be easily
obtained by calculating the corresponding integrals.

Indeed, in the case of the delta-correlated approximation of random field ¢(x, R),
the relationship between the correlation and spectral functions has the form

Bs(x] — x2, Ry — Ry) = 278 (x —xz)/dqq>8(0,q)e"‘1<"l—"2>. (13.30)

Multiplying Eq. (13.30) by e~ i(@RI+:R2) integrating the result over all Ry, R> and
taking into account (13.28), we obtain the desired equality

(eq, (¥1)Eq, (12)) = 278 (x1 — x2)8(q; + 42) (0, ). (13.31)

If field e(x, R) is different from zero only in layer (0, Ax) and e(x, R) =0 for x >
Ax, then Eq. (13.31) is replaced with the expression

(g, (c1)egy (2)) = 278 (x1 — x2)0(Ax — )3(qy + 42) P+ (0, ). (13.32)
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If we deal with field e (x, R) whose fluctuations are caused by temperature turbulent
pulsations, then the three-dimensional spectral density can be represented for a wide
range of wave numbers in the form

D.(q) = Acgq71]/3 (gmin € ¢ < Gmax), (13.33)

where A = 0.033 is a constant, Cg is the structure characteristic of dielectric permit-
tivity fluctuations that depends on medium parameters. The use of spectral density
(13.33) sometimes gives rise to the divergence of the integrals describing statistical
characteristics of amplitude—phase fluctuations of the wavefield. In these cases, we
can use the phenomenological spectral function

e (q) = Pe(g) = AC2g ™10 /i, (13.34)
where k,, is the wave number corresponding to the turbulence microscale.
Within the framework of the first approximation of Rytov’s SPM, statistical cha-

racteristics of amplitude fluctuations are described by the variance of amplitude level,
i.e., by the parameter

ot = (1 R).

In the case of the medium occupying a layer of finite thickness Ax, this parameter can
be represented by virtue of Egs. (13.29) and (13.31) as

/ / dqld‘h(X,?l ()C))(‘?2 (x)>ei(‘11+q2)R

2 20
|:sin 9% _ gin M]} . (13.35)
k k

og (x)

o0

72k Ax
> dgq®.(q) 11 —
0

q*Ax

As for the average amplitude level, we determine it from Eq. (13.26). Assuming
that incident wave is the plane wave and averaging this equation over an ensemble of
realizations of field ¢ (x, R), we obtain the equality

(Ix,R)) = 1.
Rewriting this equality in the form

(I(x,R)) <62X0(X’R)> — e2<xo(x‘R)>+2002(X) =1,

we see that

(Xo(x, R)) = —0g (x)

in the first approximation of Rytov’s SPM.
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The range of applicability of the first approximation of Rytov’s SPM is restricted
by the obvious condition

o) < 1.

As for the wave intensity variance called also flicker rate, the first approximation
of Rytov’s SPM yields the following expression

Bo(x) = <12(x, R)> 1= <e4XO<X»R>> — 1 ~ 402 (x). (13.36)

Therefore, the one-point probability density of field x (x, R) has in this approxima-
tion the form

Px; x) =

2 expi— 2 <+l,3(x)>2
Tho) | oo \ LT 4 '

Thus, the wavefield intensity is the logarithmic-normal random field, and its one-
point probability density is given by the expression

Px; 1) =

;exp{— ! 1n2(1e5ﬂ0<x>)}. (13.37)
1/27 B (x) 2Bo(x)

The statistical analysis considers commonly two limiting asymptotic cases.

The first case corresponds to the assumption Ax < x and is called the random phase
screen. In this case, the wave first traverses a thin layer of fluctuating medium and then
propagates in free space. The thin medium layer adds to the wavefield only phase fluc-
tuations. In view of nonlinearity of Eqgs. (13.24) and (13.25), the further propagation
in free space transforms these phase fluctuations into amplitude fluctuations.

The second case corresponds to the continuous medium, i.e., to the condition
Ax = x.

Consider these limiting cases in more detail assuming that wavefield fluctuations
are weak.

13.2.1 Random Phase Screen (A x < x)

In this case, the variance of amplitude level is given by the expression following from
Eq. (13.35)

2 72k* Ax g*x
oy (x) = 5 dqq®.(q) 11 — cos = (13.38)
0

If fluctuations of field ¢(x, R) are caused by turbulent pulsations of medium, then
spectrum P, (g) is described by Eq. (13.33), and integral (13.35) can be easily calcu-
lated. The resulting expression is

0d (x) = 0.144C2k"/5x3/0 Ax, (13.39)
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and, consequently, the flicker rate is given by the expression
Bo(x) = 0.563C2k"/0x/0 Ax. (13.40)

As regards phase fluctuations, the quantity of immediate physical interest is the
angle of wave arrival at point (x, R),

1
a(x, R) = 2IVRS(x, R)|.

The derivation of the formula for its variance is similar to the derivation of Eq. (13.38);
the result is as follows

2ax 2
<a2(x,R)): 7t2 x/dqqd%(q){l —I—Cosq—kx}.

0

13.2.2 Continuous Medium (A x = x)

In this case, the variance of amplitude level is given by the formula

72k%x

2

2 ko o¢x
oy (x) = /dqqcbg(q) {1 - = sin—} , (13.41)
q°x k
0

so that parameters 03 (x) and By (x) for turbulent medium pulsations assume the forms
o5 (x) = 0.077C2k/5x1/8 . Bo(x) = 0.307C2k7/0x!1/6, (13.42)

The variance of the angle of wave arrival at point (x, R) is given by the formula

5 2x K k. qzx
<a (x,R)> =5 [daa®e@ {1+ osinho (13.43)
0

We can similarly investigate the variance of the gradient of amplitude level. In this
case, we are forced to use the spectral function ®,(g) in form (13.33). Assuming that
turbulent medium occupies the whole of the space and the so-called wave parameter
D(x) = K,%lx/k (see, e.g., [33,34]) is large, D(x) > 1, we can obtain for parameter

070 = ([Vax @ B

the expression

o0
K*m?x k q*x 1.476
2 3 . 1/6
= dgqg ® 1 = D ,
og (x) : O/ 74P (q) { e sin = } LJ% = (x) Bo (x)

(13.44)
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where we introduced the natural scale of length L¢(x) = /x/k in plane x = const; this
scale is independent of medium parameters and is equal in size to the first Fresnel zone
that determines the size of the light—shade region in the problem on wave diffraction
on the edge of an opaque screen (see, e.g., [33,34]).

The first approximation of Rytov’s SPM for amplitude fluctuations is valid in the
general case under the condition

o) < 1.

The region, where this inequality is satisfied, is called the weak fluctuations region.
In the region, where 002 (x) > 1 (this region is called the strong fluctuations region),
the linearization fails, and we must study the nonlinear system of equations (13.24),
(13.25).

As concerns the fluctuations of angle of wave arrival at the observation point

1
o(x, = —|VRS(x, , they are adequate escribe the first approximation
(x, R) k|VS( R)|, they dequately described by the first approximati

of Rytov’s SPM even for large values of parameter oq(x).

Note that the approximation of the delta-correlated random field ¢ (x, R) in the con-
text of Eq. (13.1) only slightly restricts amplitude fluctuations; as a consequence, the
above equations for moments of field u(x, R) appear to be valid even in the region
of strong amplitude fluctuations. The analysis of statistical characteristics in this case
will be given later.

13.3 Method of Path Integral

Here, we consider statistical description of characteristics of the wavefield in random
medium on the basis of problem solution in the functional form (i.e., in the form of
the path integral).

As earlier, we will describe wave propagation in inhomogeneous medium start-
ing from parabolic equation (13.1), page 355, whose solution can be represented in
the operator form or in the form of path integral by using the method suggested by
E. Fradkin in the quantum field theory [74-76].

To obtain such a representation, we replace Eq. (13.1) with a more complicated one
with an arbitrary deterministic vector function v(x); namely, we consider the equation

a i k
a—xd>(x, R) = ﬂARCD(x, R) + zie(x, R)D(x,R) +v(x)VRd(x,R),

®(0,R) = up(R).

(13.45)

The solution to the original parabolic equation (13.1) is then obtained by the formula

u(x, R) = @(x, R)lyx=0- (13.46)
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In the standard way, we obtain the expression for the variational derivative
3P (x, R)

v(x—0)
OB _ gt R (13.47)
w(x—0) A '

and rewrite Eq. (13.45) in the form

icI>( R)—LM u R)D(x,R) Ved(x, R 13.48
P C2 _2k5v2(x—0)+128(x’ (6, R) +v()VRP(x, R).  (13.48)

We will seek the solution to Eq. (13.48) in the form

0
i 52

%
P(x,R)=e¢ ©

2 (&)

o, R). (13.49)

Because the operator in the exponent of Eq. (13.49) commutes with function v(x), we
obtain that function ¢(x, R) satisfies the first-order equation

a k
ago(x, R) = izs(x, R)o(x,R) +v(x)Vero(x,R), ¢(O0,R) =up(R), (13.50)

whose solution as a functional of v(£) has the following form

e(x,R) = ¢[x,R;v(§)]

=uy R—i—/dév(g) exp ig/dés E,R—i—/dnv(n) . (13.51)

0 0 &

As a consequence, taking into account Eqgs. (13.49) and (13.46), we obtain the solution
to the parabolic equation (13.1) in the operator form

i 8
M(X,R) = exp ﬂ/‘dsw
0

X X

X U R—l—/dév(S) exp ig/dés E,R—l—fdnv(n)
0 0 4 ¥(x)=0
(13.52)



Caustic Structure of Wavefield in Random Media 369

In the case of the plane incident wave, we have uy(R) = ug, and Eq. (13.52) is
simplified

i;/dée é,R—l—/dnv(n) . (13.53)

0 § »()=0

3 2
% S5
u(x, R) = upge °

Now, we formally consider Eq. (13.50) as the stochastic equation in which function
v(x) is assumed the ‘Gaussian’ random vector function with the zero-valued mean and
the imaginary ‘correlation’ function

vi)v; (X)) = i.5,--8(x—x/). (13.54)
< J > k 7

One can easily check that all formulas valid for the Gaussian random processes hold
in this case, too.

Averaging Eq. (13.50) over an ensemble of realizations of ‘random’ process v(x),
we obtain that average function (¢(x, R)), satisfies the equation that coincides with
Eq. (13.1). Thus the solution to parabolic equation (13.1) can be treated in the proba-
bilistic sense; namely, we can formally represent this solution as the following average

u(x, R) = (¢ [x, R; v(5)]), . (13.55)

This expression can be represented in the form of the Feynman path integral

X

u(x, R) =/Dv(x)uo R~|—/dé;‘v(§)

0

X

X exp ig/d%‘ Vi) +e ‘E,R—i—/dnv(n) , (13.56)
0 §

where the integral measure Dv(x) is defined as follows

[[av®
£=0

X k x
/.../]_[dv(g)exp iidevz(S)
§=0 0

Representations (13.52) and (13.55) are equivalent. Indeed, considering the solu-
tion to Eq. (13.50) as a functional of random process v(£), we can reduce Eq. (13.55)

Dv(x) =
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to the following chain of equalities

u(x, R) = (¢ [x, R; v(§) +y(§)])v}y=0

; )
<exp / dev©) s >¢a[x,R;y<s>]
0

v y:O

i 82
exp ﬁofdé%% @ [x,R; y(&)] ,
y=0

and, consequently, to the operator form (13.52).

In terms of average field and second-order coherence function, the method of path
integral (or the operator method) is equivalent to direct averaging of stochastic equa-
tions. However, the operator method (or the method of path integral) offers a possibil-
ity of obtaining expressions for quantities that cannot be described in terms of closed
equations (among which are, for example, the expressions related to wave intensity
fluctuations), and this is a very important point. Indeed, we can derive the closed
equation for the fourth-order coherence function

T4(x; Ri, Ry, R3, Ry) = (u(x, R1)u(x, Ry)u*(x, R3)u* (x, Ry))
and then determine quantity <12 (x, R)) by setting
Ri=R,=R3;=R4=R

in the solution. However, this equation cannot be solved in analytic form; more-
over, it includes many parameters unnecessary for determining (Iz(x, R)), whereas
the path integral representation of quantity (12 (x, R)) includes no such parameters.
Therefore, the path integral representation of problem solution can be useful for study-
ing asymptotic characteristics of arbitrary moments and—as a consequence—probability
distribution of wavefield intensity. In addition, the operator representation of the field
sometimes simplifies determination of the desired average characteristics as compared
with the analysis of the corresponding equations. For example, if we would desire to
calculate the quantity

(e, RDI(x,R)) (v <x),

then, starting from Eq. (13.1), we should first derive the differential equation for quan-
tity e(y, R)u(x, Ry)u*(x, R3) for y < x, average it over an ensemble of realizations
of field e(x, R), specify boundary condition for quantity (e(y, Ry)u(x, Ry)u*(x, R3))
at x = y, solve the obtained equation with this boundary condition, and only then
set Ry =R3=R. At the same time, the calculation of this quantity in terms of the
operator representation only slightly differs from the above calculation of quantity

(Yy™).
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Now, we turn to the analysis of asymptotic behavior of plane wave intensity fluctu-
ations in random medium in the region of strong fluctuations. In this analysis, we will
adhere to works [77] (see also [2]).

13.3.1 Asymptotic Analysis of Plane Wave Intensity Fluctuations

Consider statistical moment of field u(x, R)

n
Mun(x, Ry, ... Ry) = <H u(x, Ry 1)u(x, R2k>> : (13.57)
k=1
In the approximation of delta-correlated field ¢ (x, R), function M,,,(x, Ry, ..., R2,)

satisfies Eq. (13.10), page 357, for n = m. In the case of the plane incident wave, this
is the equation with the initial condition, which assumes the form (in variables Ry)

R =
(— - Z(—l)l“AR,) Mun(x,R1, ..., Rop)
=1

ox 2k
2 2n ‘
=3 IZI(—I)”’D(RI — R)Myun(x, Ry, ..., Ryy), (13.58)
J=
where
D(R) = A(0) — A(R) =27 f dq®.(0, q) [1 — cos(gR)] (13.59)

and @, (0, q) is the three-dimensional spectrum of field (x, R) whose argument is the
two-dimensional vector q.

Using the path integral representation of field u(x, R) (13.56), and averaging it over
field e(x, R), we obtain the expression for functions M,,,(x, Ry, ..., Ry,) in the form

Mnn(x,Rl,...,Rzn)=/.../DV](§)...DVQn(§)

kT
X exp 5;}—1)’“ / dEvy (&) (13.60)
- 0

2 m X X

-3 Z(—l)”l” fng R,~—R,+/dx/ [v; () — vi(x)]
ji=1 0 £
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Another way of obtaining Eq. (13.60) consists in solving Eq. (13.58) immediately,
by the method described earlier. We can rewrite Eq. (13.60) in the operator form

2n . x
_ L 8
My (x, Ry, ..., Roy) = Eexp 2k( 1y O/dga‘ﬂ(é)

2 2n

X exp{ —— Z( l)]+1+1
jl 1
X/MDRﬁm+/&M@—mm
0 X v=0

(13.61)

If we now superpose points Ro;_1 and Ry (i.e., if we set Ryx_1 = Ryy), then func-
tion My, (x, Ry, ..., Ry,) will grade into the function <l_[2_1 I(x, Rzk_1)> that des-
cribes correlation characteristics of wave intensity. Further, if we set all R; identical
(R; = R), then function

M (%, R, ..., R) = T2,(x, R) = (I"(x, R))

will describe the n-th moment of wavefield intensity.

Prior to discuss the asymptotics of functions I'2,(x, R) for the continuous random
medium, we consider a simpler problem on wavefield fluctuations behind the random
phase screen.

Random Phase Screen

Suppose that we deal with the inhomogeneous medium layer whose thickness is so
small that the wave traversed this layer acquires only random phase incursion

Ax

k
S(R) = E/d%'S(S,R), (13.62)
0

the amplitude remaining intact. As earlier, we will assume that random field € (x, R) is
the Gaussian field delta-correlated in the x-direction. After traversing the inhomoge-
neous layer, the wave is propagating in homogeneous medium where its propagation
is governed by the equation (13.1) with e(x, R) = 0. The solution to this problem is
given by the formula

k ik
u(x, R) = &' %2R IS DT /dv exp {—v +iS(R —i—v)} (13.63)
TiX

which is the finite-dimensional analog of Egs. (13.53) and (13.56).
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Consider function M,,,,(x, R1, . .., Ry;,). Substituting Eq. (13.63) in Eq. (13.57) and
averaging the result, we easily obtain the formula

Mnn(x:Rlv e ’R2n)

k" ik & -
_ j+
= (%) /.../dvl...dvznexp Z;(_l)] Vi

2n
S (=DMD (R — Ry + v — wi) (13.64)
j,l=1

kK Ax
8

which is analogous to Eq. (13.60).
First of all, we consider in greater detail the case with n = 2 for superimposed pairs
of observation points

R1=R2 ZR/, R3 =R4 ZR//, R/—R”:p.
In this case, function
L4 R, R, R".R") = (I(x, R)I(x,R"))

is the covariation of intensities /(x, R) = |u(x, R) |2. In the case of n =2, we can intro-
duce new integration variables in Eq. (13.64),

1
vi—v2=R;, vi—v4=R;, vi—v3=Rj3, §(V1+V2)=R,

and perform integrations over R and R3 to obtain the simpler formula

(IGx, RHI(x, R")

k\? ik K2 Ax
== dR1dRyexp { —R; (Ry — p) — FR,Ry) ¢,
2mx X 4

(13.65)

where p = R’ — R"”and function F (R, R;) is determined from Eq. (13.22),

F(R1,Ry) =2D (R1) +2D (Ry) —D(R1 +R2) —D (R — R2) ,

D(R) =A(0) —A(R).



374 Lectures on Dynamics of Stochastic Systems

The integral in Eq. (13.65) was studied in detail (including numerical methods) in
many works. Its asymptotics for x — oo has the form

2Ax

(1G, ROIx,R")) = 1 + exp {— k D (p)}

2 2
2 L Tx o kTAxqx
+mk Ax/quI)g(q) |:1 cos—k ]exp {qu > D(k)}
qg°x
+ rrkZAx/dqd)g(q) |:1 — cos (qp — 7)]

KA
xexp{— 2XD(p—q%)}+---. (13.66)

Note that, in addition to spatial scale pcop, the second characteristic spatial scale

_ X
kpcon

70 (13.67)

appears in the problem.
Setting p = 0in Eq. (13.66), we can obtain the expression for the intensity variance

B = (P B) - 1

4 KAx _ /qx
= 1+ 7Ax [ dgq* @@ exp|—— D(r) o (13.68)

If the turbulence is responsible for fluctuations of field e(x, R) in the inhomoge-
neous layer, so that spectrum &, (q) is given by Eq. (13.33), page 364, then Eq. (13.68)
yields

B2(x) = 1+ 0.4298, " (v), (13.69)

where Bo(x) is the intensity variance calculated in the first approximation of Rytov’s
smooth perturbation method applied to the phase screen (13.40).

The above considerations can be easily extended to higher moment functions of
fields u(x, R), u*(x, R) and, in particular, to functions I'y,(x, R) = (I"(x, R)). In this
case, Eq. (13.64) assumes the form

k 2n
<I"(x, R)) = (%) / e / dV] .. .dvzn

o 2n
ik .
xexp§ o DY —F v f (13.70)

J=1
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where
sz 2n )
Fie v = — 25 (=D (v — ). (13.71)
jl=1
Function F (vy, ..., vy,) can be expressed in terms of random phase incursions S (v;)

(13.62) by the formula

2

1 2n .
F(vl,...,vzn)=§< DSy >zo.
j=1

This formula clearly shows that function F (vq, ..., v2,) vanishes if each odd point
v2i+1 coincides with certain pair point among even points, because the positive and
negative phase incursions cancel in this case. It becomes clear that namely the regions
in which this cancellation occur will mainly contribute to moments (/"(x, R)) for
Vx[k > peon. It is not difficult to calculate that the number of these regions is equal
to n!. Then, replacing the integral in (13.70) with n! multiplied by the integral over
one of these regions A in which

[vi —vo| ~ |v3 — w4 ~ -~ [v2u—1 — V2u| < Pcohs

we obtain

k 2}’1
(I"(x, R)) ~ n! (%) /---/dvl...dmn
Aq

. 2n
ik .
X exp ZE (YT —F v ¢ (13.72)
j=1

Terms of sum (13.71)

k2 Ax K2 Ax
TD (v1 —v2), TD (v3 —v4), andsoon

ensure the decreasing behavior of the integrand with respect to every of variables
V] — V2, ¥3 — v4, and so on. We keep these terms in the exponent and expand the
exponential function of other terms in the series to obtain the following approximate
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expression
k 2n
(I"(x, B)) =~ n! <—) /-~-fdv1 vy,
2mx
Ay

. 2n 2 n
ik . k“Ax
X exp ) 5o E (—1)’+1V,-2 -~ E D (vai—1 —va)
j=1 =1

szx
x {1+

Z( YD (v —v) + - ¢ (13.73)

J,l=1

Here, the prime of the sum sign means that this sum excludes the terms kept in the
exponent. Because the integrand is negligible outside region Aj, we can extend the
region of integration in Eq. (13.73) to the whole space. Then the multiple integral in
Eq. (13.73) can be calculated in analytic form, and we obtain for (I" (x, R)) the formula

(13.74)

2 —_—
<[n(x,R)> =n! |:] +nn— ])% + :I’

where quantity B2(x) is given by Eq. (13.69). We discuss this formula a little later,
after considering wave propagation in continuous random medium, which yields a
very similar result.

Continuous Medium

Consider now the asymptotic behavior of higher moment functions of the wavefield
My, (x, Ry, ..., Ro,) propagating in random medium. The formal solution to this prob-
lem is given by Egs. (13.60) and (13.61). They differ from the phase screen formulas
only by the fact that ordinary integrals are replaced with path integrals.

We consider first quantity

(TG, RDI(x, R")) = Moy (x, Ry, ..., Ra)IR,—R,=R'. R\=R4=R" -

In the case of the plane wave (uo(R) = 1), we can use (13.61) and introduce new
variables similar to those for the phase screen to obtain

2

, N\ i [ 8—
(10 RO RY)) = exp | / B @)

2
X exp —k—/dx 2D p+/a’§v1<s> +2D (./dém(é)
0

x
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X X

-D P+fd$ i) +v2H)1 ] —D p+/d§ v1(§) —v2(5)] ,

/ /

X X

vi=0
(13.75)

where p =R’ — R’

Using Eq. (13.60), formula (13.75) can be represented in the form of the path integ-
ral; however, we will use here the operator representation. As in the case of the phase
screen, we can represent (I(x, R)I(x, R")) for x — o0 in the form

Bi(x, p) = {I(x. R)I(x,R")) — 1 = B{" (x, p) + B{” (x. p) + B (x, p).
(13.76)

where
k2x
B{" (x. p) = exp {—7D (p)} :

X
2
BEZ)()C, p) =k’ / dx/qufbg(q) |:1 — cos %(x —x/):|
0

X
. K q / k2 / q /"
X exp 4 iqp — > D(;(x—x))—?/de(;(x—x )) ,

X

X 2
B (x, p) = 7k’ / dx’/dqd%(q) [1 — cos (qp - q;(x —X’)ﬂ
0

X

/

x exp{ — 22x/D(p — %(x—x’)) — k—;/dx’D (p — %(x—x"))

/

X
Setting p = 0 and taking into account only the first term of the expansion of function

2
q /
1— (x—x),
cosk(x x)

we obtain that intensity variance

B2(x) = <12(x, R)> —1=Bi(x,0)— 1
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is given by the formula similar to Eq. (13.68)

X

B =1 +ﬂ/dx’(x—x’)/dqq4¢e(q)

0
k2 / k2 ~
X exp { — 2x D (%(x —x’)) -5 /dx’D (%(x—x”)) + -
x/
(13.77)
If we deal with the turbulent medium, then Eq. (13.77) yields
B2(x) = 1+ 0.861 (Bo(x)) ™%/, (13.78)

where By (x) is the wavefield intensity variance calculated in the first approximation of
Rytov’s smooth perturbation method (13.42).

Expression (13.77) remains valid also in the case when functions ®.(g) and D (p)
slowly vary with x. In this case, we can easily reduce Eq. (13.77) to Eq. (13.68) by
setting ®,(g) = 0 outside layer 0 < x’ < Ax < x.

Concerning correlation function Bj(x, p), we note that the main term B;l)(x, 0)
in Eq. (13.76) is the squared modulus of the second-order coherence function
(see, e.g., [T7]).

Now, we turn to the higher moment functions (I"(x, R)) = I'2,(x, 0). Similarly to
the case of the phase screen, one can easily obtain that this moment of the wavefield
in continuous medium is represented in the form of the expansion

205) —
(I"x,R)) = n! [1 +n(n — 1)% +] (13.79)

which coincides with expansion (13.74) for the phase screen, excluding the fact that
parameter B2 (x) is given by different formulas in these cases.

Formula (13.79) specifies two first terms of the asymptotic expansion of function
(I"(x, R)) for ,Bg(x) — 00. Because ,32(x) — 1 for By(x) — o0, the second term
in Eq. (13.79) is small in comparison with the first one for sufficiently great So(x).
Expression (13.79) makes sense only if

BA(x) — 1

nn—1) 2

< 1. (13.80)

However, we can always select numbers n for which condition (13.80) will be violated
for a fixed Bo(x). This means that Eq. (13.79) holds only for moderate #. It should be
noted additionally that the moment can approach the asymptotic behavior (13.79) for
Bo(x) — oo fairly slowly.



Caustic Structure of Wavefield in Random Media 379

Formula (13.79) yields the singular probability density of intensity. To avoid the
singularities, we can approximate this formula by the expression (see, e.g., [78])

2(x) —
(I"(x,R)):n!exp {n(n— 1)%}, (13.81)
which yields the probability density (see, e.g., [78,79])
B —17?
1 0o [IHZ - T]
Px,I) = mofdzexp —zl — B 1 (13.82)

Note that probability distribution (13.82) is not applicable in a narrow region / ~ 0
(the width of this region the narrower the greater parameter By(x)). This follows from
the fact that Eq. (13.82) yields infinite values for the moments of inverse intensity
1/1(x, R). Nevertheless, moments (1/I"(x, R)) are finite for any finite-valued parame-
ter ﬂg (x) (arbitrarily great), and the equality P(x, 0) = 0 must hold. It is clear that the
existence of this narrow region around the point / ~ 0 does not affect the behavior of
moments (13.81) for larger Bo(x).

Asymptotic formulas (13.81) and (13.82) describe the transition to the region of
saturated intensity fluctuations, where 8(x) — 1 for By(x) — oo. In this region, we
have correspondingly

(" R)=n!, Px,h=e". (13.83)

The exponential probability distribution (13.83) means that complex field u(x, R)
is the Gaussian random field. Recall that

u(x, R) = A(x, R)eS“® =y (x, R) + iua(x, R), (13.84)

where u1 (x, R) and uy (x, R) are the real and imaginary parts, respectively. As a result,
the wavefield intensity is

I(x,R) = A’(x,R) = u}(x, R) + u5(x, R).

From the Gaussian property of complex field u(x, R) follows that random fields
ur(x, R) and up(x, R) are also the Gaussian statistically independent fields with
variances

(u%(x, R)> = <u§(x, R)> = % (13.85)

It is quite natural to assume that their gradients

p1(x,R) = Veui(x, R) and p,(x, R) = Veua (x, R)
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are also statistically independent of fields u; (x, R) and u;(x, R) and are the Gaussian
homogeneous and isotropic (in plane R) fields with variances

o7 = (P B) = (P B)). (13.86)

With these assumptions, the joint probability density of fields u;(x, R), uz(x, R)
and gradients p (x, R) and p, (x, R) has the form

24 2

+

exp { —uf — u3 _P12 P2 . (13.87)
oy (x)

Px;uauy ) = T3 i, <
O ur, uz2,pr.p2) =P

Consider now the joint probability density of wavefield intensity /(x, R) and ampli-
tude gradient

ui (x, R)p; (x, R) + uz (x, R)p, (x, R)

R) = VRA(. R) =
oo = Vedte &) \/uz(x R) + u2(x, R)
1\ 2\

We have for this probability density the expression

Pl 1, k) = (5 (I(x,R) — 1) 8 (kK (x, R) — i)y, p,

_ 2 2 PiTP
= 7130—;()6) / duy /duzfdplfdpzexp[—u] —u; — Upz(x) }
—00 —00

up, +uwp; p

2 2
1/ul-i—u2

_ e (13.88)
2102 )T T 20200 [ '

x8(u%+u%—l)8

Consequently, the transverse gradient of amplitude is statistically independent of
wavefield intensity and is the Gaussian random field with the variance

(20 B)) = 207 . (13.89)

We note that the transverse gradient of amplitude is also independent of the second
derivatives of wavefield intensity with respect to transverse coordinates.

At the end of this section, we note that the path integral representation of field
u(x, R) makes it possible to investigate the applicability range of the approximation
of delta-correlated random field €(x, R) in the context of wave intensity fluctuations.
It turns out that all conditions restricting applicability of the approximation of delta-
correlated random field (x, R) for calculating quantity (I (x, R)) coincide with those
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obtained for quantity (I2 (x, R)). In other words, the approximation of delta-correlated
random field ¢ (x, R) does not affect the shape of the probability distribution of wave-
field intensity.

In the case of turbulent temperature pulsations, the approximation of the delta-
correlated random field e(x, R) holds in the region of weak fluctuations under the
conditions

AL VAx L x,

where A = 27 /k is the wavelength.
As to the region of strong fluctuations, the applicability range of the approximation
of delta-correlated random field ¢ (x, R) is restricted by the conditions

A K Peoh K 19 KL X,

where pcon and rg are given by Egs. (13.21), page 360, and (13.67), page 374. The
physical meaning of all these inequalities is simple. The delta-correlated approxima-
tion remains valid as long as the correlation radius of field ¢(x, R) (its value is given
by the size of the first Fresnel zone in the case of turbulent temperature pulsations) is
the smallest longitudinal scale of the problem. As the wave approaches at the region
of strong intensity fluctuations, a new longitudinal scale appears; its value ~ peon~/kx
gradually decreases and can become smaller than the correlation radius of field ¢ (x, R)
for sufficiently large values of parameter Bp(x). In this situation, the delta-correlated
approximation fails.

We can consider the above inequalities as restrictions from above and from below
on the scale of the intensity correlation function. In these terms, the delta-correlated
approximation holds only if all scales appearing in the problem are small in compari-
son with the length of the wave path.

13.4 Elements of Statistical Topography of Random
Intensity Field

The above statistical characteristics of wavefield u(x, R), for example, the intensity
correlation function in the region of strong fluctuations, have nothing in common
with the actual behavior of the wavefield propagating in particular realizations of the
medium (see Figs. 13.1 and 13.2). In the general case, wave field intensity satisfies
Eq. (13.26), page 362,

iI(x, R) + 1VR [I(x, R)VgS(x,R)] =0,
dx k (13.90)

1(0,R) = Ih(R),

from which follows that the power of wave field in plane x = const remains intact for
arbitrary incident wave beam:

Ey = / I(x, R)dR = / Io(R)dR.
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(b)
Figure 13.1 Transverse section of laser beam propagating in turbulent medium in the regions

of (a) strong focusing and (b) strong (saturated) fluctuations. Experiment in laboratory condi-
tions.

Figure 13.2 Transverse section of laser beam propagating in turbulent medium in the regions
of (a) strong focusing and (b) strong (saturated) fluctuations. Numerical simulations.

Egs. (13.90) can be treated as the equation of conservative tracer transfer in the
potential velocity field in the conditions of tracer clustering. As a consequence, real-
izations of the wave intensity field also must show cluster behavior. In the case under
consideration, this phenomenon appears in the form of caustic structures produced
due to random processes of wave field focusing and defocusing in random medium.
For example, Fig. 13.1 shows photos of the transverse sections of laser beam prop-
agating in turbulent medium [80] for different magnitudes of dielectric permittivity
fluctuations (laboratory investigations). Figure 13.2 shows similar photos borrowed
from [81]. These photos were simulated numerically [82, 83]. Both figures clearly
show the appearance of caustic structures in the wave field.

In order to analyze the detailed structure of wavefield, one can use methods of sta-
tistical topography [69]; they provide an insight into the formation of the wavefield
caustic structure and make it possible to ascertain the statistical parameters that des-
cribe this structure.

If we deal with the plane incident wave, all one-point statistical characteristics,
including probability densities, are independent of variable R in view of spatial homo-
geneity. In this case, a number of physical quantities that characterize cluster structure
of wavefield intensity can be adequately described in terms of specific (per unit area)
values.
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Among these quantities are:

* specific average total area of regions in plane {R}, which are bounded by level lines of
intensity /(x, R) inside which I(x, R) > I,

(s(x, D)) = /dI’P(x; 1,
1

where P(x; I) is the probability density of wavefield intensity;
* specific average field power within these regions

e(x, 1)) = /I’dl’P(x; I;
T

*  specific average length of these contours per first Fresnel zone Lg(x) = /x/k
(10, D) = L) (Ip(x, )18 (I (x, R) — D)) ,

where p(x, R) = VRI(x, R) is the transverse gradient of wavefield intensity;
* estimate of average difference between the numbers of contours with opposite normal ori-
entation per first Fresnel zone

1
(n(x, ) = ELJ%(X) (ke (x, R; Dlp(x, )18 (I(x,R) — 1)),

where « (x, R; I) is the curvature of the level line,

821(x R) 321(x R)

—py(x. R) —~p2(x,R)

k(x,R; 1) =
PP R)
m@Rm&RW%P
PP, R)

The first Fresnel zone plays the role of the natural medium-independent length scale
in plane x = const. It determines the size of the transient light—shadow zone appeared
in the problem on diffraction by the edge of an opaque screen.

Consider now the behavior of these quantities with distance x (parameter By (x)).

13.4.1 Weak Intensity Fluctuations

The region of weak intensity fluctuations is limited by inequality Bo(x) < 1. In this
region, wavefield intensity is the lognormal process described by probability distribu-
tion (13.37).

The typical realization curve of this logarithmic-normal process is the exponen-
tially decaying curve

I (x) = e—%ﬁo(X)’
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and statistical characteristics (moment functions (I"(x, R)), for example) are formed
by large spikes of process I(x, R) relative this curve.

In addition, various majorant estimates are available for lognormal process realiza-
tions. For example, separate realizations of wavefield intensity satisfy the inequality

Ix) < 4e_%ﬂ°(x)

for all distances x € (0, co) with probability p = 1/2. All these facts are indicative of
the onset of cluster structure formations in wavefield intensity.

As we have seen earlier, the knowledge of probability density (13.37) is sufficient
for obtaining certain quantitative characteristics of these cluster formations. For exam-
ple, the average area of regions within which I(x, R) > [ is

1 1
_ Z o= bBo()/2
(s(x, ) = Pr( ) ln<le 0 )) , (13.91)

and specific average power confined in these regions is given by the expression

1 1
e(x,])) =Pr In —e’g‘)(x)ﬂ)) , 13.92
(e(x, D) < NI < 7 (13.92)
where probability integral function Pr(z) is defined as (4.20), page 94.

The character of cluster structure spatial evolution versus parameter By(x) essen-
tially depends on the desired level /. In the most interesting case of I > 1, the val-
ues of these functions in the initial plane are (s(0, I)) =0 and (e(0, I)) =0. As Bo(x)
increases, small cluster regions appear in which I(x, R) > I; for certain distances, these
regions remain almost intact and actively absorb a considerable portion of total energy.
With further increasing By (x), the areas of these regions decrease and the power within
them increases, which corresponds to an increase of regions’s average brightness. The
cause of these processes lies in radiation focusing by separate portions of medium.

Figure 13.3 shows functions (s(x, I)) and (e(x, I)) for different parameters By(x)
from a given range. The specific average area is maximum at By(x) = 21In(J), and

(506, Doy, = pr(_m) .

The average power at this value of By (x) is (e(x, I)) = 1/2.

In the region of weak intensity fluctuations, the spatial gradient of amplitude level
Vrx (x, R) is statistically independent of x (x, R). This fact makes it possible both to
calculate specific average length of contours /(x, R) = I and to estimate specific ave-
rage number of these contours. Indeed, in the region of weak fluctuations, probability
density of amplitude level gradient g(x, R) = Vg x (x, R) is the Gaussian density

1 2
P(x;q) = (6 (VRx(x,R) — q)) = 20 exp {—og—(x)} , (13.93)
q q

where og(x)z (q2(x, R)) is the variance of amplitude level gradient given by
Eq. (13.44), page 366.
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Figure 13.3 (a) Average specific area and (b) average power versus parameter So(x).

As a consequence, we obtain that the specific average length of contours is descri-
bed by the expression

(Ix, D)) = 2L¢(x) {lg(x, R)|) IP(x; I) = Ly (x) Jrcrqz(x)IP(x; I). (13.94)

For the specific average number of contours, we have similarly

1
(n(x, D)) = ELJ%(X) (ke (x, R, D|p(x, R)S (I(x, R) — I))

=~ L 21 (Arx @ RS (1 R) — D)
2w

1 3
= —— L <q2(x, R)> I IPGe )

2 2
_ Loy 1n(1e%ﬁ0(’0) 1P(x: I). (13.95)
7 Bo(x)

We notice that Eq. (13.95) vanishes at [ = Ip(x) = exp —% Bo(x)}. This means that
this intensity level corresponds to the situation in which the specific average number
of contours bounding region I(x, R) > I coincides with the specific average number
of contours bounding region I(x, R) < Iy. Figures 13.4 show functions (l/(x, ])) and
(n(x, I)) versus parameter Bo(x).

Dependence of specific average length of level lines and specific average number of
contours on turbulence microscale reveals the existence of small-scale ripples imposed
upon large-scale random relief. These ripples do not affect the redistribution of areas
and power, but increases the irregularity of level lines and causes the appearance of
small contours.

As we mentioned earlier, this description holds for By (x) < 1. With increasing para-
meter Bp(x) to this point, Rytov’s smooth perturbation method fails, and we must
consider the nonlinear equation in wavefield complex phase. This region of fluctua-
tions called the strong focusing region is very difficult for analytical treatment. With
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Figure 13.4 (a) Average specific contour length and (b) average contour number versus para-
meter Bo(x).

further increasing parameter Bo(x) (Bo(x) > 10) statistical characteristics of intensity
approach the saturation regime, and this region of parameter fo(x) is called the region
of strong intensity fluctuations.

13.4.2 Strong Intensity Fluctuations
From Eq. (13.82) for probability density follows that specific average area of regions

within which I(x, R) > I is
[ ﬂw—lr
lHZ — T
-zl

(sCx, D)) = fﬂ -
ﬁmmFT Bx) — 1

., (13.96)

and specific average power concentrated in these regions is given by the expression

Bx) — 17
_4]

1
dz( ) [“Z
exp iy —z —

D)= &
e ) wm—nfz A 1

(13.97)

Figure 13.5 shows functions (13.96) and (13.97) versus parameter 8(x). We note
that parameter B(x) is a very slow function of By (x). Indeed, limit process By (x) — oo
corresponds to B(x) = 1 and value By(x) = 1 corresponds to S(x) = 1.861.

Asymptotic formulas (13.96) and (13.97) adequately describe the transition to the
region of saturated intensity fluctuations (8(x) — 1). In this region, we have

P =e!, s))=e¢!, (e)=U+1)e". (13.98)
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Figure 13.5 (a) Average specific area and (b) average contour number in the region of strong
intensity fluctuations versus parameter §(x).

Moreover, we obtain the expression for specific average contour length

(I, D) = Ly(x) {|p(x, R)|d I(x, R) —I))

= 2L (x)VI (K (x, R)|8 I(x, R) — D)
= 2L (VI (g(x. R)|) P(x; 1) = Ly (x),/ 202 ()] P(x; D), (13.99)

where the variance of amplitude level gradient in the region of saturated fluctua-
tions coincides with the variance calculated in the first approximation of Rytov’s
smooth perturbation method. Specific average contour length (13.99) is maximum at
1=1/2.

In the region of saturated intensity fluctuations, the estimator of specific average
number of contours is given by the following chain of equalities

L2

)

(n(x, ) = {k(x, R, D)|px,R)|8 (I(x,R) —I))
L2

- _¥W<ARA()¢, R)S (I(x,R) — I))

- f()< 2(xR)>f VIP(x; I)

2L2 2 2L2 2
_ (X)U (x)\/_ \/‘ M( _%) e 1. (13.100)

T

Expression (13.100) is maximum at I = 3/2, and the level at which specific average
number of contours bounding region /(x, R) > Iy is equal to specific average number
of contours corresponding to I(x, R) < Iy is Ip = 1/2.

We note that Eq. (13.100) fails in the narrow region around / ~ 0. The correct
formula must vanish for I = 0 ({(n(x, 0)) = 0).
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As may be seen from Eqgs. (13.99) and (13.100), average length of level lines and
average number of contours keep increasing behaviors with parameter By(x) in the
region of saturated fluctuations, although the corresponding average areas and powers
remain fixed. The reason of this behavior consists in the fact that the leading (and
defining) role in this regime is played by interference of partial waves arriving from
different directions.

Behavioral pattern of level lines depends on the relationship between processes of
focusing and defocusing by separate portions of turbulent medium. Focusing by large-
scale inhomogeneities becomes apparent in random intensity relief as high peaks. In
the regime of maximal focusing (8o (x) ~ 1), the narrow high peaks concentrate about
a half of total wave power. With increasing parameter By(x), radiation defocusing
begins to prevail,which results in spreading the high peaks and forming highly idented
(interference) relief characterized by multiple vertices at level 7 ~ 1.

In addition to parameter Bo(x), average length of level lines and average number
of contours depend on wave parameter D(x); namely, they increase with decreasing
microscale of inhomogeneities. This follows from the fact that the large-scale relief is
distorted by fine ripples appeared due to scattering by small-scale inhomogeneities.

Thus, in this section, we attempted to qualitatively explain the cluster (caustic)
structure of the wavefield generated in turbulent medium by the plane light wave and
to quantitatively estimate the parameters of such a structure in the plane transverse to
the propagation direction. In the general case, this problem is multiparametric. How-
ever, if we limit ourselves to the problem on the plane incident wave and consider it
for a fixed wave parameter in a fixed plane, then the solution is expressed in terms of
the sole parameter, namely, the variance of intensity in the region of weak fluctuations
Bo(x). We have analyzed two asymptotic cases corresponding to weak and saturated
intensity fluctuations. It should be noted that applicability range of these asymptotic
formulas most likely depends on intensity level /. It is expected naturally that this
applicability range will grow with decreasing the level.

As regards the analysis of the intermediate case corresponding to the developed
caustic structure (this case is the most interesting from the standpoint of applications),
it requires the knowledge of the probability density of intensity and its transverse
gradient for arbitrary distances in the medium. Such an analysis can be carried out
either by using probability density approximations for all parameters [79], or on the
basis of numerical simulations (see, e.g., [82—84]).

Problems

Problem 13.1

Find the second-order coherence function and average intensity at the axis of
parabolic waveguide in the problem formulated in terms of the dynamic equation

L e R) = o Aru(e R + 5 [0’ 4 e B) | u(x. B)
a0 R) = — Agu(x, 5 |~ e(x, u(x,
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assuming that €(x, R) is the homogeneous isotropic Gaussian field delta-
correlated in x and characterized by the parameters

(e(@,R)) =0, B.(x,R) =BT (x,R) = AR)S(x).

Solution
e—iaRp tan(ax) q
Iy(x,R,p)=—>+— | d , — —t
2. R, p) cos?(ax) / o <q cos(ozx)p ok an(ocx))
X
k2 1 si _
«exp i k- [aep cos(ozé)/O 1 sin o (x — &)] ’
cos(ax) 4 cos(ax) ak  cos(ax)
0
where
,p) = dRT'>(0, R, p)e R
Yo (q. p) (2;1)2/ 2(0.R, p)

and D(p) = A(0) — A(p).
Setting R = 0 and p = 0, we obtain the average intensity at waveguide axis
as a function of longitudinal coordinate x

1 q
U6 0) = s / da (.~ L tana)

2 f 1 sin (af)
x exp 4 / D <a_k cos(ox) q)

0

Problem 13.2

Within the framework of the diffusion approximation, derive equations for ave-
rage field (u(x, R)) and second-order coherence function

1 . 1
(xR, p) = <u (x,R + Ep) u <x,R — §p>>

starting from parabolic equation (13.1) [55, 56].
Solution

X
K2 i i
= —Z/dx’/dR’Bg(x’,R — R)ex 2k [a(R — R))e 2R (y(x, R))},
0
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ox k

__x _ _ﬁ]

- /dx]/de xl,R R1+2> €<x1,R R 2)
1y VRV 1 1

x k1YY |5 (R—Ri+ 5p ) —6(R—Ri— 5p

7£XIVRV'DF2(X - -xlyRa p)

(i - _VRV ) FZ(X,R, p)

X e

If we introduce now the two-dimensional spectral density of inhomogeneities

B:(x,R) = / dg®@ (x, q)e"R,

*?(x,q) = f dRB, (x, R)e ™"

27)?

and Fourier transforms of wave field u(x, R) and coherence function I'>(x, R, p)
with respect to transverse coordinates

u(x,R) = /dqu(x @R Ux, q) = dRu(x, R)e R,

[2(x, R, p) = / dqTs(x, g, p)e'®,

Ta(x, ¢, p) = / dRT>(x, R, p)e "R

1
27)?

then we obtain that average field is given by the expression

u(x,R)) = dq | dR up(R'
(u(x, R)) on)? q o(R')
2 k2
X exp iq(R—R’)—iqTx—? dXD(X,q) ¢,
0
where
_ @ B
Do) = [ ds [ dgo! (éq)CXP{ = (4 2qq)},
0
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and function Fz (x, g, p) satisfies the integro-differential equation

X

9 1 ~ k2 @)

o T2V |2 g. 0) = = [ dui [ dg,®; (x1.91)
0

x {cos [%ql(ql - q)] — cos [qm - %ql(ql - q)]} o (x, 4. p).

If distances a wave passes in medium satisfy the condition x >> /|, where [
is the longitudinal correlation radius of field €(x, R), then we obtain

qx

1 / / . ’ . 2 k2
(u(x,R)) = on)? /dq/dR uo(R’) exp {lq(R —R) - == jxD(q)},

where

D(g) = / dg f dq' P (£, q') em{—% (qr’2 —2q’q)}.
0

For the plane incident wave, we have ug(R) = 1, and, consequently, average
intensity is independent of R,
(u(x, R)) = ¢ KADO)
The applicability range of this expression is described by the condition

k2
?D(O)l” < 1.

Problem 13.3

Derive operator expression for average field of plane incident wave in the gen-
eral case of the Gaussian field (x, R) with correlation function Be(x, R) and
calculate average field in the delta-correlated approximation.

Solution Averaging Eq. (13.53), page 369, over an ensemble of realizations of
field e(x, R), we obtain in the general case the expressionv

(u(x, R)) = upexp i /xdé &
, = up _ -
2k 5v2?

X 52
k2
x expl— da/dszBe sl—sz,/dnvm)
0 0 &

v(x)=0
(13.101)
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According to Eq. (13.6), page 356, the correlation function of the Gaussian
delta-correlated field is B, (x, R) = A(R)S§(x) and, consequently, we obtain the
expression

k2
(u(x, R)) = upexp {—gA(O)x} .

Problem 13.4

Derive operator expression for the second-order coherence function of plane
incident wave in the general case of the Gaussian field €(x, R) with correlation
function B¢ (x, R) and calculate the second-order coherence function in the delta-
correlated approximation.

Solution On the case of plane incident wave, the second-order coherence func-
tion is given by the operator expression

2(x, Ry — Ry)
_ . _ 5 L ~ 82 B 52
= {uCx, R (x, Ra) = fuol” exp sz/ % [av%@) 8v%($)]
e r
X exp —Z/dED R, —R2+/d77 vi(m) —va(n)] ,

0 § vi=0

where D(R) = A(0) — A(R).
Changing functional variables

i) —va(x) =v(x), vi(x) +rax) =2V(x)
and introducing new space variables
Ri—R,=p, R;+R,=2R,

we can rewrite last expression in the form

Ry = e L [
[2(x, Ry — Ry) = |upl” exp k!dé EIVE)
) X X 2D
xewpl - [aen ot [amon |} =uopen {2221

0 § vi=0
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